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ABSTRACT. The aim of the present paper is devoted to discussing some more properties
of SB-irresolute mappings, contra S-irresolute mappings and two weak homeomorphisms
such as Bc-homeomorphisms and contra Sc-homeomorphisms. Further, we investigate
some new groups related to the mappings above and some examples of them on the
digital plane and we construct the concept of 3(2)-open sets of the digital plane.

1 Introduction and preliminaries  Abd El Monsef el al. [1] and Andrijevié [3] intro-
duced independently the concept of S-open sets [1] and semi-preopen sets [3], respectively.
Let (X, 7) be a topological space and A a subset of X. The closure of A and the interior of
A are denoted by CI(A) and Int(A), respectively.

Definition 1.1 A subset A of a topological space (X, 1) is called a S-open set [1] (or semi-
preopen set [3]) if A C Cl(Int(CI(A))) holds in (X, 7). The complement of a S-open (or
semi-preopen) set is called S-closed (or semi-preclosed).

Throughout the present paper, we use the terminology due to [1] for the naming of the above
set, that is, S-open sets, B-closed sets. The S-closure of a subset E of a topological space
(X, 1) is defined by BCI(E) := (\{F : E C F, F is f-closed in (X, 7)} and it is the smallest
B-closed set containing E. And SCI(A) = A holds if and only if A is S-closed in (X, 7). We
recall some importance properties of S-open sets in Section 4 (Theorem 4.1).

In the present paper, we use the following notation and other notation (cf. Notation 3.3,
Notation 5.5, Definition 5.12, Remark 5.13, Proposition 5.16(i), Propositon 5.18(i)).

Definition 1.2 Let (X, 7) be a topological space.

BO(X,7) = SPO(X,7):={B: Bis p-open in (X,7)} (cf. [1, Defintion 1.1], [3]),
BC(X,7) =SPC(X,7):={F: Fis f-closed in (X, 1), i.e. Int(Ci(Int(F)))C F} [1], [3],
SO(X,7):={G : G is semi-open in (X, 7), i.e. G C Cl(Int(G))} [26],

SC(X,7):={F : F is semi-closed in (X, 1), i.e. Int(CI(F)) C F} [g].

One of the purposes of this paper is to investigate some group structures of the new
families of mappings, i.e., G(X, X \ H;7) := con-Bch(X, X \ H;7) U Bch(X,X \ H;T) and
Go(X, X \ H;7):=con-Bcho(X,X \ H;7) U Bcho(X,X \ H;7), where H C X with H #
(cf. Notation 3.3, Theorems 3.5,3.6 and Theorem 4.7). If we assume X = H (resp. con-
Beh(X, X \ H;7) = 0) in Theorem 3.5(i), then we have the property [4, Theorem 4.4(i)]
due to S.C. Arora et al. (resp. [40, Theorem 2.2] due to Sanjay Tahiliani). And, if con-
Beh(X, X \ H;7) = 0 = con-Bcho(X, X \ H;7) are assumed in Theorem 4.7(i), then the
properties [40, Theorem 2.7(ii)] etc are obtained.
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In the last Section 5, a characterization (cf. Corollary 5.8) of S-open sets of the dig-
ital plane (Z2, k?) will be studied and we prove that (x) con-Bch(Z?;k?) = @ (cf. Corol-
lary 5.11(ii)") and so G(Z?;k?) = Bch(Z?;k?) (cf. Corollary 5.11(iii)’). Therefore, we de-
fine and construct the new concept, say ((z)-open sets in a set H, where H C 72 with
|H| > 2 (cf. Definition 5.15). And, using such ((s)-open sets, we construct new groups,
say f(2)ch(H; k*H) U con-f2)ch(H; k*|H) and p.B(2)ch(H; *|H) U con-p.Bych(H; k2 |H)
etc (cf. Definition 5.21, Theorem 5.25). As examples, it is obtained that some motions, say
pas and (pg5)~ !, are elements of con-p.f2ych(U; k2|U) and so con-p.B2ych(U; k2|U) # 0,
where U is the smallest open set containing the origin (0,0) in (Z?, x?) (cf. (*) above and
Notation 5.26, Example 5.27; Definition 5.20, Definition 5.21).

2 Contra-S-irresolute mappings and S-irresolute mappings. Let (X,7), (Y,0)
and (Z,n) be topological spaces.

Definition 2.1 A mapping [ : (X,7) — (Y, 0) is said to be

(i) B-continuous [1] if f=1(V) is a B-closed set of (X, 7) for each closed set V of (Y, o),

(ii) perfectly continuous [37] if f=1(V) is clopen in (X, 7) for each open set V of (Y, o),

(iii) contra-continuous [13]if f=1(V) is closed in (X, 7) for each open set V of (Y, ),

(iv) contra-B-continuous ([7], [18]) if f~1(V) € BC(X,7) for each open set V of (Y,0),

(v) strongly contra-B-continuous if f is a contra-f-continuous mapping such that the
inverse image of such nonempty open set of (Y, o) has an interior point,

(vi) B-continuous [43] if f=1(V) is a B-set of (X, 7) for each nonempty open set V of
(Y, o), where the B-set is the intersection of an open set and a semi-closed set of (X, 7) (this
is defined by [43]),

(vii) B*-continuous [12] (cf. (vi)) if f71(V) contains a nonempty B-set of (X, 7) for each
nonempty open set V of (Y, o),

(viii) strongly -closed [ 7] if f(G) is B-closed in (Y, o) for each B-closed set G of (X, T).

Definition 2.2 A mapping f: (X,7) — (Y, 0) is said to be

(i) drresolute [8, Definition 1.1] 1f f (U) € SO(X, ) for every set U € SO(Y, 0),

(i) B-irresolute [36] if f~1(U) € BO(X, 7') for every set U € O(Y, 0),

(iii) contra-B-irresolute [5] if f~1(U) € BC(X,7) for every set U € BO(Y,0) (cf. Re-
mark 2.9(ii)),

(iv) perfectly contra-B-irresolute if f=1(V) is B-clopen in (X, 7) for each set V € BO(Y, o),

(v) contra-irresolute [5] if f=1(U) € SC(X, ) for every set U € SO(Y, o),

(vi) perfectly contra-irresolute [5] if f~1(U) is semi-open and semi-closed in (X, 7) for
each set U € SO(Y, o).

Theorem 2.3 A mapping f : (X,7) — (Y,0) is B*-continuous if one of the following
conditions (1) and (2) is satisfied,

(1) f is a strongly contra--continuous mapping (cf. Definition 2.1(v)).

(2) f is an onto and B-continuous mapping (cf. Definition 2.1(vi)).

Proof. Let V be a nonempty open set of (Y,0). Under the case of the assumption (1),
we have that f~1(V) € BC(X,7) and Int(f~1(V)) # 0, and so 0 # Int(f~2(V)) = X N
Int(f~1(V)) € f~%V). Hence f~1(V) contains a nonempty B-open set U, say U :=
X N Int(f~1(V)). Indeed, X € SC(X,7), Int(f~*(V)) € 7 and U # (. Thus, f is B*-

continuous, under the assumption (1). Under the case of the assumption (2), we have
that 0 # f=%(V) and f~(V) is a B-set. And so f~!(V') contains a nonempty B-set f~1(V).
Thus, f is B*-continuous, under the assumption (2). O

Remark 2.4 The following diagram shows implications among several mappings defined
above, where p — ¢ (resp. p <» ¢) means that p implies ¢ (resp. p and ¢ are independent). The
implications are not reversible and the independence is explained (cf. Remark 2.5 below).
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contra-continuity

e N\
contra-g-continuity ¢ B-continuity  onto and B-continuity
T X
strongly contra-S-continuity — B*-continuity

Remark 2.5 (i) Let (R, E)) be the real line with the Euclidean topology E. The mappings
fi1r 1 (R, E) = (R, E) of (i-1) below are seen in [14].

(i-1) Let f: (R, E) — (R, FE) be a mapping defined by f(z) = [z], where [z] is the Gaussian
symbol. Then f is contra-/3-continuous (cf. Definition 2.1(iv)). However, f is not contra-
continuous, because for an open interval (3,2), f71((%,2)) = [1,2) is not closed in (R, E).
(i-2) The identity mapping 1g : (R, E) — (R, E) is B-continuous (cf. Definition 2.1(vi)) but
not contra-B-continuous, since the inverse image of each singleton is not S-open. Moreover,
1g is not contra-continuous.

(ii) The mapping f : (X,7) — (X, 7) is contra-f-continuous, but f is not B-continuous.
Let X = {a,b,c} and 7 = {X,0,{a,b}}. Then we have SC(X,7) = {0, {a}, {b},{c}, {b, ¢},
{a,c}, X} and SC(X,7) = {0,{c},X}. We define the mapping f : (X,7) — (Y,0) by
f(a) =a, f(b) =cand f(c) =b.

(iii) The converse of Theorem 2.3 under the assumption (1) is not reversible. Let X =
{a,b,c} and 7 = {X,0,{a},{b},{a,b}}. Let f: (X,7) — (X,7) be a mapping defined by
fla) = b, f(b) = c and f(c) = a. Then since fC(X,7) = SC(X,7) = P(X)\{{a,b}}, we
show f is B-continuous and onto. By Theorem 2.3 under the assumption (2), it is obtained
that f is B*-continuous. This mapping f is contra-3-continuous, but Int(f~'({a})) =
Int({c}) = ¢ hold. And so f is not strongly contra-3-continuous.

(iv) The converse of Theorem 2.3 under the assumption (2) is not reversible. The map-
ping f : (X,7) — (X,7) defined in (ii) above is not B-continuous (cf. (ii)). But f is
B*-continuous, because {c} and X are the nonempty B-sets.

(v) The contra-S-continuous mapping f : (X,7) — (X, 7) of (ii) above is not strongly
contra-B3-continuous (cf. Definition 2.1(v), because Int(f~1({a,b})) = 0.

Remark 2.6 (i) Let X =Y = {a,b} and 7 = {X,0,{a}} and 0 = {Y,0,{b}}. Then
the identity mapping 1x : (X,7) — (Y,0) is a contra--continuous mapping but not (-
continuous.

(ii) The identity mapping 1g : (R, E) — (R, E) of Remark 2.5(i)(i-2) is S-continuous but
not contra-3-continuous.

Remark 2.7 The following properties are well known.
(i) If f:(X,7) = (Y,0) is contra-S-irresolute and g : (Y,0) — (Z,n) is B-continuous,
then the composition go f : (X,7) — (Z,n) is contra-S-continuous (cf. [7, Theorem 2.18]).
(ii) ([4, Theorem 2.3(iv)]) Every homeomorphism is S-irresolute.

Remark 2.8 (i) By the following examples (i-1) and (i-2), it is shown that the contra-
B-irresoluteness and SB-irresoluteness are independent. Let X = {a,b,c} and 7 = {X,0, -
{a},{a,b}}. Then

(i-1) The identity mapping on (X, 7) above is S-irresolute but not contra-S-irresolute.

(i-2) Let f: (X,7) — (X, 7) be a mapping defined by: f(a) =b= f(b), f(c) = a. Then
f is contra-f-irresolute but not S-irresolute.

(ii) In general, for any topological space (X, 7), the identity mapping 1x : (X,7) = (X, )
is contra-S-irresolute if and only if SO(X,7) = SC (X, 7) holds. And, 1x on any topological
space (X, 1) is S-irresolute.
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Remark 2.9 (i) Every contra-S-irresolute mapping is contra-/3-continuous, but it is shown
that its converse is not true, by the following example. Let X = {a,b,c} and 7 = {X, 0, -
{a},{b},{a,b}}. Let f: (X,7) = (X,7) be a mapping defined by f(a) = ¢, f(b) = a ,
f(¢) = b. One can deduce that f is contra-S-continuous, but it is not contra-S-irresolute.

(ii) For a mapping f : (X,7) = (Y,0), f is contra-S-irresolute if and only if the inverse
image f~1(F) of each S-closed set F of (Y, o) is B-open in (X, 7).

(iii) For a mapping f : (X,7) — (Y,0), f is S-irresolute if and only if the inverse image
f~L(F) of each B-closed set F' of (Y, ) is B-closed in (X, 7).

Remark 2.10 (i) The following diagram of implications is well known.
Contra-irresolute < Perfectly contra-irresolute — Irresolute.
We have also the following diagram of implications.
Contra-fg-irresolute + Perfectly contra-g-irresolute — S-irresolute;
and they are not reversible (cf. Remark 2.8(i) above and Remark 2.11 below).

(ii) In the implications above, the irresoluteness (resp. contra-irresoluteness, perfectly
contra-irresoluteness) and the S-irresoluteness (resp. contra-f-irresoluteness, perfectly contra-
B-irresoluteness) are independent (cf. (a), (b), (¢) below).

Let X = {a,b,c}. We consider the topologies on X: 7 = {X,0,{a},{b},{a,b}},
= {X,0,{a},{a,b}}, m» = {X,0,{c},{a,b}} and 73 = {X,0}. We have the following:
SO(X,7)=BO(X,7) = P(X)\ {{c}}, SOX,n) = BO(X, 1) = {0,{a},{a,b},{a,c}, X},
SO(X,TQ) = T2, 50(X7T2) = P(X), SO(X, 7'3) = {@,X}, 50(X,T3) = P(X)

(a)(a-1) Define a mapping f : (X,7) — (X,72) as follows: f(a) = a, f(b) = ¢ and
f(c) =b. Then f is irresolute; f is not S-irresolute.

(a-2) Let f: (X,73) — (X, 7) be the identity mapping. Then f is S-irresolute; f is not
irresolute.

(b)(b-1) Let f : (X, 72) — (X, 1) be the identity mapping. Then f is contra-(-irresolute,
f is not contra-irresolute.

(b-2) Define a mapping f : (X, 1) — (X, 72) as follows: f(a) =a, f(b) =a, f(c) =0.
Then f is contra-irresolute, f is not contra-S-irresolute.

(c)(c-1) Let f : (X,73) = (X, 72) be the identity mapping. Then f is perfectly contra
B-irresolute, f is not perfectly contra-irresolute.

(c-2) Define a mapping f : (X,7) — (X, 72) as follows: f(a) =¢, f(b) =a, f(c) =0.
Then f is perfectly contra-irresolute, f is not perfectly contra-3-irresolute.

Remark 2.11 We have a decomposition of perfectly contra-g-irresolute mappings. The
following conditions (1) and (2) are equivalent: (1) f: (X,7) — (Y, 0) is perfectly contra-
B-irresolute; (2) f: (X,7) — (Y, 0) is contra-S-irresolute and S-irresolute.

3 Groups G(X, X\ H;7) and Go(X, X\ H;7). Main purposes of the present Section 3
are to prove Theorems 3.5 and Theorem 3.6 (cf. Notation 3.3).

Definition 3.1 Let (X, 7) and (Y, o) be topological spaces.

(i) A mapping f: (X,7) — (Y, 0) is said to be

(i-1) a Bc-homeomorphism ([4, Definition 3.1(ii)]) if f is a B-irresolute bijection and f~!
is B-irresolute,

(i-2) a contra-Be-homeomorphism if f is a contra-S-irresolute ([6], [4, Definition 4.1])
bijection and f~! is contra-B-irresolute (cf. Definition 2.2(iii)).

(ii) (ii-1) Beh(X;7) = {f| f: (X,7) — (X;7) is a fc-homeomorphism} ([4, notation (3)
after Definiton 3.1],

(ii-2) con-Beh(X;7):={f| [ : (X,7) = (X, 7) is a contra-fc-homeomorphism} ([4, Defi-
nition 4.3(1)]).

(iii) h(X;7) :={f] f: (X,7) = (X, 7) is a homeomorphism} (e.g., [4, notation (3) after
Definiton 3.1]).
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(iv) ([40, Definition 2.1]) Let H be a nonempty subset of X
(iv-1) Beh(X, X \ H;7) :={a] a € Bch(X;7) and a(X \ H) = X \ H}.
(iv-1)" con-Beh(X,X \ H;7) := {a|] a € con-Bch(X;7) and a(X \ H) = X \ H} (cf
(1) (ii-2))
iv-2) Becho(X, X \ H;7):={a| a € fch(X,X \ H;7) and a(z) = z for every point z €
X\ H}

(iv-2)" con-Bcho(X, X \ H;7) := {a] a € con-Bch(X,X \ H;7) and a(x) = x for every
point x € X \ H}, where H # X (cf. (ii)(ii-2) above).

Remark 3.2 (i) In 2010, N. Arora et al. [4, Theorem 4.4(i)] proved that Sch(X;7T) U con-
Bch(X;7) forms a group under the composition of mappings.

(ii) In 2019, Sanjay Tahiliani [40, Theorem 2.2] proved that Bch(X,X \ H;7) and
Bcho(X, X \ H;7) form groups under the composition of mappings, where H is a subset
of X, and Sanjay Tahiliani proved important propertes [40, Theorem 2.7].

Notation 3.3 Let (X, 7) be a topological space and H C X with H # 0.
(i) G(X;7) := Beh(X;7) U con-Beh(X; 7).
(i) G(X, X \ H;7) := con-Bch(X, X \ H;7) U Bch(X, X \ H; ).
(i) Go(X,X \ H;7) := con-Bcho(X, X \ H;7) U Bcho(X, X \ H; 7).

Remark 3.4 Let us consider especially the case where that H = X in Notation 3.3(ii)
above. Then, we have that G(X, X \ X;7) = G(X;7) holds. (cf. Definition 3.1(ii),(iv)).

Theorem 3.5 Let H be a nonempty subset of (X,7) and G(X, X \ H;7), Go(X, X \ H; )
and G(X; 1) be the families defined in Notation 3.3 above, respectively. Then,

(i) G(X, X \ H;7) forms a group under the composition of mappings.

(1)'Go(X, X \ H; 1) forms a subgroup of G(X, X \ H;T), where H # X.

(ii) The group ﬂchO(X X\ H;1) forms a subgroup of Go(X,X \ H;7), where H # X.

(iii) The groups G(X, X \ H;7) and Go(X, X \ H;7) (where H # X) are subgroups of
G(X;7) (cf. Notation 3.3, [4, Theorem 4.4(i)]).

Proof. Throghout the present proofs of (i),(i)’ and (ii), let us denote: G := G(X, X \ H; )
and Gy := Go(X, X \ H; 7). (i) A binary operation w : G x G — G is well defined by
w(a,b) := boa, where bo a is the composite function of the functions a and b. Indeed, it is
shown by the following four cases.
Case 1 (resp. Case 1’) a (resp. b) € Sch(X, X \ H;7) and b (resp. a) € con-Bch(X, X \
H:7). For the present case, boa : (X,7) — (X, 7) is a contra-f-irresolute bijection such
that (boa)~? is also contra-B-irresolute and (boa)(X \ H) = X \ H (cf. [4, Lemma 4.2(i-2)]).
And so, w(a,b) € con-pch(X, X \ H) CG.
Case 2 (resp. Case 3) a,b € con-pch(X, X\ H; 1) (resp. fch(X, X\ H;7)). For the present
case, boa: (X,7) — (X,7) is a B-irresolute bijection such that (boa)~! is also S-irresolute
and (boa)(X \ H)=X \ H (cf. [4, Lemma 4.2(i-1)]). And so, w(a,b) € fch(X,X \ H) CG.
Thus, the binary operation w : G x G — G is well defined. For all elements a,b,c €
G,w(w(a,b),c) = w(a,w(b,c)) holds. The identity element e € G is well defined by the
identity mapping 1x : (X,7) — (X, 7), i.e,, e := 1x € G; and so w(e,a) = a = w(a, e) hold
for all element a € G. The inverse element of an element a € G is well defined by the inverse
mapping a~ ! of a : (X,7) — (X,7) and so w(a,a"') = e = w(a~',a) hold for all element
a € G. And hence (G,w) forms a group under the composition of mappings, i.e., G is a
group. (i)’ Since 1x € Bcho(X, H;T), we have the following: Gy # 0. For any element
a,be QO and the binary operation w : G x G — G, it is seen that w(a,b~!) =b"loa € g
and (b~ oa)(x) = b~ 1(x) = z for every point z € X \ H; and so w(a,b~!) € Go.  (ii) By
(i)’, the subgroup Gy has the binary operation w|Gy. Let a,b € Bcho(X, X \ H;7). Then,
1x € Bcho(X, X \ H;7) # 0 and (w|Go)(a,b=1) = bt oa € Bcho(X, X \ H;T) C Go; and so
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Beho(X, X \ H;7) is a subgroup of Gy.  (iii) The group G(X; 1) (cf. Notation 3.3(i)) forms
a group under the compositon of mappings ([4, Theorem 4.4(i)]). And, G forms a group by
the composition of mappings (cf. (i)) such that G C G(X;7) (cf. Notation 3.3). Thus, G is
a subgroup of G(X, 7). And using (i)', Go is a subgroup of G(X, 7). O

Theorem 3.6 (i) If f : (X,7) — (Y, 0) is a contra-Be-homeomorphism (cf. Definition 3.1(i)(i-
2)), then f induces also an isomorphism f.: G(X, X\ H;7) = G(Y,Y \ f(H);0), where f,
is defined by f.(a) = foao f~1.
(i) If f : (X,7) — (Y,0) is a Bc-homeomorphism (cf. Definition 3.1(1)), then f induces
an isomorphism fi. : G(X, X\ H;7) = G(Y,Y \ f(H);0), where f. is defined in (i) above.
(iii) Suppose one of the following properties (a), (b) below on mappings f : (X, 7) — (Y, 0)
and g : (Y,0) = (Z,n): (a) f and g are contra-Bc-homeomorphisms, (b) f and g are Be-
homeomorphisms.
Then, (go f)e = gio fu : G X, X\ H;7) = G(Z,Z\ g(f(H);n)) holds and (1x). =
G(X, X\ H;7) = G(X,X \ H;7) is the identity isomorphism, where 1x : (X,7) — (X )
on the identity and 1 is the identity on G(X, X \ H).

Proof. (i) Under the assumption that f is a contra-Sc-homeomorphism, it is proved that
f« is an isomorphism between the groups. Indeed, we have the following properties: (1)
mapping f. : G(X, X\ H;7) = G(Y, Y\ f(H); o) is well defined; (2) fi is a homomorphism;
(3) f« is a bijection. Proof of (1) Let a € G(X,X \ H;7). We first have the following:
f«(@)(Y\ f(H)) =Y\ f(H) holds. And, we consider the following two cases.

Case 1 a € Bch(X,X \ H;7) (resp. Case 2 a € con-Bch(X,X \ H;7)). Let B €
BO(Y,o). Then, for the Case 1 (resp. Case 2), we have the following: (f.(a))™'(B) =
fla Y (f~Y(B))) € BO(Y;0) (resp. BC(Y,0)) and so fi(a): (Y,0) — (Y,0) is B-irresolute
(resp. contra-f-irresolute) bijection. Moreover, we have the following: f.(a)(B) € SO(Y,0)
(resp. BC (Y, 0)). Then, (fi(a))™!: (Y,0) — (Y,0) is B-irresolute (resp. contra-S-irresolute).
Thus, for the Case 1 (resp. Case 2), we prove that f.(a) : (Y,o0) — (Y,0) is a (¢
homeomorhism (resp. contra-fc-homeomorphism) such that f.(a)(Y \ f(H)) =Y \ f(H).
Namely, using Notation 3.3, we have that f.(a) € G(Y,Y \ f(H);0).

Proof of (2) Let a and b be elements of G(X, X \ H;7). Then, we have the following:
felwx(a,b)) = (fobo fh) o (foao f71) = wy(fi(a), fu (b))

Proof of (3) Let a,b € G(X, X\ H; 7) such that f.(a) = f.(b). Then, foaof~t = fobof~!
andsoa="0. Let d € G(Y,Y \ f(H);o). Then, it is proved that f~ 1odof €G(X,X\H;T)
and f.(f'odo f) =d. (ii) Under the assumption that f is a Bc-homeomorphism, it is
proved similarly that of (i) that f, is isomorphism between the groups. (iii) By definitions
and (i) (resp. (ii)), the present properties are shown. O

Corollary 3.7 (i) (rvesp. (ii)) If f : (X,7) — (Y, 0) is a contra-Bc-homeomorphism (resp.
Be-homeomorphism), then f induces an isomorphism f. : G(X;7) — G(Y;0), where f. is
defined by f.(a) := foao f~! for any a € G(X;7).

(iil) Suppose one of the following properties (a), (b) below on mappings f : (X,7) = (Y, 0)
and g : (Y,0) = (Z,n), (a) f and g are contra-Bc-homeomorphisms, (b) f and g are Be-
homeomorphisms.

Then, we have the following properties (1), (2) and (3) on fi, g«.

(1) (g0 f)e = goo fu: GIX37) = G(Z5m). (2) (1x)e = 1: G(X;7) = G(X;7) is the identity
isomorphism, where 1x : (X,7) = (X, 7) is the identity.

(3) (3-1) fu(con-Bech(X;T)) = con-Beh(Y;0) holds. (3-2) fo(Bch(X;7))=Fch(Y;0) holds.
(3-3) f«(h(X;7)) C Be-h(Y;0) holds (cf. Definition 3.1(iii)).

(iv) (cf. [4, Theorem 4.5(1)]) Especially, if f : (X,7) = (Y,0) and g: (Y,0) = (Z,n) are
homeomorphisms, then the induced mappings fi« : G(X;7) = G(Y;0) and g« 1 G(Y;0) >
G(Z;n) are isomorphisms (cf. (i)). Moreover, they have the same property of (1), (2)
(3)(3-1)(3-2) in (iii). We note that, in (3)(3-3), f«(h(X;7)) = h(Y;0) holds.

and
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Proof. (i), (ii), (iii)(1)(2) are obtained respectively, by setting that H = X in Theorem 3.6
above (cf. Remark 3.4).  (iii)(3) Proof of (3-1) (resp. (3-2)) By setting the case where
H = X in the proof of Theorem 3.6(i) (resp. (ii)), it is obtained that f.(con-Bch(X;1)) C
con-fch(Y;o) (resp. f«(Bch(X;7)) C Beh(Y;0) ) holds, under the assumption (a) (resp.
(b)) on f. Conversely, for each element d € con-Bch(Y,0) (resp. Bch(Y;0)), we take a
mapping f~'odo f: (X,7) = (X,7). Then, it is shown that f~' odo f € con-Bch(X;T)
(resp. Bch(X;7)) and f.(f~Lodo f) =d and so d € f.(con-Bch(X;T)) (resp. Beh(X;T)).
Proof of (3-3) By [4, Theorems 3.2(iii), 3.3(vi)], it is well known that h(X;7) C Bch(X, 7);
and so f.(h(X;7)) C fu(Bch(X; 1)) = Beh(Y;0) (cf. (3)(3-1) above).

(iv) Since any homeomorphism is a Sc-homeomorhism ([4, Theorems 3.2(iii), 3.3(vi)]),
then by (ii) it is shown that f. and g. are isomorphisms. By (1),(2) of (iii), the same
properties (1), (2) and (3)(3-1)(3-2) are obtained;the present property (3-3) is well known.
0

Corollary 3.8 (cf. Notation 3.3, Corollary 3.7(1)(ii) ) (i) If G(X;7) 2 G(Y;0), then

(i-1) there does mot exist any contra-Bc-homeomorphism between two topological spaces
(X,7) and (Y,0), and (i-2) there is not any Bc-homeomorphism between (X, 7) and (Y,0),
and hence (i-3) (X, 1) 2 (Y,0) (i.e., (X,7) is not homeomorphic to (Y,0)).

(i) If Beh(X;7) 2 Beh(Y;0), then there does not exist any Sc-homeomorphism between
(X,7) and (Y,0). O

Example 3.9 Let (X, 7),(Y,0),(Y(1),01) and (Y (2), 02) be four topological spaces, where
X=Y=Y(Q1) =Y(2) :={a,b,c}, 7 :={0,{a},{b,c}, X} , 0 := {0,{a}, {b},{a,b}, Y},
o1 = {0,{a},{b},{a,b},{a,c},Y (1)} and oy := {0,{a},Y(2)}. And, let h, : X — X be
a bijection such that h,(z) = x and h, # 1x for a given point x € X. Then we have the
following properties.

(i) G(X;7) 2 G(Y;0) (cf. Corollary 3.8(i) above). Indeed, it is shown that SO(X,7T) =
P(X) = BC(X,7) hold and so Bch(X;7) = con-Bch(X;T) =2 S3(=the symmetric group of
degree 3) and hence G(X;7) = S3. And, it is shown that SO(Y,0) = P(Y) \ {{c}} and
BC(Y,o) = P(Y)\ {{a,b}} hold; and so con-Bch(Y;0) = ) and G(Y;0) = Bch(Y;0) =
{1y, h.}.

(i) G(X;7) 2 G(Y(1);01). Indeed, it is shown that SO(Y (1),01) = o1 and Bch(Y (1);01)
:{1y()1)} and con-fch(Y (1);01) = {hy}; and so G(Y(1);01) = {lyqay, he} 2 Sz (cf. (i)
above).

(iii) G(Y(1);01) =2 G(Y(2);02) and Bch(Y (1);01) 2 Bch(Y (2);02). Indeed, it is shown
that BO(Y(2),02) = {0,{a}, {a,b},{a,c},Y(2)} and Bch(Y (2);02) = {ly(2),ha},con-
Beh(Y (2);02) = 0.

4 Groups G(X, X\ H;7)/Ker((rm)«)), Go(X,X \ H;7)/Ker((rg).) and G(H;7|H).
The purpose of the present section is to prove Theorem 4.7. We first recall the concept of
a-open sets et al. due to [35], i.e., (x) a subset H of a topological space (X, 7) is said to be
a-open in (X, 7) if H C Int(Cl(Int(H))) holds in (X, 7) and the compliment of an a-open
set is called a-closed. The family of all a-open sets (resp. a-closed sets) of (X, 7) is denoted
by aO(X, ) (resp. aC(X,7)).

And we recall some importante properties on S-open sets as follows.

Theorem 4.1 (i)([1], e.g., [32, Lemma 3.3(b)],[19, Lemma 4.1(2)]) Let AC H C X. If
A e BO(H,7|H) and H € BO(X,T), then A € BO(X,T).

(ii)([1, Lemma 2.5 and its Proof], e.g. [32, Lemma 3.2(b)], [19, Lemma 4.1(1)]) Let
HCX and Ay CX. If H e aO(X,7) and Ay € BO(X,T), then Ay N H € BO(H,7|H).

(ii)" (cf. (ii),(i) above, [2, Corollary 2.14(a)]) Let H C X and A; C X. If H € aO(X,T)
and Ay € BO(X,T), then Ay NH € BO(X,T).

(iii)([1, Remark 1.1]) Arbitrary union of B-open sets of (X, 1) is B-open in (X, 7).
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(iv)([19, Lemma 4.3(2)]) If A C H C X and H € aO(X,7), then BCI(A) N H =
BCl(A), where SCly(A) denotes the B-closure of A in the subspace (H,T|H).

(iv-1) Let FCHC X. IfH € aO(X,7) and F € BC(X, 1), then F € fC(H,7|H) (i.e.,
BuCI(F) = F holds).

(iv-2) Let Fy and H be subsets of X. If H € aO(X,7) and Fy € BC(X,T), then
PN H € BO(H,7|H) (ie., ByCUF, N H) = Fy N H holds).

(iv-3) Let F C H C X. If H € aO(X,7) N BC(X,T) and F € BC(H,7|H), then
F e pC(X,).

Proof. (iv-1) (resp. (iv-2)) By the assumptions and (iv), it is shown that Sy CI(F) = F
(resp. fuCl(FiNH) =pBCI(FINH)NH C BCI(F1)NH = F;NH and so fgCl(FyNH) =
Fy N H). Therefore, we have the following: F' € SC(H,7|H) (resp. i N H € fC(H,7|H) ).
(iv-3) By the assumptions, (iv) and (iii), it is shown that F' = g CI(F) = H N BCI(F) and
so HNBCI(F) € pC(X, ). O

Remark 4.2 It follows from the following example that one of assumptions of Theo-
rem 4.1(ii) above (i.e., H € aO(X,7)) is not removed. Let X := {a,b,c} and 7 :=
{0,{a}, {b},{a,b}, X}. Then, a subset H := {b,c} € aO(X,7) and H € SO(X,7). And,
for a set 41 := {a,c} € BO(X,7), A1 N H = {c} ¢ PO(H,7|H). Indeed, we have that
BO(X,7) = P(X)\{{c}},BO(H, 7|H) = {0,{b}, H} and aO(X,7) = 7 hold and Cly (Inty-

Remark 4.3 (i) Let H and K be subsets of X and Y, respectively. For a mapping f :
X — Y satisfying K = f(H), we define the map ry x(f) : H — K by (ru,x(f))(z) := f(z)
for every x € H. Then, we have the following: jx o (rg.x(f)) = fI|[H : H — Y, where
jik : K — Y is the inclusion defined by ji(y) := (1y|K)(y) = y for every y € K and
fIH : H =Y is the restriction of f to H defined by (f|H)(z) := f(x) for every x € H.
Especially, it X =Y = H = K, then rg g (f) = f holds.

(ii) Especially, we suppose that X = Y,H = K C X and a(H) = H,b(H) = H for
mappings a,b: X — X. Then, rg g(boa) = (rg,u(b)) o (rug m(a)) holds.
Moreover, if a : X — X is a bijection such that a(H) = H, then rg gy(a) : H — H is
bijective and rg g(a™) = (rg,p(a))~t

Theorem 4.4 (cf. [40, Lemma 2.8]) (i) Let H € aO(X, 7). If f : (X,7) = (Y, 0) is contra-
B-irresolute (resp.SB-irresolute ), then the restriction of f to H, say f|H : (H,7|H) — (Y, 0),
is contra-f-irresolute (resp.B-irresolute ).

(ii) Let k : (X, 7) — (K,0|K) be a mapping and jk : (K,0|K) — (Y, 0) be the inclusion,
where K CY. If K is a-open in (Y, 0), then the following properties (1), (2) are equivalent:

(1) k:(X,7) = (K,0|K) is contra-B-irresolute (resp. [-irresolute );

(2) jr ok : (X,7) = (Y,0) is contra-f-irresolute (resp. B-irresolute).

(iii) Suppose that f : (X,7) — (Y,0) is contra-B-irresolute (resp. S-irresolute), H €
aO(X,7) and f(H) € aO(Y,0). Then, vy smy(f) : (H,7|H) = (f(H),o|f(H)) is contra-
B-irresolute (resp.S-irresolute).

Proof. (i) Let A € BO(Y,0) (resp. BC(Y,0)). Then, we have the following: f~1(A) €
BC(X,7). By Theorem 4.1(iv-2), it is shown that (f|H)"*(A) = f~Y(A)NH € BC(H,T|H)
and so f|H : (H,7|H) — (Y, 0) is contra-fS-irresolute (resp. S-irresolute).

(if) (1)=(2) Let A; € BO(Y, o). We have the followng: (x1) ji'(A;) = KN A €
BO(K,c|K) (cf. Theorem 4.1(ii)). Then, using (x1) above and assumption (1), we have
that (jx o k)" (A1) = k7 (jg' (A1) € BC(X,T) (resp. BO(X,T)). (2)=(1) Let B €
BO(K,o|K). Then, we have that B € SO(Y,0) (cf. Theorem 4.1(i)). Then, using (2), we
show that k~1(B) = (jx ok)~}(B) € BC(X, T) (resp. BO(X,7)). (iii) By assumption and
(i), it is obtained that f|H : (H,7|H) — (Y, 0) is contra-f-irresolute (resp. S-irresolute).
Since f|H = j¢my o (ra,pa)(f)) (cf. Remark 4.3(i)), by (ii) it is shown that the mapping
T, r(m)(f) is contra-f-irresolute (resp. f-irresolute). O
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Theorem 4.5 (cf. [40, Definition 2.5, Theorem 2.7(i)]) Suppose that H € aO(X,T).

(i) If f € con-Bech(X, X\ H;T) (resp. Bch(X, X\H;T)), thenry g (f) € con-Beh(H;T|H)
(resp. Sch(H;T|H)).

(ii) The following mapping (rg). : G(X, X \ H;7) — G(H;7|H) is well defined by
(ran)a(f) = ria.a(f) for cvery | € G(X, X\ H:7).

(iii) The following mapping (rm)«o : Go(X, X \ H;7) — G(H;T|H) is well defined by
(Fn)eol) = i) for cvery § & GolX, X \H:r)

(iv) (cf. [4, Theorem 4.4(i)]), Notation 3.3, Theorem 3.5(i),(i)’)
(iv-1) (re)« : G(X, X \ H;7) = G(H;7|H) is a homomorphism of group.
(iv-2) (rm)wo: Go(X, X\ H;7) — G(H;T|H) is a homomorphism of group.
(1v-3) (#4100 (X, X \ H;7) = (rir )0,

Proof. (i) In Theorem 4.4(iii), let consider the case where Y = X and 7 = ¢. Since f € con-
Beh(X, X \ H;7) (resp. Bch(X, X \ H;7)), we have the following property that both f and
f~1 are contra-B-irresolute (resp. S-irresolute) bijections from (X, 7) onto itself such that
F(X\H)=X\H=f"YX\H)) (cf. Definition 3.1), and so f(H) = H = f~*(H), f(H)
and f~!(H) are a-open in (X, 7). Then, by Theorem 4.4(iii), it is shown that rpy g (f) and
(rau(f) t=ruu(f~'): (H,7|H) — (H,7|H) are contra-S-irresolure (resp. S-irresolute)
bijections (cf. Remark 4.3(ii)). Namely, we have the followng: ry g (f) € con-Bch(H;7|H)
(vesp. feh(H;7|H)). (ii) Let a € G(X,X \ H). For the case where that a € con-
Beh(X, X \ H;T) (resp. fch(X,X \ H;7)), by using (i) it is shown that rg g(a) € con-
Beh(H;T|H) (vesp. Beh(H;T|H)) and so ry u(a) € G(H;7|H). Therefore, (rg)«(a) =
ra.ma(a) € G(H;7|H) holds for any element a € G(X, X \ H;7) and so (7). is well defined.

(iii) We recall that Go(X, X \ H;7) C G(X, X \ H;7). Then, by the definition of (rg). o
and (ii), it is obtaned that (rg)«o(a) == ry g(a) € G(H;7|H) for every a € Go(X, X \ H).

(iv) We denote G := G(X,X \ H;7) and Gy := Go(X,X \ H;7), throughout the
present proof of (iv). (iv-1) Let a,b € G and w : G x G — G be the binary opera-
tion of the group G (cf. Proof of Theorem 3.5). Then, by definition, w(a,b) := bo a for
a,b € G and (rg)«(w(a,b)) =rgpboa) = (rgm®))o (ra,m(a)) hold (cf. (ii) above, Re-
mark 4.3(ii)). Here, we recall that the group G(H;7|H) := con-Bch(H;7|H) U Bch(H;T|H)
has the binary operation wy : G(H;7|H) x G(H;7|H) — G(H;7|H) defined by the com-
posite mapping: wg(f,g) := go f, where f,g € G(H;7|H) (cf. [4, Theorem 4.4(i)]). Thus,
we have the following: (r#)«(w(a,d)) = (ra,u(b)) o (ra.a(a)) = wy(raa(a),ram(b)) =
wy((rg)«(a), (rg).) (b)) and hence (rg). : G — G(H;7|H) is a homomorphism of group.
(iv-2) Since Gy is a subgroup of G (cf. Theorem 3.5(i)’), by an argument similar to that of
(iv-1) it is shown that (rg).0 : Go — G(H;7|H) is a homomorphism of group. (iv-3) For
an element a € Go, we have the following: ((ru)«|Go)(a) = (ru)+(a) = ru,u(a), on the other
hand, (7 )+,0(a) = ru,u(a) and hence (75)+|Go = (7#)+0. O

Lemma 4.6 ([40, Lemma 2.6] for the case where S-irresoluteness ) Let (X, 7) and (Y, o) be
topological spaces such that X = U1UU, withU; # 0 (j € {1,2}). Let f1 : (U1, 7|Ur) — (Y, 0)
and fo : (Ua, 7|Us2) — (Y, 0) be the two contra-B-irresolute (resp. B-irresolute) mappings with
fi(z) = fa(x) for every point x € Uy NUs. If Uy and Us are a-open sets of (X, 1), then
its combination f1Vfy : (X,7) — (Y,0) is contra-B-irresolute (resp. S-irresolute), where

(f1Vf2)(2) = fi(2) for every z € U; (j € {1,2}).
Proof. By using Theorem 4.1(i)(iii) and above definitions, this lemma is proved. a

Theorem 4.7 (cf. [40, Theorem 2.7 (ii),(iii)]) (i) Suppose that H € aO(X, 7). Then, we
have the following isomorphisms of groups (cf. Theorem 4.5(ii),(iii),(iv)).

(1) G(X, X\ H; )/ Ker((ri).) = Im((rs).).

(i-2) Go(X, X \ H;7) =Z Im((ra)«0), where Ker((rg)«) :={a € G(X, X\ H;7)|(ra)«(a) =
1g} is a normal subgroup of G(X, X\ H; 1), and Im((rg)«):={(ru)«(a)|la € G(X, X\ H;T)
and Im((re)«0):= {(ru)«od)b € Go(X, X \ H;T)} are subgroups of G(H;T|H).
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(i) Suppose that H € aO(X,7) N aC(X,7) (cf. Lemma 4.6, the top of the present
Section 4). Then, under the assumption above, we have the following properties on the
homomorphisms (rg )« and (rg)«o (cf. Theorem 4.5).

(ii-1) If con-Beh(X, X \ H;7) # 0, then (rg)« : G(X, X \ H;7) — G(H;7|H) is onto.
(ii-2) If con-Beho(X, X \ H;7) # 0, then ()« : Go(X, X \ H;7) = G(H; 7|H) 1is onto.

(iii) Suppose that H € aO(X,7) NaC (X, 7). Then, we have the following isomorphisms
of groups.

(iii-1) If con-Beh(X, X \ H;7) # 0, then G(X, X \ H;7)/Ker((ru).) 2 G(H;7|H).
(iii-2) If con-Bcho(X, X \ H;7) # 0, then Go(X, X \ H;7) = G(H; 7|H).

Proof. (i) Since H € aO(X,7), the mappings (rg). and (rg).o are the well defined
homomorphisms of groups (cf. Theorem 4.5, Remark 4.3(i)). Then, by using the first iso-
morphism theorem of group theory, it is obtained that there are group isomorphisms below,
under the a-openness of H in (X, 7): (i-1) G(X, X \ H;7)/Ker((rg)«) = Im((rg).) and
(i-2)1 Go(X, X \ H;7)/Ker((rm)«o) = Im((rm)«o). In (i-2); above, it is shown that
(i-2)2 Ker((rg)«o0) = {1x}. Indeed, let ug € Ker((ru)«o) C Go(X,X \ H;7). Then,
(ri)«o0(ug) = 1y holds,where 1y is the identity element of G(H;7|H), by definitions (cf.
Theorem 4.5(iii),(ii) and Remark 4.3(i)), it is shown that, for any point © € H,1py(z) =
((re)s0(wo))(x) = (ra,a(u0))(z) = uo(z) and so up(z) = z holds for any point € H.
Moreover, for any point © € X \ H,ug(z) = x holds, because of uy € Go(X, X \ H;7) (ct.
Notation 3.3(ii)’, Definition 3.1(iv)) and hence we prove (i-2)sKer((rg)«0) = {1x}. Thus,
by using (i-2); and (i-2)2 above, the isomorphism (i-2) is proved.

(ii) (ii-1) Let h € G(H;7|H). We find a mapping, say h1 € G(X,X \ H;7) such
that (rg),(h1) = h. Indeed, we consider the following two cases (because of G(H;T|H) :=
Beh(H;T|H) U con-Beh(H; | H)).

Case 1 h € con-fch(H;7|H). For the present case, we select an element g belonging to con-
Beh(X, X \ H;7) # 0 by one of assumptions. By Theorem 4.4(i), it is obtained that g|(X \
H):(X\H, 7| X\ H)— (X,7) is a contra-f-irresolute mapping such that (g|(X \ H))(X \
H)=X \ H. Then, since jyoh : (H,7|H) — (X, 7) is a contra-S-irresolute mapping (cf.
Theorem 4.4(ii)), by Lemma 4.6, it is shown that the combination, say hy := (jgoh)V(g|(X\
H)):(X,7) = (X, 7), is a contra-S-irresolute bijection. And, we have the followng:hi (X \
H)=X\Hand h{' = (jgoh™')V(g~*g(X \ H)). Using Theorem 4.4(ii) and (i) above, it is
shown that jgoh~!: (H,7|H) — (X,7) and ¢ !g(X \ H) : (X\ H,7|(X\ H)) — (X,7) are
contra-f-irresolute mappings; and so the mapping hl_1 is contra-B-irresolute (cf. Lemma 4.6).
Thus, we proved that h; € con-Bch(X, X \ H;7) and (rg)«(hi)=ru g(h)=ra,u((ju o
RV (g|(X\ H)))= ra,a(jua oh) = h (cf. Theorem 4.5(ii), Remark 4.3(i)). Namely, for the
present case, there exists an element hy € con-Bch(X, X \ H;7) C G(X, X \ H;7) such that
(rr)«(h1)= h.

Case 2 h € fBch(H;7|H). For the present case, using [40, Theorem 2.7 (i)(i-2)]. there is
an element b} € fr-h(X, X \ H;7) C G(X, X \ H;7) such that (rg), (h})= h, where h} :=
(Jpoh)V(1x|(X\ H)) : (X,7) = (X,7). Therefore, using Case 1 and Case 2, we prove
that (rg). is onto.

(ii-2) Let h € G(H; 7|H). We consider the following two cases.

Case 1 h € con-Bch(H;7|H). For the present case, we select an element gy € con-
Becho(X, X \ H;7) # (. By an argument similar to that in the proof of (ii)(ii-1) Case
1, it is proved that he := (jg o h)V(go|(X \ H)) € con-Bch(X, X \ H) C Go(X, X \ H;T)
and (T‘H)*,Q(hg) = h.

Case 2 h € Bch(H;7|H). For the present case, using [40, Theorem 2.7 (i)(i-2)], there exists
an element hy € Beho(X, X \ H;7) C Go(X, X \ H;7) such that (rg), o(hy)= h, where
hy == (ju o h)V(1x|(X \ H)). Therefore, (rp),, is onto.  (iii) By (i) and (ii), the
isomorphisms (iii-1) and (iii-2) are obtained. O
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5 A characterization of 3-open sets of the digital plane (Z2, x?) and some new
groups on (Z?,k?).  In the present Section 5, we have the following four subsections (1),
(I1), (III) and (IV).

(I) Introduction of some related notation. We recall the concept of the digital plane.

Definition 5.1 (E.D.Khalimsky, R.Koppermann,P.R.Meyer,T.Y.Kong, cf. [22, p.175,-
Definition 4], [20, p.905,p.908], [29, Section 2], [30, Example 4 in Section 2]).

(i) The digital line or the Khalimsky line (Z, k) is the set Z of all integers, equipped with
the topology & having {{2m — 1,2m,2m + 1}|m € Z} as a subbase (e.g., [27, Section 3 (I)],
[16], [38, Section 6 in p.6]).

(ii) The digital plane or the Khalimsky plane is the Cartessian product (=topological
product) of 2-copies of the digital line (Z, k). This topological space is denoted by (Z2, k?),
where Z% := 7 x Z and k? := k x k (e.g., [16], [9, Section 6], [39, Section 5], [11, Section 7],
[10], [33, Section 6], [27, Section 3(II) in p.322]).

(o) In (Z, k), for each integer s, {2s} is closed and it is not open, and {2s + 1} is open and
it is not closed. And so Cl({2s}) = {2s}, Cl({2s +1}) = {2s,2s5 + 1,25 + 2}, Int({2s}) =0
and Int({2s + 1}) = {2s + 1}.
(o) In (Z2%,k?), for each integers s and m, {(2s,2m)} is closed and it is not open, and
{(2s 4+ 1,2m + 1)} is open and it is not closed, and {(2s + 1,2m)} and {(2s,2m + 1)} are
not open and they are not closed. And so we have the following properties:
-Cl({(2s,2m)}) = {(2s,2m)}, Cl({(2s+1,2m+1)}) = {25,25+ 1,25+ 2} x {2m, 2m +
1,2m + 2}, Cl({(2s + 1,2m)}={2s,2s + 1,25 + 2} x {2m}, Ci({(2s,2m + 1)} = {2s} x
{2m,2m + 1,2m + 2}, and
~Int({(2s,2m)}) =0, Int({(2s+1,2m+1)}) = {(2s+1,2m+1)}, Int({(2s+1,2m)}) =
Int({(2s,2m +1)}) = 0.

Definition 5.2 (cf. Notation 5.5 below) Let A be a subset of (Z?, k?).
(i) Ape := {z| v € A and {x} € k?}, (ii) Ar:={x| x € A and {x} is closed in (Z?,k?)},
(iil) Apiz ={z| x € A,z & A2 and © € Az2}, and
(iv) for the set A =0, Au2:=0, Ar2:=0, Apiz :=0.
(v) Note that, sometimes, the set A2 (resp. Azz, Apiz) above is denoted by (A),2 (resp.
(A) 72, (A)miz (cf. Notation 5.5).

Definition 5.3 (i) For an open set E and a point « € E, E is said to be the smallest open
set containing x, if E C G holds for every open set G containng z (e.g., [31, Definition 2.5,
Remark 2.6 (ii)], [27, Section 3], [25, p.6 of Section 1]).

(ii) The smallest open set containing a point z in (Z?2, x?) is denoted by U(x) throughout
the present section (cf. Remark 5.4(iv) below).

Remark 5.4 The following properties are well known. Let A be a subset of (Z2, k?) in (i),
(ii) and (iii).

(1) (Z%) e ={(2s+ 1,2m+1)| s, m € Z}, Ap2 = AN (Z?),2,
i) (Z%) 72 = {(25,2m)| s, m € Z}, Ar= = AN (Z?) 5=,
iii) (Z%)miz = {(25+1,2m)| s, m € Z}U{(2s',2m'+1)| s',m’ € Z}, Apmiz = ANZ?) -
iv) Moreover, we have the following properties:
iv-1) if € (Z?),2, then x := (25 + 1,2m + 1) for some s,m € Z and U((2s + 1,2m +
1))={(2s+ 1,2m + 1)} (cf. (i) above and Definition 5.3(ii) for the notation U(e)),

(iv-2) if ¥ € (Z?)r2, then x := (25,2m) for some s,m € Z and U((2s,2m))={2s —
1,25,25 + 1} x {2m — 1,2m,2m + 1} (cf. (ii) above),

(iv-3) if € (Z?)mix, then x = (25 + 1,2m) or z = (2s,2m + 1) for some s,m € Z and
U((2s+1,2m)) = {2s+1} x {2m —1,2m,2m+ 1}, U((2s,2m+1)) = {25 — 1,2s,25+ 1} x
{2m + 1} (cf. (iii) above).

(
(
(
(
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(IT) A characterization of 3-open sets of (Z?,k?). We prepare the following notation
which are used in Theorem 5.7 and Corollary 5.8 below. And, we note (X).2:={yly € X
and {y} € k?} for a subset X of (Z2, k?).

Notation 5.5 (cf. Definition 5.2) Let A be a nonempty subset of (Z2, k2).

V(Ar) :=U{{z} U(ANU(x))s2| 2 € Agz and (ANU(x))e2 # 0},

V(Amiz) = U{y} U (ANU(Y))w2| Yy € Amiz and (ANTU(y))w2 # 0}. And, for the
case where Axz = () (resp. Az = 0), we set that V(Az2) := 0 (resp. V(Apiz) = 0).

Example 5.6 Let A = {z,p,,y,97,y,2} U{a} C Z* and B := A\ {a}, where z :=
(0,0),p. := (1,1),y := (2,1),y~ := (3,1),¢ := (3,0), z := (5,1) and a := (—2,0). Then,
we have the following properties: (1) the set A is not S-open and B is -open,

(2) V(Ar2 ) UV (Aniz) U Az = {pz, v, 2, 2,9,y }=A\ {a} # A,

(2)' V(Br2) UV (Bonia) U By ={2,02} U dpas vy '} U par ™ 2}=B.
Proof of (1) We see that Cl(Int(Cl(A))) = {0,1,2,3,4,5,6}x{0,1,2} # (—2,0) = a and so
Cl(Int(CI(A))) 2 A holds. For the set B, we see that Cl(Int(Cl(B))) = {0,1,2,3,4,5,6} x
{0,1,2} D B. Proof of (2) Since Ar: = {a,z}, we see that (ANU(a))z = 0 and (AN
U@))ee #0, V(Agr) = {2}U(ANU(2)) .2 = {x, p: } hold. Since A;x = {y,y’}, we see that
V(Amia) = {y}U(ANU (1)) 2] U[{y PO (ANU (') 2] ={y: Py Yy~ =y 02y ™59}
Since A2 = {ps,y ,z}, we prove (2). Proof of (2)’ For this S-open set B, we are
able to see that: Br: = {x}, Bmiz = Amiz, B2 = A,z and so we have the following:
V(Br2) UV (Brie) U B ={2, pa} U (st 4 15’} U {pes ™ 2}=B.

By investigating Example 5.6 above, we find one of the characterization of S-open sets of
(72, k%) (cf. Theorem 5.7(i)(i-2),(ii) and Corollary 5.8 below).

Theorem 5.7 (i) (i-1) If B is a nonempty B-open subset of (Z2, k?), then
(BNU(x))x2 # 0 holds for each point x € Brz2 U By, (cf. Remark 5.4(i)(ii)).
(i-2) If B is a B-open set of (Z2,k?), then B is expressible as follows:
B =V (Br2) UV (Bpniz) U B2 (cf. Notation 5.5, Remark 5.4(i)).
(i) If a subset B is expressible as B = V(Bx2) UV (Biz) U Bz, then B is B-open in
(72, K%).

Proof. We note that, in general, for a point w € Z? and a subset B of (Z2, k?),

(1) (BNU(w))2=B N (U(w)),2 holds, where (U(w)),2:={z|z € U(w) and {z} € x?}.

(1)(i-1) Let # € Bz2 U Bypip. Then, since B C Cl(Int(CIl(B))), we have the following:
U(z) N Int(CI(B)) # ( holds and so there exists a point z(z) such that z(z) € U(x) N
Int(Cl(B)). Then (2) U(z(z)) C CI(B) and ) # (U(z(x)) C U(x) (cf. Definition 5.3(ii)).
Then, using (2), we see that () # (U(z(z))).2 C (U(x)),.2 and we can take an open singleton
{p(z)} such that p(z) € U(z(z)) and so p(x) € B. Thus, we have the following:p(z) €
BN(U(x))x2, i.e., (BNU(z)).2 # 0 (cf. (1) above). (i-2) First we note that the sets V(Bz2)
and V(Byi.) are well defined by (i-1) above, respectively, for a nonempty S-open set B. We
prove that: (3) V(Bx2) UV (Br2)U B2 C B holds and (4) B C V(Bx2) UV (Biz) U By
holds. Proof of (3) We see that V(Brz) C |J{{z} U Bsz|x € Br2}=Bz2 UB,2 C B and
V(Bmiz) C U{{y} U Bmiz|y € Bmiz}=Bmiz € B. And so we prove (3).

Proof of (4) Let z € B. And we consider the following two cases.
Case 1 z € Bz2 U Byy;,. For the present case, by (i-1), it is shown that (BNU(z)),.2 # 0
and z € V(Bz2) UV (Bpiz), and so (5) z € V(Bz2) UV (Bpniy) U Bye.
Case 2 z € B,2. For the present case, it is seen clearly that (5) above holds. Thus, by
Case 1 and Case 2 above, (4) is proved. Therefore, by (3), (4) and Notation 5.5, it is proved
that B =V (Bz2) UV (Bmiz) U B,z holds if B is S-open in (Z?, k?).

(ii) Let B # 0. By using the assumption of (ii), the definition of V(Bzz) and V(Byi)
(cf. Notation 5.5), it is shown that (BN U(z)),2 # 0 holds for each point € Brz2 U Bypy.
We show firstly that: (6) {x}U(BNU(x)),= is S-open for each point € Br2UB,y,;;. Indeed,
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since (BNU(x)),2 # 0, there exists a point, say z(z), such that z(z) € Be2N(U(x)).z2. Then,
it is shown that = € Cl({z(z)}), because z(z) € (U(z))x2 C U(x) C W hold for every open
set W containing x. And we have the following: CI(Int(Ci({z(x)}) D Cl(Int({z(x)})) =
Cl({z(z)}) 2 =, and so Cl(Int(Cl({z} U (BNU(x))x2))) 2 Cl(Int(Cl({z(x)}))) D {z}.
Then, Cl(Int(Cl({z} U (BNU(x))x2))) 2 {z} UCI(Int(CI((BNU(x))s2))) 2 {z} U (BN
U(x)),2, because (BN U(x)).2: € BO(Z?,k?). Thus we prove the property (6), i.e., {z} U
(BNU(x))x2 € BO(Z2, k%) for each point x € Brz U Bpiy-

Therefore, since any union of S-open sets is S-open (cf. Theorem 4.1(iii)), by using (6),
Notation 5.5 and the assumption of (ii), it is proved that the set B is S-open in (Z2, k?). O

Corollary 5.8 A subset B of (Z2,k?) is B-open if and only if B is expressible as B =
V(B]:Z) U V(Bmw) U B,2. (]

(IIT) A proof of con-Bch(Z?; k%) = () (cf. Corollary 5.11(ii)" below).  We first pre-
pare the following notation: (III-1) U := {-1,0,1} x {-1,0,1} (i.e., U := U((0,0)): the
smallest open set of (Z?; k%) containing (0,0)): (ITI-2) O := (0,0),p™ := (1, -1),p? :=
(-1, *1),1)(3) = (-1, 1),]9(4) :=(1,1) and y(l) = (0, 71)ay(2) = (*130)»y(3) = (0,1),-

y™® := (1,0), and so (III-3) (-) U = {O,pM),p®,p® p® y1) 4@ & 4@} and ()
Up = (p0,p® p@ 5D}, () Upe = {O, () Unie = {30, 5@, 5@, 5@} and so ()
U = U,2>UUpi, UUz> (disjoint union) and (-) the smallest open sets U (y*) of (Z?; x2) con-
taining the point 3V (1 < i < 4) is defined as follows: U(y®) = {pt+1) 4@ p1(1 < i < 4),
where p(® = p(1) (cf. (x*) in the first part of the subsection (IV) below).

Proposition 5.9 Let U := U((0,0)) (cf. (IlI-1) above) and f : (U, k?|U) — (U, k2|U) be a
mapping. If f is bijective, then

(i) f~1 is not contra-B-irresolute (cf. Definition 2.2) and

(ii) f=1 and f are not contra-Be-homeomorphisms (cf. Definition 3.1).

Proof. (i) We select three points, say p) € U,2,p? € U, and y(!) € Ui with the
smallest open set U(y™M)) = {pM) y1) pP)} (cf. (I11-2) above). For the point y(*) there
exists an only one point, say z(y(!)), such that z(y*)) € U and f(z(y™")) = y™"). Then, (o)
we take a set B := U \ {z(y"))}. Then, we claime that:

(1) the set B is S-open in (U, x?|U) and

(2) f(B) is not S-closed in (U, k*|U). Proof of (1) We consider the following two cases,
because of z(y1) € U = U2 U (Uppiz U Ug2) (cf. (ITD)-1, (II1)-2, (IT1)-3 above).

Case 1 z(y")) € U,2. For the present case, since {z(y*))} is open in (Z2, x?) and z(y™") €
U, we see that z(y(M)) = pUo) for some jy with 1 < jo < 4. And, so we have the followng:
CI(B) = ULCU{p@ i # jo with 1 < i < 4} and Int(CI(B)) 2 U{Int(CU{pO})]i  jo
with 1 < i < 4}={{pW}}i # jo with 1 < < 4} and so Cl(Int(CI(B))) 2 U{Cl({pV})]i #
jo with 1 < i <4} = CI(B) D B, i.e., for the present Case 1, B is f-open in (Z2, 2).
Case 2 z(y"") € Uiz UUz2. For the present case, since B = U N (Z2\ {z(y™M)}), we
have the following: CI(Int(CIl(B))) 2 Cl(Int(U N CU(Z? \ {z(y™M)))=Cl(Int(U N Z?)) =
Cl(Int(U)) = Cl(U) D B and so B € BO(Z?,k?). Thus, for each case, B € BO(Z?, Kk?)
and so, by using Theorem 4.1(ii), it is shown that B = BN U is B-open in (U,x2|U)
(note: U € k? C aO(Z?,k?)). Proof of (2) For the point z(yM) with y™) = f(z(yV)),
B:=U\ {z(y™M} and the bijection f: U — U, we see that f(B) = U\ {y(V}, where U :=
U((0,0)). Using Theorem 4.1(iv), we have the following: SCly(f(B)) = U N BCI(f(B))=
UN[f(B)UInt(ClInt(f(B)] = UN[U\{yM}) UU] = U and so fCly(f(B)) = U #
U\ {yM} = f(B). Thus, we prove (2). Therefore, by (1), (2) and definitions, it is proved
that f=1: (U,k*|U) — (U,K%|U) is not contra-S-irresolute (cf. Definition 2.2(iii)).  (ii)
By (i) above and Definition 3.1(i)(i-2), it is obtained that f~! and f are not contra-Sc-
homeomorphisms. O
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Remark 5.10 Let g : (Z%,x%) — (Z%, k?) be a bijective function. Then, the inverse g—! :
(Z2, k%) — (Z?, k?) is not necessarily contra-S-irresolute and so g and g~! are not necessarily
a contra-Sr-homeomorphism (cf. Definitions 2.2, 3.1). Indeed, we take a mixed point, say
y € (Z?)miz, and a set B := Z2?\ {g~'(y)}. We prove that B € BO(Z?, x?*) and ¢g(B) =
72\ {y} is not B-closed in (Z2, k%) (cf. Proof of Proposition 5.9(i)).

Corollary 5.11 Let U :=U((0,0)), i.e., U := {—1,0,1} x {—1,0,1}(C Z?). Then, we have
the following properties.
(i) Every homeomorphism f : (U, /<a2|U) — (U, H2|U) is not a contra-Br-homeomorphism.
(i)’ Every homeomorphism g : (Z?,k?) — (Z*,K?) is not a contra-Br-homeomorphism.
(i) h(U; /<;2|U) & con-Bch(U,; /<;2|U) and con-Bch(U; /<;2|U) = 0.
(i)' h(Z?; k?) € con-Bch(Z?; k?) and con-Bch(Z?; k%) = ().
(iil) G(U; 52|U =Bch(U; k?|U) (cf. Notation 3.3, Definition 3.1(ii)).
(i) G(Z?%; k?)=Bch(Z?; K?) (cf. Notation 3.3, Definition 3.1(ii)). O

(IV) New groups [z)ch(H;k* H), Bych(H;k*|H) U con-fo)ch(H; k*|H), -
p.B2ych(H; %[ H) and p.B)ch(H; £*|H) U con-p.B(2)ch(H; k*|H).

Our main results of (IV) are Theorems 5.23, 5.25 and Example 5.27 (cf. Definition 5.15).
We introduce some new concepts ((zy-open sets (cf. Definition 5.12, Definiton 5.15). We
first recall the following notation (*) et al. and we prepare new definitions (Definition 5.12,
Remark 5.13).

(*) Let @ = (z1,22) € (Z*) £ (i.e., z1 and x5 are even). For this point z, we denote the
points belonging to the smallest open set U(x) containg the point z as follows:

U( ) _{ivl_l .%'1,£C1+1} {‘TQ_]' x27m2+1} {iC pl 7pi('?2)7p3(33)7p($4)7yi(El)vyi(l?Q)ay;)aygl)
where p&) = (1 + Lzg — 1), pg) = (x1 — L,zg — 1), p;) = (17— Lza+ 1), p (4)
(141, 29+1), y,;l) = (z1,22—1), yg) = (x1—1,22), yg(c3) = (x1,x2+1), yg(c4) = (141, 22).

(%) The following illustration shows the points belonging in U(x), where {z} = {(z1,22)}
is closed in (Z2, k2) (i.c., z € (Z2)£2), (U(x)) 72 = {z}, (U(2))2 = {p]i € {1,2,3,4}} and
(U (@))miz = {5 )i € {1.2.3,4}}.

-

)

= i

Z
op; s ops”
Y2 o i
op? e optd)
®€0 .. i 7

When z = (0,0) (i.e., x =“the origin O” of Z?), we simply denote pg) and yg(f) as p and

y@, respectively, and so U := U((0,0))={(0,0),pM), p*, p® p® 41 42 4 41

Definition 5.12 Let 2 € (Z?) 72 and U(z) be the smallest open set containing . We define
the following two families, 39)O(U(x)) and B2 C(U(x)) as follow (cf. Propositions 5.16(i),
5.18(1)):

(i) B20U (x)) := {B|B € BO(Z?,k*), B C U(x) and |B| = 2} (cf. Remark 5.13(i)),

(i) B2yC(U(x)):={F|F € BC(Z* k*),F C U(x) and |F| = 2} (cf. the definition of
p-B2)C(U(z)) C B2yC(U(x)) in Remark 5.13(ii) below).

Remark 5.13 For a point # € (Z?)z and the smallest open set U(x) containing z, we
have the following precise form of families B2)O(U(x)) and B(2)C(U(x)) above, respectively
(cf. Propositions 5.16(i), 5.18(i)).
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(i) B)O(U ( ) —{{xp " |, pﬁ} {x P, {0, s piV ), {yx ,px N
{ya(cg)apw)} {yw ,p(4)} {pa: ay(l} {pw »yw } {p564)»yw)} {p:(vl)aya:)} {pw 7]9:0 }
(2, p&y, 8,8y, ), i1, {p &, 1)} 0 pP1 ). (We use the followmg abbrevi-
ated notation: S5 O0(U(z)) —{{xp ", 1 9, (S 40, D 59y, P, 0,
{p$", P }i € {1,2,3,4}}, where p<5> =pi.)

(i) (ii-1) BrayC(U () ={{z, y} LS u Y Lyt &y w8, w1 () o83, -

) 0 oy e oY e ) o ) o s i € {1,2,3,4)), and
(ii-2) we introduce the following importante subfamily, say p.B8(2)C(U(x)), of B2)C(U(x))
above and this concept 1s used in Theorem 5.23, 5.25 and Example 5. 27

p-BayC(U (2)):={{z, y$"}, {u§ ’“hyﬁ} {yé”,yﬁ}{yf%yx’} {8, o), i ) -
li € {1,2,3,4}}), where y(s). z andpm = ,(T), ) = 552), 7 = ;3)-

Remark 5.14 (cf. Definition 5.12) We have the following inclusions of families.

(i) B0 (x)) C BO(Z?, k). (1) Bz)O(U(x)) € BO(U(x),x*|U(x)) C BO(Z?, k)
(cf. (i) above, Definition 5.12(i), Theorem 4.1(i),(ii)).

(i) p.B 2)0( (7)) C B2)C(U(x)) C BC(Z2,12). (i) B)C(U(x)) C BC(U(x), x2|-
U(z)) C BC’(ZQ, k2) (cf. (ii) above, Definition 5.12(ii), Remark 5.13(ii) and, Theorem 4.1(iv-
1),(iv-3)).

(Note) By definition, we say that: (1 ) 0 5(2)0( (x)) and 0 gﬁ(Q)C( (x)) and
(2) By O(U (@))NBay C(U (@) ={{, o} {us” o3 Apd ™ 0} AR ) (0 i €
{1,2,3,4}}, where pgf)) = p(z )

Definition 5.15 Let H C Z? with |H| > 2. A subset B (resp. F, Fy) of (Z2,k?) is said
to be a B(2)-open (resp. B(2)-closed, p.B(2)-closed) set of H, if B C H (resp. F C H, Iy C H)
and there exists a point # € (Z*) £2 such that B € B2)O(U(z)) (resp. F € B2C(U(x)), F €
p.B2)C(U(x)) ) (cf. Definition 5.12(i) and Remark 5.13(i) (resp. Definition 5.12(ii) and
Remark 5.13(ii))). The family of all 53)-open (resp. B(a)-closed, p.B(s)-closed) sets of H is
denoted by B(2)O(H) (resp. B2yC(H), p.B2yC(H) ). (Note: Proposition 5.16 (resp. 5.18(i),
5.18(i)) below.)

Proposition 5.16 Let H C Z? with |H| > 2.

(i) B)O(H) C BO(Z?, k?) holds (cf. Remark 5.17(i) below).

(i) B2)O(H) C BO(H, K% H) holds (cf. Remark 5.17(i) below).

(iii) If H is B-open in (Z% k?), then BO(H,x* H) C BO(Z?, k%) (cf. Theorem 4.1(i),
Remark 5.17(ii) below).

Proof (i), (ii) Let B € B2yO(H ). By Definition 5.15 and Remark 5.14(i), it is obtained that
(*)B € B2y0(U(x)) and B C H for some point = € (Z?) r=.

The proof of (i) By Definition 5.12(i) (or Remark 5.14(i)), it is obtained that B €
BO(Z?, k?) and so (i):62)O(H) C BO(Z?, K?).

The proof of (ii) is as follows. Let B € fS2)O(H). We show that B € SO(H,x*H).
Indeed, by () above in the top of the present proof, B C H and B € 3(2O(U(x)) for some
point & € (Z?)r>. We investigate the proof with the following cases: Case 1, Case 2 and
Case 3 (cf. Remark 5.13(i) etc.).

Case 1 B € {{z, px)}\z € {1,2,3,4}} (resp. Case 2 B € {{yx ! } {yl ,px+1)}|z €
{1,2,3,4}}, where p3 := pgc ).) For the present case, we put B = {u, p}, where u € (U(z)) 72
(ie, v = z) and p € (U(x))xz (resp. u € (U(x))miz and p € (U(u))x2). Then, we
have the following: (1) Inty(B) 2 {p} and (2) Cly({p}) 2 B. Proof of (1) Since
Ulp)NH = {p} N H = {p} € k?|H, the set U(p) N H = {p} is the smallest open set of
(H,k?|H) containing p such that p € B and so p € Inty(B). Proof of (2) Since U(u) N H
is the smallest open set of (H,x%|H) containing u and (U(u) N H) N {p} # 0, we have the
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following: u € Cly({p}) and so Clg({p}) D {u,p} = B.

Then, using (1) and (2), we see that Cly (Intg(Clg(B))) 2 Cly(Inty(B)) 2 Clg({p}) 2 B
and so B is S-open in (H,x?|H) for the present Case 1 (resp. Case 2).

Case 3 B ¢ {{pggi), pgs”l)}’ {pgni), pgci+2)}\i € {1,2,3,4}}, where pé‘s) = p(zl) and pgf) = pgf).
For the present case, we put B = {p, p’'} where p € (U(x)),2 and p’ € (U(x)).2 with p # p'.
Then, we have (3) Inty(B) = B. Proof of (3) Since B = {p,p’}, where p # p’ and
p, 0" € (U(x))yz, it is shown that U(p) N H = {p} N H = {p} C Band U(p') N H C B, and
so U(p) N H (resp. U(p') N H) is the smallest open set of (H, x%|H) containing p (resp. p’).
Thus we have the following: p € Inty(B) (resp. p' € Inty(B)) and so B C Inty(B), i.e.,
B = Inty(B). Then, the set B is 3-open in (H,x?|H) for the present Case 3. Therefore,
by all cases above, it is shown that 82O(H) C BO(H,x* H) (cf. Remark 5.17(i) below).
(iii) Suppose that B € BO(H,k?*|H). Since B C H C Z? and H is B-open in (Z?,k?) (by
assumptions), using Theorem 4.1(i), we have the followng: B € BO(Z?, k?). Thus we prove
that SO(H, x%|H) C BO(Z?,k?) if H is S-open in (Z?, k?). O

Remark 5.17 (i) In Proposition 5.16(i)(ii)), B(2)O(H) is a proper subfamily of

BO(H, k?|H) and BO(Z?, k?), respectively. Indeed, let B := {p,p'} and H := BU{x}, where
p:=(=1,-1), p := (3,—1) and z := (0,0). Then, B € SO(H;k?*|H) and B € BO(Z?, k?).
However, B & [(2)O(H ), because B & 2)O(U(x)) for any = € (Z*) 2.

(i) Tt follows from the following example that the assumption of Proposition 5.16(iii)
is not removed. Let H := {p,p,y,x,y'} and B := {p,p’,y,y'}, where p := (=1,-1),p" :=
(3,—1),y := (—1,0),z := (0,0),y" := (1,0). Then, H is not S-open in (Z?, k?),
because Cl(Int(Cl(H))) = Cl({p,p'}) # v’ and v/ € H. And, B is S-open in (H, x*|H), be-
cause Cly (Inty(Cly(B))) = H D B; however, B ¢ BO(Z?, k?), because Cl(Int(Cl(B))) =
Ci({p,p'}) Z ¥ and y' € B.

Proposition 5.18 Let H C Z? with |H| > 2.

() p-B2yC(H) C Bo)C(H) C BC(Z?, k) hold.

(i) If H is a-open in (Z*, k%), then B2yC(H) C BC(H;x* H) (cf. Theorem 4.1(iv-2),
Remark 5.19(i) below).

(iii) If H is a-open and B-closed in (Z?,k?), then BC(H,k*|H) C BC(Z?, k?) (cf. Theo-
rem 4.1(iv-3), Remark 5.19(ii) below).

Proof. The proof is analogous to the case of 52)O(H) (cf. Proposition 5.16 above) and so
is omitted. g

Remark 5.19 (i) In Proposition 5.18(i), B)C(H) is a proper subfamily of 3C(Z?, k?).
Indeed, let H := U(z) UU(2'), where z := (0,0) and 2’ := (2,0). Then, a S-closed set
F := {z,a'} of (Z* K?) is not B)-closed in H, because F ¢ B(2yC(U(z)) for any point
2 € (Z*) 7> (cf. Remark 5.13(ii)).

(ii) It follows from the following example that the assumption of Proposition 5.18(iii) is
not removed. Let F := {p,z,p'} and H := F U {q}, where z := (0,0), p := (-1,-1), p’ :=
(1,-1), ¢ := (3,—1). Then, Int(Ci(Int(H))) ={-1,0,1,2,3} x {—1} » H and so H is not
a-open in (Z2,k?). Since Inty(Cly(Inty(F))) = F holds, we see that F' € SC(H, x%|H).
However, F' ¢ BC(Z?, k?), because Int(Cl(Int(F))) = {-1,0,1} x {1} ¢ F.

Definition 5.20 Let (H, x?|H) be a subspace of (Z?, k%) with |H| > 2 and f : (H,x?|H) —
(H,x?|H) be a mapping. And, let Ay and By be collections of subsets of H such that:-
A, Bir € {B2)O(H), BayC(H),p.B2yC(H)} (cf. Definition 5.15, Remark 5.13).

Then, f is said to be (A, By )-irresolute, if f~1(E) € By for every set E € Ap, where
(Agpr, Brr) denotes the ordered pair of the collections Ay and By.

(Note 1) Especially, if Ay = By, then the concept of the (Ag, Ay )-irresolute mapping
is simply said to be Ag-irresolute.
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(Note 2) In the present definition, we are able to define the concepts of the following
mappings: the B(2)O(H)-irresolute mappings, B(2)C(H)-irresolute mappings, p.f2)C(H)-
irresolute mappings, (B(2)O(H), B2)C(H))-irresolute mappings, (B2)C (H ), B2)O(H ))-irresolute
mappings, (B2)O(H),p.B2yC(H))-irresolute mappings, (p.B2yC(H), B2yO(H))-irresolute
mappings.

Definition 5.21 For a subspace (H,x?|H) of (Z?, k?), where |H| > 2, we define the follow-
ing collections of mappings as follows (cf. Definitions 5.20, 5.15).

(i) Bych(H;w*| H):={f| f : (H,xk*|H) — (H,x* H) is a bijection such that f and f~*
are both ((2)O(H )-irresolute and they are f3(9)C(H )-irresolute}.

(i) p-Bzych(H; w*H):={f| f : (H,k*|H) — (H,x* H) is a bijection such that f and
f~1 are both f(2)O(H )-irresolute and they are p.3(2)C(H)-irresolute}.

(ii) con-Boych(H; k*|H):={f| f : (H,x?|H) — (H,x*|H) is a bijection such that f and
[t are both (B2)O(H), B(2)C(H))-irresolute and they are (82)C(H), B2)O(H ))-irresolute}.

(ii)" con-p.Beaych(H; k?|H):={f| f : (H,x?|H) — (H,x* H) is a bijection such that f
and f~! are both (B(2)O(H),p.B2)C(H))-irresolute and they are
(p-B2yC(H), B2yO(H))-irresolute}.

Lemma 5.22 Let (H, x%|H) be a subspace of (Z?,k?) such that:
(x) H={U(2)|z € Az}, where Ax: is a nonempty subset of Z*. If f : (H,k*|H) —
(H,x?|H) is a homeomorphism, then for a point x € Hr2,

(1) f(Huz) = Hyez, f(Hr2) = Hr2 and  f(Humiz) = Hmiz hold in (Z27"f2)7

(ii) f(U(p)) = (f(p)) holds for each point p € (U(x)),2,

(iii) f(U(y)) =U(f(y)) holds for each pointy € (U(x))miz, and

(iv) £(U(x)) = U(F(x).

Proof. Since f is homeomorphic, we have the property (i) (cf. Definition 5.2, Remark 5.4).
Then, by the standard method, the properties (ii), (iii) and (iv) are proved. O

Let us consider the case H = Z2, i.e., H = |J{U(2)|z € (Z*)7=}. Then, we have the
following properties on (Z2, x2).

Theorem 5.23 Let h(Z?; k?) be the group of all homeomorphisms from (Z2,k?) onto itself
(cf. Definition 3.1(iii)).
() If f: (2% k%) — (Z2%, k%) is a homeomorphism, then (cf. Definition 5.20, Note:1)
(1a) f is BoyC(Z?)-irresolute, (1b) f is B(2)O(Z?)-irresolute, and
(1c) f is p.B(2)C(Z?)-irresolute.
(ii) h(Z*; k*) C B(aych(Z?; K*) holds (cf. Theorem 5.25(iv)’ below).
(ii)" h(Z?; K?) C p.B(2)ch(Z?; k) holds (cf. Theorem 5.25(iv)" below).

Proof. (i) (Proof of (1a)) Let F € [(2yC(Z?) (cf. Definition 5.15). We claim that
J7UF) € B2)C(Z?). Indeed, there exists a point z € (Z?)z2 such that F € foC(U(x))
and we note that f~!(x) € (Z?)r2 (cf. Lemma 5.22(i) above). Since F € B5C(U(x)),
we have that F C U(x),|F| = 2 and F € BC(Z? k?) (cf. Definition 5.12(ii), or Re-
mark 5.14(ii)). By definitions., Remark 2.7(ii) and Lemma 5.22(i)(iv), it is shown that
fTHE) CcU(fHx) cZ2|f~Y(F)| =2, fY(x) € (Z*) 5= and f~Y(F) € BC(Z? Kk?), and
so [TH(F) € ByC(U(f(x))) (cf. Definition 5.12(ii)). Then, we conclude that f~!(F) €
B(2)C(Z?) holds (cf. Definition 5.15).

(Proof of (1b)) Let B € f(2)0(Z*). We claim that f~'(B) € B2O(Z?). The proof is
analogous to the proof of (la) above using Definitions 5.15, 5.12(i), Remark 5.13(i) and
Lemma 5.22. And so the proof is omitted.

(Proof of (1c)) Let Fy € p.f(2)C(Z?) (cf. Definition 5.15, Remark 5.13(ii)(ii-2)). Then,
Fy C 72, |F1| = 2 and there exists a point x € (Z?) 72 such that Fy 6 D. ﬁ 2 C(U ( )). Then,

we have the following: Fy € {{«, yx } {yz ,y(Hl)} {yg(cl),yx )} {ym S Y )} {y
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px)} {p(Hl ,y;g)}h' € {1,2,3,4}}, where ¥ = pt, ygf) = yi). Using Lemma 5.22,

we note that f(z) € UG @) FHUE) = UG 6)) and fHUP)) =
U(f~1(y")). Put z := f~(z). Then, f~1(p{) = p» and f-1(y{") = g ) are well
defined in U(z) for some integers k(i), k' (i) € {1,2,3,4}, where i € {1,2,3,4}. We show
that (ee) f1(F1) € p.f2)C(U(2)). Indeed, we show (ee) above for the following precise
cases.
Case 1 F1 = {pw 7ygg)} For the present case, we see that: f~1(Fy) = {pf - ,yf (l)}.
Since pi) € UuY), by Lemma 5.22, it is shown that f~1(p\)) = p& D € U(y (* O,
and |k(i ) — K'(@)] < 1 (cf. (x*) of the first part of the present (IV)) and so we have
the following: k(i) = k(i) or k(i) = k(i) — 1 because of k¥'(i) < k(i). Thus, we show
that f~1(F1) = {pz (k) (k(i))} or f7YF) = {p(k( D)y G@O=1) } where 3" = y{* and so
f7HF) € pureB)C(U (2)).
Casel’ F) : {p(H_l ,yw)} For the present case, we see that: f~1(F}) = {p(k ), (k (i))}.
We claim that f~!(F}) € p.B2yC(U(2)). The proof is analogous to the proof of Case 1 above,
using Definition 5.12(ii), Remark 5.13(ii)(ii-2) and Lemma 5.22. And so the proof is omitted.
Case 2 I} = {x,yg(f)}. For the present case, we see that: f~1(Fy) = {z, y R } e
pureBC(U(2)).
Case 3 F} = {yl Ly } For the present case, we see that: f~1(Fy) = {y (' M), (k (3))}7
where {K'(1), F(3)} C {1.2,3,4}. Since U(u* D) 1 U ©) = 0 and U(y ““”)) c U(2)
for each i € {1 3}, we have the following: 0 < |k/(1) — k'(3)] < 2. And, if [K'(1) —Kk'(3)| =1
then U( (k1) )N U(yz (' 3))) # () and so |k'(1) — k'(3)| = 2. Thus, we see that f~(F}) =
(O ) € B CW )
Case 3' {yqc Lyt } For the present case, we see that: f~1(Fy) = {y (k2D k,(4))} €
p.B2C(U ( )), where {¥'(2),k'(4)} C {1,2,3 4} The proof is analogous to the proof of
Case 3 above and so the proof is omitted.
Case 4 I} = {yL ,y(lJrl }. For the present case, we see that:
FHE) = O g Y where (K (6), K (i4+1)} € {1,2,3,4} and i € {1,2,3,4}. Since
U( ;E;Z)) NU( ;Hl)) = {p&Hl)}, we have the following that: U(ygk/(i))) N U(ygk/(i+1))) =
(PO (¢f. Lemma 5.22) and |K/(i) — k’(i + 1) =1, ie, K@) —K(G+1) =1 (if
K@) > K@E+1) or k' +1)— k(i) =1 (if ¥(¢) < k'(i +1)). Thus, we prove that
FUR) = {ygk (Z)),ygk (1+1))} _ {ygk (l)) (k (i)— 1))} or f7Y(F) = {y(k (i )) (k (i)+1)) }, and
so f71(F1) € p.B2)C(U(2)) (cf. Remark 5.13(11)(11— ), where y® =y and y(o) =y,
Thus, by all cases above, the property (ee) is proved. And, it is shown that, for each
set Fy € p.B(2)C(Z?), there exists a point z € (Z*)z2 such that f~1(F1) € p.B2)C(U(z)),
S7HF) € 22 with [f7H(Fy)| = 2, Le., f7H(F1) € p.B2)C(Z?) (cf. Definition 5.15). There-
fore, the homeomorphism f : (Z2, k?) — (Z?, k?) is p.f(2)C(Z*)-irresolute.
(ii) (resp. (ii)") By Definition 5.21(i) (resp. (i)’) and (i)(1a) (1b) (resp. (i)(1b) (1c))
above, the present (ii) (resp. (ii)’) is proved. O

Remark 5.24 The properties (1a), (1b) and (1c) in Theorem 5.23(i) are not hold, in gen-
eral. This can be shown in the following example. Let f : (Z2, k%) — (Z?, k?) be a bijection
defined by f((z1,72) := (z1 + 1,z2) for each point (z1,72) € Z2. Then, f~1({(1,1)}) =
{(0,1)} ¢ K* for the set {(1,1)} € x? and so f is not a homeomorphsm. For the set V :=
{(1,1),(1,-1)} € B2)O(Z?), we have the following: f~*(V) = {(0,1), (0, 1)} & B(2)O(Z?)
and so f is not B(o)O(Z?)-irresolute. And, for a set F':= {(0,1), (0, —1)} € p.B2)C(Z?), we
have the following: f~'(F) = {(-1,1), (=1, -1)} & p.B(2)C(Z?) and so f is not p.S(2)C(Z?)-
irresolute. Moreover, for the above sets F and f~!(F), since F € B2)C(Z?*) and f~(F) ¢
B(2yC(Z?), the bijection f is not B(o)C(Z?)-irresolute.
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Theorem 5.25 Let (H,k?|H) be a subspace of (Z2, k%) where |H| > 2.

(i) (resp. (1)) The collection B(g)ch(H;HQ\H) (resp. pﬂ(z)ch(H;/i2|H)) forms a group
under the composition of mappings (cf. Definition 5.21(i) (resp. (i)’).

(ii) (resp. (ii)") The union of two collections: B(aych(H; k*|H)Ucon-f(2)ch(H; k%[ H) (resp.
p.B2)ch(H; /f2|H)Ucon—p.B(2)ch(H; k2|H)) forms a group under the composition of mappings
(cf. Definition 5.21(i),(ii) (resp. (i)', (ii)’).

(iii) (resp. (iii)’) The group Bych(H;rk?*|H) (resp. p.Beych(H;k?|H)) is a non-empty
subgroup of Bych(H; k*|H) U con-Boych(H; k?|H) (vesp. p.Bz)ych(H; k* H)U -
con-p.Bych(H; k*|H)).

(iv) (resp. (iv)") The group h(Z?;k?) is a subgroup of the group B(Q)Ch(Zz;n2) (resp.
p.ﬁ(g)Ch(Z2; k2)) and so h(Z?;k?) is a subgroup of the group ﬁ(g)ch(Zz; K2)U con-faych -
(22; K?) (vesp. p.Bi2)ch(Z?; K%) U con-p.Baych(Z?; k?)).

Proof. (i) (resp. (i)’) A binary operation ng : Bzych(H;rk*|H) x Boych(H; %[ H) —
Baych(H; w°|H) (vesp. )y = p-Baych(H; k7| H) X p.Baych(H; k2| H) — p.Bz)ch(H;-

k?|H)) is well defined by 1w (g1,92):=g2 © g1 (resp. 0 (g1,92):=g2 © g1). Indeed, by us-
ing Definitions 5.20(Note:1),5.21(i) (resp. (i)'), it is shown that g, o g1 and (g2 o g1)~*
are both SoO(H)-irresolute and they are SoC(H)-irresolute (resp. go o g and (go 0 g1) 7!
are both B(2)O(H )-irresolute and they are p.B3(o)C(H )-irresolute). Thus, we prove that
nw(91,92) € Beaych(H; k2| H) (vesp. 0 (g1,92) € p-Bzych(H;k*|H)) and the binary opera-
tion ng (resp. njy) satisfies the axiom of group. Therefore, the pair (B()ch(H;k?*|H),ny)
(vesp. (p.Beaych(H;k*|H),n};)) forms a group under compositions of mappings.

(ii) (resp. (ii)’) We first note on the following notation that: let Gy := Bo)ch(H; k?|H)U
con-Baych(H; k2|H) (vesp. pGr = p.B2ych(H; k*|H) U con-p.B(2)ch(H; k*|H)) throughout
the present proof of (ii) (resp. (ii)’). A binary operation wg : Gy X Gy — G (resp.
why : pGu X pGr — pGy) is well defined by wy (f, f') := f' o f (vesp. wiy(f, f') :== f o f).
Indeed, let (f, f') € Gy x GH.

Case 1 f € Bo)ch(H;k?|H) and [’ € con-f2)ch(H; k*|H) (resp. Case 1’ f € p.B2)ch(H; k?|H)
and [/ € con—pﬂ(g)ch(H;nz\H)). For the present case, it is claimed that wy(f, f') €
con-Beaych(H; k2|H) C Gy (vesp. wi(f, ') € con-p.Baych(H; k*|H)), because f' o f and
(f" o f)~! are both (B2)O(H), B2)C(H))-irresolute and they are (82)C(H), B2)O(H))-
irresolute (resp. f’o f and (f’o f)~! are both (B(2)O(H),p.B2)C(H))-irresolute and they are
(p-B2)C(H), B2)O(H))-irresolute). And so, we have that wg (f, f') € con-f2ych(H; k*|H) C
Gy (resp. wi(f, f') € con-p.B(2)ch -

(H;x*|H) € pGr).

Case 2 f € con-foych(H; k?|H) and f' € B(2ych(H; k?|H) (resp. Case 2’ f € con-
p-Boych(H; x*|H) and f € p.foych(H;k*|H)). For the present case, by similar argu-
ment of that of Case 1 (resp. Case 1) above, it is shown that wg(f, f') = f' o f € con-
Biaych(H; &2 H) C Gpy (vesp. wiy (f, f') = f' o f € con-p.Biaych(H; k*|H) C pGrr).

Case 3 f € con-Bpych(H;k?*|H) and f' € con-f2)ch(H; k% H) (resp. Case 3' f € con-
p-Bych(H; k%[ H) and f' € con-p.B2ych(H;x*H)). For the present case, it is shown that
wr (f, f') € Bych(H; k2|H) C Gy (resp. wiy(f, f) € p.B(2)ch(H; k?|H) C pGr), because
f"o fand (f o f)~! are both B(5)O(H)-irresolute and they are fB(5)C(H)-irresolute (resp.
f'o fand (f o f)~! are both f(2)O(H )-irresolute and they are p.f3)C(H)-irresolute).
Case 4 f € Boych(H;k?|H) and f' € Braych(H; k?|H) (resp. Case 4’ f € p.B2)ch(H; x* H)
and f" € p.B(a)ch(H; k?|H)). For the present case, by definitions, it is shown that wg (f, f') €
B2ych(H; k2|H) C Gy (resp. wu(f, f') € pﬂ(g)ch(H;HQ\H) C pGn), because f' o f and
(f"o f)~! are both f(2)O(H )-irresolute and they are ((2)C/(H )-irresolute (resp. f’o f and
(f"o f)~! are both f(9)O(H )-irresolute and they are p.S(s)C(H)-iresolute).  Finally, the
binary operation wy : Gy X Gy — G (resp. wy : pGu X pGy — pGr) satisfies the axiom
of group (cf. the proof of (i)) the identity function on H,1y € B2)ch(H; k% H) C Gy (resp.
1y € p.Bych(H; k*[H) C pGy); and so the pair (G, wy) (resp. (pGu,wly) forms a group
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under compositions of mappings. (iii) We recall that Gy := B2)ch(H; % H) U con-
Beaych(H; k*|H) (cf. Proof of (ii) above). Since 1y € B2ych(H;x* H), we have the fol-
lowing: (-1) B(aych(H;k*|H) is a nonempty subset of the group (Gy,wn), where wy :
Gu x Gy — Gp is the binary operation (cf. (ii) above). Let f,g € Bo)ch(H;k*|H). Then,
we see that (-2) wy(f,g7") = g~' o f € Buych(H;k*|H). Therefore, by (-1) and (-2), it
is shown that B(s)ch(H;k?|H) is a subgroup of Gy (cf. (ii) above).  (iii)’ We recall that
PG = p.Beych(H;k*|H) U con-p.Boych(H; k*|H) (cf. Proof of (i) above). We see that
1y € p.ﬁ(g)ch(H;KQ\H). Indeed, for a set B € f2)O(H) and Fy € p.B)C(H), we have
the fOHOWing: lH(B) = (1H)71(B) =B € ,B(Q)O(H) and 1H(F1) = (IH)il(Fl) =F €
p-B2)C(H); and so 1 and (1)~ ! are both B(o)O(H)-irresolute and they are p.S2)C(H)-
irresolute. Thus, by Defintion 5.21(i)’, it is obtained that 15 € p.B)ch(H;k?|H). Then,
we have the following: (-1)'p.8(2)ch(H; x*|H) is a nonempty subset of the group (pGr, wl;),
where wl; : pGy X pGy — pGu is the binary operation (cf. Proof of (ii)’ above). Next,
we claim (-2)" below. Let f,g € p.Ba)ch(H;k?|H). Then, since f, f~! g and g~' are all
B2)O(H )-irresolute and they are p.3(2)C(H )-irresolute, g=* o f and (g7t o f)~' = f~toyg
are both 3(9)O(H )-irresolute and they are p.[S(2)C (H)-irresolute bijections. Thus, we prove
that: (-2)/wy(f,97') =g "o f € p.Bych(H;k*|H) (cf. Definition 5.21(i)"). Therefore, by
(-1)" and (-2)" above, it is obtained that p.B(2)ch(H;k?|H) is a subgroup of pGy (cf. (i)’
above). (iv) (resp. (iv)’) We see that the identity function 152 : (Z2, k%) — (Z?,Kk?) is
a homeomorphism and so 1zz € h(Z% k%) # (. By (i) (resp. (i)’) above and its proof,
it is known that 5(2)ch(ZQ;n2) (resp. pﬂ@)ch(Zz;nz) ) forms a group with the binary
operation 7z2 (resp. 77.) defined by nz2(a,b) = bo a (resp. n,.(a,b) = boa) for every
a,b € Baych(Z?; k%) (resp. p.Bi2ych(Z?;£?)). And, using Theorem 5.23(ii) (resp. (ii)'), we
recall that h(Z2; k?) C B(g)ch(ZQ; x?) (resp. h(Z?; k%) C pﬂ(g)ch(ZQ; k?)). Then, we have the
following: nz2(f, g7 ')=g 'of (vesp. n,.(f, g7 ')=g 'of) € h(Z?* k?) for any f, g € h(Z?; K?).
Therefore, it is proved that h(Z?; k?) is a subgroup of ﬂ(g)ch(Zz; x?) (resp. p.ﬂ(g)ch(Zz; )
). And so, using (iii) (resp. (iii)’) above, it is obtained that h(Z?; x?) is also a subgroup of
G2 (resp. pGygz) (cf. the proof of (ii) or (iii) (resp. (ii)’ or (iii)’) for the notation). O

Notation 5.26 The present notations are applied to Example 5.27 below. Let H :=
U((0,0)). And U((0,0)) is denoted abbreviately by U (i.e., U := U((0,0))). We define
the following functions and two families of functions, (-1) ps5 : (U;k2|U) — (U;2|U) is
defined by p45((0,0)) := (0,0), pas(p?) := y@, pas(y®) := p+H) for each i € {1,2,3,4}
with p®) := p() (cf. () of line 5 from the top of the present subsection (IV), or (III-2) of
the subsection (IIT)), (-2) poxoo := 1y (the identity function on U) and prx90 := p(r—1)x90©
(pas © pas) for each k € {1,2,3}, (-3)p1x45 := pas, Pmxds := P90 © P(m—2)x45 (for m =3,5,7)
?ﬂd (‘g Ras = {pmxas, (Pmxas) "t m € {1,3,5,7}}, Roo := {1u, prx90, (Prx90) 'k €
1,2,3}}.

Example 5.27 Let H := U((0,0)) and U := U((0,0)). We have the following examples.

(i) {pas, (pas) ™} C con-p.Baych(U; k2|U) (cf. Corollary 5.11(ii)).

(i) (1) {po0, (p90) ™"} C Bezych(U; £2[U),(2) {p90, (p90) "} € p-Biaych(Us w7|U).
In general, we have that:

(i)’ Rus C con-p.B2ych(U; k*|U) (cf. Corollary 5.11(ii)).

(i)’ (1)" Roo C Baych(U; w|U),

(2)" Roo € p-B2ych(U; k*|U) (cf. Notation 5.26). Hence we have the following:

(iii) (1) Ras URgo € Baych(U; k2U) U con-p.B2)ch(U; k2|U),

(2) Ras URgo C p.Baych(U; 62|U) Ucon-p.B2)ch(U; k*|U).  The proofs are omitted on
the present paper (cf. the detailed proofs are shown by the following pre-print; The detailed
Example 5.27 [34]).
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