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ABSTRACT. The concept of weak BCC algebra (shortly: BZ - algebra) is a
much-researched logic-algebraic entity. Observing and analyzing the substruc-
tures of this algebraic structure is important since some of them can be related
to the congruences in such algebras. In this article we introduce and discuss
the concept of BZ-filters in BZ-algebras in a slightly different way than is
present in the literature. Also, we establish connection between BZ-ideals and
BZ-filters. In addition, we consider several additional conditions imposed on
BZ-filters and establish links between them.

1. Introduction

BCC-algebras, introduced by Y. Komori (see [5, 6]), are an algebraic model of
BIK-logic, i.e., implicational logic. Many authors have tried to construct some
generalizations of this and similar algebras. One such an algebraic system have the
same partial order as BCC-algebras and BCK-algebras but has no minimal element.
Such obtained system is called a BZ-algebra [1, 9] or a weak BCC-algebra [3, 8].
From the mathematical point of view the last name is more corrected but more
popular is the first ([4]).

Many mathematicians studied such algebras as BCl-algebras, B-algebras, dif-
ference algebras, implication algebras, G-algebras, Hilbert algebras, d-algebras and
many others. All these algebras have one distinguished element and satisfy some
common identities playing a crucial role in these algebras and, in fact, are gener-
alization or a special case of weak BCC-algebras. So, results obtained for weak
BCC-algebras are in some sense fundamental for these algebras, especially for
BCC/BCH/BCI/BCK-algebras.

A very important role in the theory of such algebras plays ideals. Many types
of ideals in these algebras have been studied with various relations between them
1, 2, 4, 8, 9, 10].

We will hereinafter use the BZ mark instead of the wBCC mark. In this article
our intention is introduction of the concept of BZ-filters in BZ-algebras. In addition,
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we design some additional conditions that a BZ filter can satisfy and analyze their
interconnections.

2. Preliminaries

DEFINITION 2.1. A non-empty set A with a binary operation ’- " and a distin-
guished element 0 is called a BZ-algebra (or a weak BCC-algebra) if the following
axioms:

(BZ-1) (Va,y,z € A)(((z-2) - (y-2)) - (x-y) = 0),
(BZ-2) (Vx € A)(z -0 = z),
(BZ-3) Vz,ye A)((z-y=0Ay-2=0) = x=y).

are satisfied.

Similarly as in BCl-algebras in any BZ-algebra A we can introduce a natural
partial order ’ < / putting

(Ve,ye A)(z <y < z-y=0).

It is not difficult to see that in BZ-algebras the following hold
(i) (Vz € A)(z -2z =0),
(ii) (Va,y,z € A)a <y = (- 2<y-2 AN z-y< z-12)).

DEFINITION 2.2. ([1], Definition 2.3) Determine ¢ : A — A by
(Vo e A)(p(x) =0-2).
The following lemma is true.

LEMMA 2.1 ([1], Lemma 2.2). In any BZ-algebra we have

(a) (Vo,y € A)(p(z-y) <y-x),

(b) (Vz € A)(p*(z) < ),

(c) (Vo,y € A)(p(z) - (y-x) = @(y)),

(d) (Vz,y € A)(p(z - y) - o(x) = ©*(y)),

(e) (Vo € A)(¢*(x) = p(x)),

(f) (Va,y € A)(P*(z-y) = ©*(z) - *(y)),

(g) (Vz,ye A)(z <y = o(z) = ¢(v)),

(h) (Vz,y € A)(@*(z-y) = oy - x)),

(i) (Vo,y,2 € A)(((z-y) - 2) -p(x) <z - ((y-2) - 0(2)))

3. Some types of ideals in wBCC-algebras

DEFINITION 3.1. ([1]) A non-empty subset J of a BZ-algebra A is a BZ-ideal
if

(1HyoeJ

(2) (Ve,y,z€ A)(((z-y)-z€J ANyelJ) = xz-z€J).

In the following statement is given a fundamental property of BZ-ideal

THEOREM 3.1. Let J be a BZ-ideal of a BZ-algebra A. Then
B) Ve,ye A)((z-ye J ANyeldJ) = x€J)
4) Vz,ye A)((ply) eJ Nz ed) = x-yeJ).
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PROOF. If put z =0 in (2) we get (3).
If we put y = x and z = y in (2) have

(Vo,y e A)(((z-2)-y=0-y=9py) €J) NyeJ) = -y )
So, the statement (4) is proven. O

COROLLARY 3.1. Let J be a BZ-ideal in a BZ-algebra A. Then
(5) Ve,ye A)((z<yAnyeldJ) = xelJ).

In what follows, we remind the reader on some types of BZ-ideals

DEFINITION 3.2. ([1], Definition 3.4; [8], Definition 68) An ideal BZ-ideal J of
BZ-algebra A is called
closed if p(J) C J,;
- (%)-BZ-ideal if (Vz,y € A)((x e J ANye A\J) = z-y € J);
- anti-grouped if (Vo € A)(¢*(z) € J = z € J);
- strong if (Vay € A)((x € J ANy € A\J) = x-y € A\J);
- regular if Vz,y € A)((x-yeJ ANz eld) = yelJ)
- associative if (Vx,y € A)(z-p(y) €J = y-x € J);
- T-ideal if (Vx,y,z € A)((x-(y-2)eJ NyeJ) = x-z€J).

For any ideal J of a BZ-algebra A we can define a binary relation ' < on A

putting:
Ve,ye A)(z <y < z-yeJ).

Such defined relation is a quasi-order relation on A left-compatible and right anti-
compatible with the internal operation in A. Then the relation ’ ~ ’ defined in A
by ~=< N <~!is a congruence on A. This can be proven in an analogous way
as it was done in the article [7]. The set A/ ~= {[z]~ : * € A} is a BZ-algebra
with respect to the internal operation [z]. o [y]~ = [z - y]~ (for any =,y € A) ([1]).
In this algebra the relation ' < / defined by [z]. <X [y]~ <= x < y is an order
relation on A/ ~.

4. The concept of BZ-filters in wBCC-algebras

First, we introduce the concept of BZ filters in a BZ-algebra by the following
definition looking at the way we made it into the article [7].

DEFINITION 4.1. A subset F' of a BZ-algebra A is a BZ-filter of A if
(6) (0 € F),
(1) Vz,y,z€ A)((=((z-y)-2€e F) Nz-2€ F) = ye F).

The BZ-filter defined on this way has the following properties.

THEOREM 4.1. Let A be BZ-algebra and F' a BZ-filter of A. Then
(8) Ve,yc A)((-(x-ye F) Nz €F) = y€EF),

9) (Vz,y e A)((z-y € F AN =(p(y) € F)) = z € F).

PRrROOF. Putting z =0 in (7) we obtain (8).

If we put y =z and z = y in (7), we have

(~((z-2) y=0-y=9py)eF) Nz-yeF) = xz€F.
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Therefore, (9) is proved. O

COROLLARY 4.1. Let F' be a BZ-filter of a BZ-algebra A. Then
(10) Ve,ye F)((z<y ANz €eF) = yeF)

PrOOF. Let x,y € A be arbitrary elements such that z < y and « € F. Thus
—(r-y=0€ F)and € F. Then by (8) we have y € F'. O

THEOREM 4.2. If F is a BZ-filter of BZ-algebra A, then the set J = A\F is a
BZ-ideal. Opposite, if J is a BZ-ideal of BZ-algebra A, then the set F' = A\J is a
BZ-filter of A.

PrROOF. It is clear that 0 € J. Let z,y, 2z € A be arbitrary elements such that
(x-y)-z€ Jand y € J. Then we have =((z-y) -z € F) and —(y € F). If we
suppose that x - z € F' by (7) we will have y € F. So, must to be =(z -z € F).

Opposite, let J be a BZ-ideal of A. Tt is that =(0 € A\J). Let z,y,z € A be
arbitrary elements such that —((x - y) -z € A\J) and - z € A\J. Then y € A\J.
Indeed. If it were y € J then z - z € J follows from (z-y) -z € J and the y € J
which is in a contradiction with the assumption z - z € A\J. g

THEOREM 4.3. The family §a of all BZ-filters in BZ-algebra A forms a com-
pletely lattice.

PROOF. Let {Ficr} be a family of BZ-filters in BZ-algebra A. It is clear that
(0 € Nigr £5) and =(0 € Uz F3)-

(a) Let x,y,2 € A arbitrary elements such that —((z - y) - 2z € J;c; F3) and
vz € Ujer Fio Thus =((z-y) -2z € F;) for all i € I and there exists an index j € I
such that x -z € F;. Then y € F; C U,¢; Fi

(b) Let X be the family of all BCC- ﬁlters which contained in the intersection
Nicr Fi- The union (JX is the minimal BCC-filter contained in the intersection

. F;.

el -t
(c) So, if we choose MicrF; = |JX and Ui/ F; = U, Fi, then (§,M,U) is a
completely lattice. O

5. Some types of BZ-filters

In the theory of algebras, important role play ideals. Filters in these algebras
can also be important since they are highly related to the ideals. Our intent in this
section is to determine the various types of filters in the BZ-algebras and establish
the relationships between them.

In what follows, we analyze the conditions that a BZ-filter could satisfy. Marks
for these conditions we borrowed from the corresponding ideals in BZ-algebras since
we have been given them by modification of the logical atoms in the formulas that
are determined these ideals.

(T) (Va,y,z€ A)((~(z-(y-2)eF)ANx-z€F) = yeF).

) (VeyzyeA)((x-ye FANy€eEF) = x € F;
R) (Vz,ye A)((~(z € F)NyeF) = zyeF)
S) (Vz,ye A)((m(z-yeF)ANyeF) = xe€F)

(
E
(A) (Ve,yeA)w-yeF = y-p(x) € F);
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(C) (VxeA)(p(zx)e F = xz€F);
(AG) (Vz € A)(x € F = ¢*(z) € F).
Our first proposition refers to BZ-filter which satisfies condition (T).

PROPOSITION 5.1. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (T). Then
(T1) (Vz,y € A)(z-p(y) EF V ~(z-y € F)).

PROOF. If we put y = 0 and z = y in formula (T), we get the following
Ve,y e A)((-(z-p(ly) e F) Nz-ye F) = 0€F)
which is a contradiction. So, we have
(Vo,y € A)n(=(z-p(y) € F) Na-y€F).
Therefore, for any BZ-filter F' satisfying condition (T) have to be
(Va,y € A)(x-p(y) €F V —(z-y € F))

O
COROLLARY 5.1. Let F' be a BZ-filter in a BZ-algebra A satisfying the condition
(T). Then
(T2) (Vy € A)(¥*(y) € F' V ~(p(y) € F)).
Proor. Putting z =0 in (T1) we get (T2). O

Our second proposition relates to a BZ-filter that satisfies the condition ()

PROPOSITION 5.2. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (x). Then
(1) (Vy € A)(~(p(y) € F) V —(y € F)).

PrOOF. If we put = 0 in formula (%) we get the following
(MyeA)((0-ye FAyeF) = 0€F)
which is a contradiction. So, we have
(Vy € A)=(p(y) € F Ny € F).

Therefore, for any BZ-filter F' satisfying the condition (x), the condition (x1) is
valid also. (]

PRrROPOSITION 5.3. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (R). Then

(R1) (Vy € A)(y € F = op(y) € F).

PrOOF. If we put = 0 in the formula (R) we have (-(0 € F) Ay € F) =
o(y) € F. Since the condition =(0 € F) is valid by (6), for any y € A we have

ye F = ¢(y) € F. So, for any BZ-filter in BZ-algebra A satisfying the condition
(R), the formula (R1) is valid. O

Our third proposition refers to the BZ-filter that satisfies the condition (S).
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PROPOSITION 5.4. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (S). Then
(51) (Vy € A)(p(y) € F vV ~(y € F)).

Proor. Putting z = 0 in (S) we get the following
(Vy € A)((=(ply) e F) Nye F) = 0€F).

We got a contradiction. This contradiction negates the hypothesis in the previous
implication. So, have to be =(=(¢(y) € F) A y € F). Therefore, the following
o(y) € F vV —(y € F) is proven for any y € A. O

Our next assertion refers to the BZ filter in the BZ algebra that satisfies con-
dition (A).

PROPOSITION 5.5. Let F' be a BZ-filter in a BZ-algebra A satisfying the con-
dition (A). Then

(A1) Vz € A)(z € F = ¢*(z) € F), and

(A2) (e A)(ply) e F = yeF).

PRrROOF. Putting y = 0 in (A) we get (Al). If put z = 0 in (A) we will get
(A2). O

With (mark) we mark any of the conditions mentioned above. We will write
F € (mark) if we want to say that the BZ-filter F satisfies the condition (mark).
The obtained results in the preceding propositions allow us to make a summary of
the interdependence of the conditions that we intend BZ-filters satisfies.

COROLLARY 5.2. For any BZ-filter F' of BZ-algebra A the following holds
Fe(A)= Fe(C)n(AG).

Before we expose the first theorem about the BZ-filters in the BZ-algebra, we
recall the readers to the term ’consistent subset’: For a subset X of a algebra A we
say that it is a consistent subset in A if and only if the following is valid

(Ve,ye A)(z-ye X = (z€ X VyeX)).

THEOREM 5.1. A BZ-filter F' of BZ-algebra A satisfies the condition (C) if and
only if F' is a consistent subset of A.

PRrROOF. Assume that a BZ-filter F' is a consistent subset in A. Let € A be
an arbitrary element such that ¢(z) € F. Thus from 0-z € F follows 0 € F or
x € F. Since the first option is impossible by (6), we have x € F. So, F' € (C).

Conversely, Let F' € (C) be holds for a BZ-filter F' of a BZ-algebra A and let
x,y € A be arbitrary elements such that -y € F. We have two options:

(i) Suppose x -y € F and —(y € F). Thus =(¢(y) € F). Then z € F by (9).

(ii) Let z -y € F and ~(x € F) is valid. If we suppose =(y € F), thus
—(¢(y) € F) is valid. Then from z -y € F and —(p(y) € F) would get x € F
according to (9). We got a contradiction. Therefore, it must be y € F.

Finally, the filter F' is a consistent subset of A. O

THEOREM 5.2. For a BZ-filter F' of BZ-algebra A the following holds
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F e (C)N (x) if and only if (Vx € A)=(p(x) € F).

PRrROOF. Suppose (Vz € A)-(p(x) € F) holds. Let z,y € A be arbitrary
elements such that -y € F and y € F. Then —(¢(y) € F) by hypothesis. Thus
from z -y € F and —(p(y) € F)follows 2 € F by (9). So, F € (x).

Further, suppose ¢(x) € F and —(x € F'). Thus x € A\F and —(p(z) € F).
We got a contradiction. So, have to be z € F. So, F € (C).

Opposite, suppose (C) and () hold. Let z € A be an arbitrary element. If
we suppose ¢(z) € F, thus € F by the condition (C). On the other side, from
0-z € Fand z € F follows 0 € F. We got a contradiction. So, have to be
—(p(z) € F). Therefore, for a BZ-filter F satisfies conditions (C) and () the
following (Vz € A)=(p(z) € F) holds. O

THEOREM 5.3. For a BZ-filter F' of a BZ-algebra A the following are equivalent:
(i) F e (AG);

(ii) Ve,ye A)((ye F Nz <y = z€F);

(iii) (Va,y,z€ A)((x e FA-(yeF)) = (x-2)-(y-2) € F);

(iv) (V,z€ A)(x € F = (z-2)-9(z) € F).

PROOF. (i) = (ii). Ly € F and < y. Thus = -y = 0. Suppose y-x € F.
Then ¢%(y - z) € F because F € (AG). From this follows 0 = ¢(0) = ¢(z -y) =
©*(y-x) € F by (h). We got a contradiction. So, —(y -z € F). Now, from
—(y-xz € F)and y € F follows x € F by (8).

(ii) = (iii). Suppose (ii) holds. Let x,y € A be arbitrary elements such that
x € Fand =(y € F). Thus 2 -y € F. Indeed. If there were —(z -y € F) then
from —(z -y € F) and x € F would follow y € F by (8). It would have been
contradictory. Therefore, it must be -y € F. Since (z-2)-(y-2) < -y by (BZ-1)
and z -y € F we have (z-2) - (y-2) € F, by (ii).

(iii) = (iv). Putting y = 0 we get (iv).

(iv) = (i). Putting z = = we get (i). O

THEOREM 5.4. A BZ-filter F of a BZ-algebra A satisfies condition (C) and
(AG) if and only if for every x € A both x and p(z) belong or not belong to F.

PROOF. Suppose F' € (C)N (AG). Let € A be an arbitrary element such
that x € F. Thus ¢?(x) € F by (AG). Then ¢(z) € F by (C). On the other hand,
if p(z) € F then z € F according to (c). Therefore, both z ¢(x) belong or not
belong to F.

Conversely, let a BZ-filter F' has the property that both z and ¢(z) belong or
not belong to F for any z € A. Suppose z € F and ¢(x) € F. Thus ¢*(z) € F
again. So, F' obviously satisfy the condition (C) and the condition (AG). Analo-
gously, the second option can be demonstrated. O

THEOREM 5.5. For any BZ-filter F' of a BZ-algebra A the following holds
Fe(S) < Fe(C)n(AG).
PROOF. Suppose F € (5).



8 ROMANO

Let x € A be arbitrary element such that € F. Since ¢?(z) < z by (b), from
—(p?(z)-2=0€ F) and x € F follows ¢?(x) € F by (S). So, F € (AC’)

Let x € A be arbitrary element such that p(z) € F. Suppose —=(p?(z) € F).
Thus 0 € F by the condition (S). So, it have to be p?(x) € F. Since p?(x) < z, it
follows = € F' by Corollary 4.1. Therefore, F' € (C).

Suppose F € (C) and F € (AG). Let z,y € A be arbitrary elements such that
—=(z-y € F) and y € F. Suppose that —(z € F). Thus ¢*(y) € F by (AG). Further
on, then by (d) ¢*(y) = p(z-y) - p(x) € F and p(z-y) € F or ¢(x) € F by
Theorem 5.1 and -y € F or x € F. Since both cases are in contradictions with
hypothesis, then it must be x € F. Finally, F € (S). O

THEOREM 5.6. For any BZ-filter F of a BZ-algebra A the following holds
Fe(R) < F e (C)n(AG).

PROOF. Suppose F € (R).

Let x € A is an arbitrary element such that z € F and —(p?(z) € F). Thus
¢©%(z) -z € F by (R). On the other hand, according to (b), we have ¢*(z) -z =0
and —(p?(z) -z € F) We got a contradiction. So, it must be ¢?(x) € F. This
means F' € (AG).

Suppose ¢(z) € F. But, from =(0 € F) and ¢(z) € F follows ©?(x) = 0-¢(z) €
F by (R) Further, from ¢?(z) < z and ¢?(z) € F follows x € F by Corollary 4.1.
So, F' € (C).

Opposite, suppose F' € (C) N (AG) holds. Let z,y € A be arbitrary elements
such that —~(z € F) and y € F. Thus —(¢(c) € F) by (C) and ~(p?(z) € F) by (C)
again. Besides we have ¢?(y) € F from y € F by (AG). On the other hand we have
@*(y) = p(z-y) - p(x) € F by (d). Now, from p(z-y)-p(z) € F and ~(p*(z) € F)
follows ¢(x - y) € F by (9). Finally, thus « -y € F' by (C). Therefore, F € (R). O

COROLLARY 5.3. For any BZ-filter F' of BZ-algebra A the following holds
Fe(S) < Fe(R).

THEOREM 5.7. For any BZ-filter of a BZ-algebra the following conditions are
equivalent:

(T) (Vz,y,z€ F)(~(z-(y-2)eF)ANz-z€F) = yeF),

(Ta) Vz,z€ A)(z-2€ F = z-¢(z) € F),

(Tb) (Vo,z € A)(x-p%(2) € F = x-p(2) € F),

(Tc) (Vz € A)—(¢(z) -z € F).

PRrROOF. (T) = (Ta). Putting y = 0 in (T) we obtain (T1). Thus (Ta).

(Ta) = (T). Suppose (Ta). Let z,z € A be arbitrary elements such that
—(x-(y-z) € F for somey € Aand z-z € F. Thus - ¢(z) € F. On the other
hand, if we put x = y and y = 0 in (BZ-1) we get (y-2)-(0-2) < y-0. Again, if we
put y =y-z and z = p(2) in (BZ-1) we get (z-¢(2)) - ((y-2)p(2)) < z-(y-z). Since
—(z-(y-z) € F) we have =((z-¢(2))-((y-2)p(z)) € F). Now, from the last formula
and = - p(z) € F we get (y-z) - o(z) € F by (8). Again, from (y - 2) - p(2) < y we
get y € F by Corollary 4.1.
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(Ta) = (Tb). Putting z = ¢*(z) in (Ta) we obtain z - p3(2) € F and
x-p(z) € F by (e).
Tb) = (Ta). Let z,z € A be arbitrary elements such that = - z € F. Since

©%(2) < z by (b), we have z - 2 < x - *(2). Thus z - p?(2) € F by Corollary 4.1
and x - p(z) € F by (Th).

(T) = (Tc). By Proposition 5.1 we have (T) = (T1). Putting x = ¢(y) in
(T1) we obtain 0 = ¢(y) - p(y) € F or —(¢(y) -y € F). Since, the first option is
impossible, we have =(¢(y) -y € F).

(Tc) = (Ta). Let (Tc) be holds. Let z,y,z € A be arbitrary elements such
that = - 2 € F. Suppose —(z - ¢(z) € F). On the other hand, from (BZ-a) with
y = ¢92) we have (z - 2) - (p(2) - 2) < x - ¢(z). Since —(z - p(z) € F), then
=((z - 2) - (¢(2) - z) € F by Corollary 4.1. Now, from —((z - z) - (¢(2) - z) € F and
x -z € F follows p(z) -z € F by (8). We got a contradiction. Therefore, it have to
be x - ¢(z) € F. So, we are proven (Ta). O

6. Final Observation

In this text, we try to develop the theory of filters in the BZ algebras. First,
we introduce the concept of the BZ filters in the BZ algebra (Definition 4.1). In
addition, we analyze some of the additional conditions that we assume that BZ-
filters can satisfy them. In addition, we analyze some interrelations between these
additional conditions (Theorems 5.1 - 5.7). The author is convinced that this
analysis enriches our knowledge of BZ-algebras.

By the fluctuation of logic atoms in the formulas that determine the particular
types of ideals in these algebra it can be obtained some other types of filters in the
weak BCC-algebras. Some of these additional conditions that can be imposed on
BZ-filters in BZ-algebra are shown below

(0) (Vo,y e A)((~(z-ye F) Nye F) = =(xeF)),

0 (Vx,y,z€ A)(~(z-y)-z€F)ANx-2z€F) = y-z€F)

(As) (Va,y,z € A)(-((z-y)-z€ F) Nz e F) = y-z€F).
It is immediately apparent that if we put z =0 in (I) and (As) we get (8) in both
cases.

Acknowledgement. The author is grateful to W. A. Dudek for his support
of this theme.
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