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ABSTRACT. The purpose of this study is to introduce and study the concept of bi-
isotonic spaces. In this study, we introduce the notion of the continuous map between
bi-isotonic spaces and give the characterizations of bi-isotonic maps. Moreover, we
explore the topological concepts of separation axioms in bi-isotonic spaces.

1 Introduction A topological structure on a set is not only defined by the axioms for
open sets but also by the collections of closed sets, neighborhood systems, closure operators
or interior operators, etc. For instance, Day [6] and Hausdorff [15] developed the topological
concepts from the notions of convergence, closure, and neighborhoods. Kuratowski [17]
brought a different approach to construct a topological structure on a non-empty set X by
defining closure operator cl : P (X) — P (X) (where P (X) is the power set of X) with the
following properties for all A, B € P (X);

K0) cl(0) = 0 (grounded)

K1) AC B = cl(A) Ccl(B) (Isotony)

K2) A Ccl(A) (Expansive)

K3) cl(AUB) =cl(A) Ucl(B) (Preservation of binary union)
K4) cl(cl(A)) =cl(A) (Idempotency).

In this way, the closure operator satisfying the aforementioned axioms allows to define
the topological space (X, cl) by taking closed sets as sets such as cl (A) = A. Moreover, Ku-
ratowski extended the topological spaces by removing the axiom cl (AU B) C cl(A)Ucl (B)
and defined closure spaces. On the other hand, the approach of Cech in the definition of
closure space excludes the idempotency axiom cl(cl(A4)) = cl(A) [5]. In order to avoid
confusion on the term of closure space, the terms of Kuratowski closure space and Cech
closure space can be seen in literature. Additionally, Gnilka [8], [9], [10] and Hammer
[13], [14] preferred the term extended topological space instead of closure space. The ba-
sic concepts of compactness, quasi-metrizability, symmetry, continuity were investigated by
the closure operators in these studies. In recent years, Stadler et al. [25], [26], and [27]
have revealed a topological approach to chemical organizations, evolutionary theory, and
combinatorial chemistry and exposed the relationships between the topological concepts of
similarity, neighborhood, connectedness, and continuity with the chemical and biological
situations. In these interdisciplinary studies, the authors have considered the basic con-
cepts of the closure and isotonic spaces, such that a closure space (X cl) satisfying only
the grounded and the isotony closure axioms is called an isotonic space. The notions of
the connectedness, lower and upper separation axioms in isotonic spaces have been studied
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by Habil and Elzenati [11], [12]. On the other hand, another essential construction in this
realm is Bitopological Spaces defined by Kelly [16]. There have been a number of longi-
tudinal studies involving bitopological spaces, Wilson [29], Weston [28], and Wiweger [30].
For instance, the separation axioms have been generalized in bitopological spaces and some
related characterizations have been given by Lane [18], Marin and Romaguera [19], Mur-
deshwar and Naimpally [20], Patty [21], Ravi and Thivagar [22], and Reilly [24]. Tp-strongly
nodec space has been introduced by using the quotient map in [23]. The definitions and
relationships for pairwise 11, Ty, T3, T 31 and Ty-spaces have been presented by Dvalishvili
[7]. A great deal of research has been conducted on the bitopological spaces, but few studies
have been carried out to discover the biclosure spaces [1]-[4] and to date, none has been
discussed bi-isotonic spaces.

2 Bi-Isotonic Spaces

Definition 2.1 A generalized bi-closure space is a triple (X, cly, cly) where the maps cly :
P(X)— P(X) and cly : P(X) — P(X) defined on the power set P(X) of a non-empty
set X are two closure operators [1].

If the closure operators cl; : P(X) — P (X) and cly : P (X) — P (X) are isotonic operators
satisfying only the grounded and isotony axioms given by (K0) and (K1), respectively, then
the concepts to be studied will be more general than ones given in [1]-[4].

Definition 2.2 Let cl; and cly be two isotonic operators on X, then the triple (X, cly,cly)
1s called bi-isotonic space.

Definition 2.3 A subset A of a bi-isotonic space (X, cly, cly) is called closed if clicly (A) =
A. The complement of a closed set is called open.

Under the light of this definition, the following proposition is obvious.

Proposition 2.4 A subset A of a bi-isotonic space (X, cly,cly) is closed if and only if it is
a closed subset of (X, cly) and (X, cla).

In other words, the followings are equivalent in bi-isotonic space (X, cly, cls);
i) ChClQ (A) = A.
ii) cl; (A) = A and cly (A) = A.

Example 2.5 Let us consider that

0, A=10
cly (A) =4 (—o0,q] , supA =a
R, sup A = oo
and
0, A=10
cly (A) =< [b,00), infA=b
R, infA=—-00

be two operators on R then the bi-isotonic space (R, cly,cly) is a non-discrete space since
cly (cla (A)) =R orcly (cly (A)) =0 for all A CR.

A Dbi-isotonic space (X,cly,cly) is not needed to be a topological space since the finite
intersection of closed subsets is not need to be closed.
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Example 2.6 Let cl; : P(X) — P(X) and cly : P(X) — P(X) be two maps on
X = {a,b,c} satisfying cly (0) = 0, cly ({b}) = {b}, cli ({c}) = {c}, cly {a,b}) = {a,b},
cly ({b,¢}) = {b,c}, clh (X) = cli {a}) = chh ({a,c}) = X, and cly ({b}) = {b}, cla ({c}) =
{c}, cla (0) =0, cla (X) =cla ({a}) = cla ({a,b}) = cla ({a,c}) = clz ({b,¢}) = X.

In the bi-isotonic space (X, cly, cla) although the subsets {b} and {c} are closed, {b,c} is
not closed since cly ({b,c}) = {b,c} and cly ({b,c}) = X.

Proposition 2.7 Let (X, cly,cly) be a bi-isotonic space and A C X. Then
1) A is an open set if and only if A =X — clicly (X — A),
1) If A is an open set and A C G then A C X — clicly (X — G).

Proof.
i) It is obvious from the definition of an open set in bi-isotonic space.

ii) Let A be open and A C G, then X — G C X — A. Thus, clj (cla (X —G)) C
cly (cly (X — A)) since the isotonic operators cl; and cly have the property (K1). It is
clear that X —cly (cla (X — A)) € X —cl; (cl2 (X — G)) . The openness of A and the
first assertion completes the proof.

The duals of the isotonic operators cl; on a bi-isotonic space (X, cly, cly) are defined by
int; : P(X) — P(X),int; (A) = X — (cl; (X — 4))

and called interior operators. In that case, a subset A of a bi-isotonic space (X, cly,cly) is
open if X —A=cl; (X —A) orint (A) = A for all i € {1,2}.
The neighborhood operators for € X are defined by

vi: X - P(P(X)) , vi(e)={N e P(X):z€int;(N)}.

Proposition 2.8 Let (X, cly,cly) be a bi-isotonic space and Y C X if clY (A) = cl; (A)NY
is satisfied for all A CY and i € {1,2}, then the operators cl} : P(Y) — P(Y) are
1sotonic.

Proof.Let us consider the subsets A, B C Y such that A C B. Then cl; (A) C cl; (B) for
each 7 € {1,2} since cl; : P(X) — P (X) are isotonic. Thereby, cl; (A)NY Ccl; (B)NY,
that is, cl; (A) C cl (B).

Definition 2.9 Let (X, cly,cly) be a bi-isotonic space and Y C X. A bi-isotonic space
(Y, clf,clg) given with induced isotonic operators cl{ and clg s called a subspace of
(X, C11, Clg).

Definition 2.10 If (Y, Cl}/,clg) is a subspace of a bi-isotonic space (X,cly,cly), then the

induced interior operators int} and induced neighborhood operators v} on (Y, cy, cg) are
defined by
intY (A)=Y —cll (Y —A) =Y nint; (AU (X —Y))

and
v (A)={NNY:N ey (A},

respectively, for any A CY and i € {1,2}.
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Proposition 2.11 Let (X, cly,cly) be a bi-isotonic space, Y be a closed subset of X, and
ACY. A is a closed subset of bi-isotonic space (Y, cl{,cg) if and only if A is a closed

subset of bi-isotonic space (X, cly,cly).

Proof.(=:) Let A be a closed subset in (Y, clf7 cl%/). In that case, there are closed subsets

cl; (A) in X for each i € {1,2} such that A = cl} (A) =cl; (A)NY. Thus A C cl; (A). Also
cl; (A) Ccl; (Y), ie., c; (A) Ccl; (Y)Nel; (A) since A C Y. The closedness of Y gives us
cl; (A) CY Nncl; (A) = A. As a consequence A = cl; (A) is found.

(«<:) Let (X,cly,clz) be a bi-isotonic space, Y be a closed subset of X, and A C Y.
Assume that A is closed in (X, cly, clz), then cl; (A) = A for each ¢ € {1,2}. It is easily seen

that Iy (A) =cl; (A)NY = ANY = A. This means that A is closed in (Y, oV, c12Y>.

Example 2.12 Let us consider the set X = {a,b,c} and the isotonic operators cly :
P(X)— P(X) and cly: P(X) — P (X), respectively, defined by

cli (X) = cli ({b,¢}) = ch ({a,¢}) = X, ¢ (0) = 0, cli (fa}) = {a}, ch ({b}) = {b},
chi ({¢}) = {c}, chi ({a,b}) = {a,b} and cla (0) = 0, clo {a}) = {a}, clz({a,b}) =
{a,b}, cla (X) = cla({c})=cla ({b}) = cla({a,c}) = cla({b,c}) = X. If the subset

Y = {a,b} of X is considered, then the bi-isotonic subspace Kclf,cl%/) is constructed

by the induced isotonic operators cll : P(Y) — P(Y) and cly : P(Y) — P (Y) such as
cy (V) =cli ({a,b}) =Y, eIy (0) =0, cli ({a}) = {a}, clf ({b}) = {b} and cl (0) = 0,
cy ({a}) = {a}, cly (Y) =cly ({0}) =l ({a,0}) =Y.

3 Bi-Continuous Maps in Bi-Isotonic Spaces

Definition 3.1 Let (X,cly,cly) and (Y,cl'y,cl's) be generalized bi-closure spaces. If f :
(X,cl;) — (Y,cl';) continuous (open, closed or homeomorphism) then f : (X, cly,cly) —
(Y,cl'y,cl's) is called i—continuous ( i—open, i—closed or i—homeomorphism,).

Also, the map f is called bi-continuous if it is i—continuous map for each i € {1,2}.

Example 3.2 Let (X,cly,cly) and (Y,cl'y,cl's) be generalized bi-closure spaces. The iden-
tity map T : (X, cly,cls) — (X, cl'y,cl's) is bi-continuous if and only if the operator cl;
is coarser than cl'; for each i € {1,2}, that is, cl'; (A) C cl; (A) for all A € P(X) and
ie{1,2}.

Definition 3.3 Let (X, cl) and (Y, cl') be two spaces. A map f: X — Y is continuous if
and only if for f(cl(A)) Ccl' (f(A)) all Ac P(X) [5].

Hence by considering the continuity of the maps f : (X, cl;) — (Y,cl’;) for each i € {1,2}
the following proposition can be given.

Proposition 3.4 Let (X,cly,cly) and (Y,cl'y,cl's) be two generalized bi-closure spaces. A
map [ : (X,cly,cly) — (Y, cl'y,cl's) is bi-continuous if and only if f (cl; (A)) C cl’; (f (A))
forall Ae P(X) and i € {1,2}.

Proposition 3.5 Let (X,cl) and (Y, Cll) be two isotonic spaces. A map f : X — Y 1is
continuous if and only if cl (f~1 (B)) € f~* (' (B)) for all B € P(Y) [27].

Thus the following proposition is obvious.

Proposition 3.6 Let (X, cly,cly) and (Y,cl'y, cl's) be bi-isotonic spaces. A map f : (X, cly,cly) —
(Y,cl'y,cl's) is bi-continuous if and only if cl; (f~ (B)) C f=* (cl'; (B)) for all B € P(Y)
and i € {1,2}.
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Proposition 3.7 Let (X, cly,cls), (Y,cl'y,cl's) and (Z,cl”1,cl”y) be bi-isotonic spaces. f :
X =Y and g:Y — Z are bi-continuous maps, then go f : X — Z is bi-continuous.

Proof.Consider a subset B € P(Z), then cl'; (¢7! (B)) C g~' (cl”; (B)) for each i € {1,2}
since g is bi-continuous.

Also, cl; (f~' (g7 (B))) € f~(cli(g7"(B))) since g~'(B) € P(Y) and f is a bi-
continuous map.

Moreover, f=1 (cl’; (gfl( ) € ft ( -1 (cl” (B))) is satisfied. By these last two rela-
tions, we get cl; (f’1 (g (B ))) Cf- ( L(el”; (B))) and this completes the proof.

Proposition 3.8 Let (X, cly,cly) and (X, cl'y,cl's) be bi-isotonic spaces. Then the follow-
ing conditions (for bi-continuity) are equivalent:

i) f:(X,cly,cly) — (Y, cl'y,cl's) is bi-continuous.
it) f~*(int’; (B)) Cint; (f~' (B)) for all B € P(Y) and i € {1,2}.
ii1) f~1(B) € v; (x) provided B € V'; (f (z)) for all B € P(Y) and i € {1,2}.
Proof.(i = ii) Let f be a bi-continuous map. There is the equality
f7Ht'i (B) = fH(Y — 'y (Y = B))
f

(
forall B € P(Y)andi € {1,2} sincecl; (f~! (B)) C f~* (cl'; (B)). Hence X—f~! (cl'; (Y — B)) C
X—cl; (f7* (Y = B)). Also X—f~* (cI'; (Y — B)) Cint; (f~* (B)) since X—cl; (f~* (Y = B)) =
inti (fil (B))

(ii = iii) Assume that f~! (int’; (B)) C int; (f~ (B)) for VB € P(Y) and B € v/; (f (z)).
In that case, f(z) € int](B). Hence z € f~'(int’; (B)) C int; (f~!(B)), that is, z €
inti (fil (B)) = fil (B) SN2 (I’)

(iii = i) Assume that f~!(B) € v; () when B € V/; ( x)) for VB € P(Y). If we
take x € Cli (f_l (B)), we find € X — int; (X — f~!(B)) since cl; (f~' (B)) = X —
int; (X B)). Hereby z ¢ int; (X — f‘())leX fl()§é i (x). So f~1(B) €
v (x) is obtalned Also by the hypothesis B € v/; (f m)), it is easy to derive (Y — B) ¢

Z(f( )) and we have f(z) ¢ int; (Y — B). Thus z € f~!(cl; ( )) because of f(x) €
— (int’; (Y — B)) = cl’; (B). Finally, we obtain cl; (f~! (B)) C f~* (cI'; (B)).

Definition 3.9 Let f : (X, cly,cly) — (Y, cl'y,cl's) be a bijective map. If f is bi-continuous
and f~1 bi-continuous, then it is called bi-homeomorphism.

In our further discussion, we shall abbreviate “lower (upper) semicontinuous” to l.(u.)s.c.

Definition 3.10 Let (X,cly,cly) be a bi-isotonic space and (R,w) be a usual topological
space. A function f: X — R is called

* cly—Ls.c. if and only if for any a € R, the subset f~1 ((a,00)) is open in the isotonic
space (X, cly),

* cli—u.s.c. if and only if for any a € R the subset f~1 ((—o0,a)) is open in the isotonic
space (X, cly).

Proposition 3.11 Let (X, cly,cly), be a bi-isotonic space and (R,w) be a usual topological
space. If a function f: X — R is
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* cli—ls.c., then cl; (f71 ((—o0,a))) C f~! ((—o0,a]),
* cli—u.s.c., then cl; (f~! ((a,00))) € f~* ([a,00)) for any a € R.

ProofLet f : X — R be cl;—ls.c., then for a € R, the subset f~!((a,o0)) is open in
the isotonic space (X,cl;), then f~'((a,00)) = int; (f~*((a,00))). On the other hand
1 ((a,0)) € f~1(la,0)) since (a,00) C [a,00). It is known that f is isotonic which
means that int; (f~! ((a,00))) C int; (f~! ([a,0))). From these relations, we get f~* ((a,00)) C
int; (f~! ([a,00))) Hence, we obtain X — f~! ((a,00)) 2 X —int; (7! ([a,00))). As a con-
sequence

FTHR = (a,00)) 2 el (f 7 (R = [a, 00)))

ie.,cly (f7'((—o0,a))) C f~! ((—o0,d]) is satisfied. The other case can be seen in a similar
manner.

Definition 3.12 Let (X, cly, ck) be a bi-isotonic space and (R,w) be a usual topological
space. A function f : (X, ch,ck) — (R,w) is called cliclj—lLu.s.c.if f is cli—ls.c. and
cli—u.s.c.

Proposition 3.13 Let (X, cly, clp) be a bi-isotonic space, (R,w) be a usual topological space
and (R,wy,ws) be a bitopological space where wqy = {R, @} U {(a,00) : a € R} is the right
ray topology and we = {R, @} U{(—00,a) : a € R} is the left ray topology on R. A function
f (X, ch,ch) — (Rywy,wa) is bi-continuous if and only if f : (X, cly, ck) — (R,w) is
clicli—lu.s.c. for eachi,j € {1,2} such that i # j.

Proof.We shall consider only the case with i = 1 and j = 2 since the other case can be
proved in a similar manner.

(=:) Assume that f: (X, cly,cly) — (R,wi,w2) is a bi-continuous function then there is
the relation cl; (f~!(B)) C f~! (cL,, (B)) for any B € P(R) and i € {1,2}. If we assume
B = (—00,a) for any a € R we see cl,, (B) = (—o0, a] with respect to right ray topology wy.
Hence we get cly (f~! ((—00,a))) C f~! ((—o0, a]) which means that f : (X, 71, 72) — (R,w)
cl; — Ls.c. Similarly, if suppose B = (a, 00) for any a € R, then the closure of B with respect
to right ray topology ws becomes cl,, (B) = [a,00). So cly (f~* ((a,00))) € f~* ([a,0))
is obtained. This proves that the function f : (X,7,72) — (R,w) is cly—us.c. As a
consequence [ : (X, 71,72) — (R,w) is clycla—lus.c.

(<) Let f: (X,cly,cly) — (R,w) be acljcly—lu.s.c. function. This means that it is
cly—Ls.c. and cla— us.c. ie., cly (f7! ((—o0,a))) C 7! ((—o0,a]) and cly (f~! ((a,0))) C
71 (Ja, 00)) is satisfied for all @ € R. If we take any w;— open set By and wy— open set By |
then By = (a,00) and By = (—00,a) for any, a € R we get cly (f~* (B2)) C [~ (clo, (B2))
and. It is easily seen that f : (X, cl;) — (R,w;) is i—continuous for each ¢ € {1,2}, that is,
the function f: (X, 71,72) — (R,w;,ws) is bicontinuous.

4 Separation Axioms in Bi-Isotonic Spaces

Definition 4.1 A space (X, cl) is called To—space if there Ny € v (x) such that y ¢ Ny or
there is Ny € v (y) such that x ¢ N, for all distinct points x,y € X [27].

Proposition 4.2 An isotonic space (X,cl) is a To—space if and only if y ¢ cl({z}) or
z ¢ cl({y}) for all distinct points x,y € X [27].

Definition 4.3 A generalized bi-closure (X, cly,cly) is called pairwise To—space if there is
N € v1 (x) such that y ¢ N, or there is Ny € vy (y) such that x ¢ N, for all distinct points
z,y € X.
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Proposition 4.4 A bi-isotonic space (X,cly,cly) is a pairwise To—space if and only if
y & cly ({}) orx & cla ({y}) for all distinct points x,y € X.

Proof.Proposition 4.2 and Definition 4.3 require that there is require that there is N, € vy (z)
such that y ¢ N, iff y ¢ cly ({z}) for all distinct points =,y € X. Similarly N, € vy (y)
such that x ¢ N, iff x ¢ N,,. These complete the proof.

Definition 4.5 A generalized bi-closure space (X, cly,cls) is called

* pairwise S_Ty—space if there is N, € v1 (x) such that y ¢ N, and there is Ny € va (y)
such that x ¢ Ny, for all distinct points z,y € X,

* pairwise R.Ty—space if (X,cly) and (X, cla) are both Ty —spaces.

Proposition 4.6 An isotonic space (X,cl) is Ty—space iff cl({x}) C {z} for allx € X

[27].

Proposition 4.7 If a bi-isotonic space (X,cly,cla) is a pairwise R.Th—space then it is
pairwise S_T1—space.

Proof.Let bi-isotonic space (X, cly,cla) be a pairwise R_T)—space. Then from Proposition
4.7 cly ({z}) C {z} and clo ({y}) C {y} for x # y, x,y € X since the isotonic spaces (X, cly)
and (X, clp) are T1 — spaces. Hence X —{z} C int; (X — {z}) and X —{y} C inte (X — {y}).
It is easily seen y € X — {x} Cinty (X — {z}) from y € X — {z} and « ¢ X — {z} because
z # y. So we find X — {2z} € v1(y). Similarly x € ints (X — {y}) which means that
X — {y} € 1o (z). As a consequence, the bi-isotonic space X is pairwise S_Tj —space.

Definition 4.8 A generalized bi-closure space (X, cly, cla) is called pairwise Hausdorff space,
if there are U € vy (z) and V € vo (y) such that UNV =0 for all distinct points z,y € X.

Proposition 4.9 A bi-isotonic space (X, cly,cls) is pairwise Hausdor(f space if and only if
there is U € vy (x) such that y ¢ cly (U) or there is V € vy (y) such that x ¢ cla (V) for all
distinct points x,y € X.

Proof.

(=) Let bi-isotonic space (X, cly, cly) be pairwise Hausdorff. Then there are U € v ()
and U € vy (z) such that UNV = () Hence y € inty (V), i.e., y ¢ X —inty (V) =cly (X = V)
since V' € 11 (y). Also cly (U) C cly (X — V) because cly is the isotonic operator and
U C X —V. Sothereis U € vy () such that y ¢ cly (U). Similarly, there is V' € 14 (y) such
that x ¢ cly (V).

(«<:) Suppose that there is U € vy (x) such that y ¢ cly (U) for all distinct points
z,y € X. Theny € X —cly (U) = inty (X — U) and this means that X — U € vy (y). If we
call X —U =V we find V € vy (y) and U € v (z) satisfying UNV = 0. As a consequence
X becomes a pairwise Hausdorff space.

Proposition 4.10 If bi-isotonic space (X, cly, cly) is a pairwise Hausdorff space then (X, cly)
and (X, clg) are Th—spaces.

Proof.Let bi-isotonic space (X, cly, cla) be pairwise Hausdorff. = ¢ {y} for all z,y € X
such that  # y. Moreover x € inty (U) since there are U € vy (z) and V € 5 (y) such
that U NV = (). Form here z ¢ X —int; (U) = cly (X —U). Also cl; (V) C cly (X —U)
is satisfied since V- C X — U. Accordingly we obtain = ¢ cl; (V). On the other hand
cly {y} Ccly (V), because of {y} CV and cl; is an isotonic operator. In conclusion we get
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x ¢ cly {y}, ie. cly {y} C {y} which means that (X,cly) is a Ty —space. Similarly it can be
proved that (X, cly) is a Ty —space, too.

If we consider this last proposition associated with Definition 4.5 and Proposition 4.10,
we can give the following result.

Corollary 4.11 Each pairwise Hausdorff bi-isotonic space is a pairwise R_T1 —space, thereby
a S_T\—space.

Definition 4.12 A bi-isotonic space (X, cly,cls) is a pairwise TQ%—space if there are U €
v1(z) and V € vy (y) such that cly (U) Nely (V) =0 for all distinct points x,y € X.

Definition 4.13 Let (X, cly, cla) be a generalized bi-closure space. It is said that (X, cly) is
reqular with respect to (X, cla) if there are U € vy (x) and V € vy (F) such that UNV =
forallz € X and F C X where z ¢ cly (F).

If (X,cly) is regular with respect to (X, clp) and (X, cly) is regular with respect to (X, cly)
then (X, cly,cly) is called pairwise regular.

Proposition 4.14 Let (X,cly,cls) be a bi-isotonic space. The isotonic space (X,cly) is
regular with respect to the isotonic space (X, cla) if and only if there is a U € vy (x) such
that clo (U) C N for all neighborhood N € vy (z) of each x € X.

Proof.

(=) Let (X, cl;) be regular with respect to the isotonic space (X, cla), then there are
Ue€wv (z)and V € vy (F) such that UNV =0 for all x € X and F C X where x ¢ cl; (F).
Consider any z € X and N € vy (x). In that case ¢ X — int; (N) = ¢l (X — N)
since z € inty (N). So there is a V € vy (X — N) such that U NV = (. Moreover,
X —c(U) 2 X —cla (X =V) = inta (V) because of cly (U) C clp (X —V). We get
X —NCinty (V) C X —clp (U) since V € vy (X — N) and F € inte (V). Finally there is a
U € vy (z) such that cly (U) C N.

(«<:) Assume that there is a U € vy (z) such that clp (U) € N for all neighborhood
N € v (2) and consider a subset F' C X such that x ¢ cly (F') for any 2 € X. At that time
x € X —cly (F)=int; (X — F). Hence X — F € vy (z). Under the assumption there is a
U € vy (x) such that clo (U) C X — F. Then FC X —cly (U). If we call X —cly (U) =V,
then there are U € vy (z) and V' € vy (F') such that UNV = () and this completes the proof.

The following result can be given from Definition 4.13 and Proposition 4.14.

Corollary 4.15 A bi-isotonic space (X,cly,cly) is a pairwise regular if and only if there
is U € vy (x) such that cla (U) € N’ for all N € vy (z) and there is V € va (z) such that
cly (V) C N for all N" € vy (x).

Definition 4.16 A bi-isotonic space (X, cly,cly) is called pairwise Ts—space if it is both
pairwise reqular and pairwise R_T1—space.

Proposition 4.17 If a bi-isotonic space (X, cly, cla) is a pairwise T5—space then it is pair-
wise Hausdorff space.

Proof.Let (X, cly, clo) be a pairwise T5—space. Then cls ({y}) C {y} is satisfied for ally € X
since it is pairwise R_Tj—space. From here X — {y} € vy () for any € X — {y} since
X —{y} Cinty (X — {y}).

On the other hand there is cl; (V) C X — {y} such that V € vy (z) for X — {y} € va ()
since (X, cly,clp) is pairwise regular. So we find a V' € v, () such that y ¢ cl; (V) and say
X is pairwise Hausdorff space by Proposition 4.9.
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Definition 4.18 Let (X,cly,cly) be a bi-isotonic space and A,B C X. If there is a
cliclj—lLu.s.c. function f : (X,cly,cla) — (R,w) such that f(A) = 0 and f(B) = 1,
then A is called (i,j) —completely separated from B.

Definition 4.19 A bi-isotonic space (X, cly,cly) is called

* (i, 7) —completely regular if every closed F is (i,j)—completely separated from each
point x ¢ F.

* pairwise completely regqular if it is both (1,2) —completely regular and (2, 1) —completely
reqular.

* pairwise Tg%—space if it is both pairwise completely reqular and pairwise R_T1—space.

Proposition 4.20 If a bi-isotonic space (X, cly,cly) is pairwise completely regular then it
is pairwise regular.

Proof.Let (X,cly,cly) be a pairwise completely regular bi-isotonic space. Consider any
closed subset F' and any point = such that x ¢ F There is a clycl;—l.u.s.c. function
f (X, cly,clz) — (R,w) such that f(z) =0 and f (F) = 1. This means that the function
f (X, cly,cly) = (R,wy,ws) is bi-continuous. On the other hand there are w—open neigh-
borhoods U and V of the points 0 and 1, respectively, such that U NV = {} since the usual
topological space (R,w) is Hausdorff. In that case cl; (f~* (U)) € f~! (cl,, (U)), that is,
f71(0) =z € f~! (inty, (U)) Cint; (f~* (U)). From here we can say that f~* (U) € v; ().
Analogously f~! (V) € N; (f7*(1)) = N; (F). As a consequence we obtain the subsets
f7H(U) € vi(z) and f~1 (V) € N; (F) such that f~*(U) N f~* (V) = 0 and this is suffi-
cient to say (X, cly,cly) is a pairwise regular bi-isotonic space.

If we consider the last proposition and the definitions of pairwise T 1 —space and pairwise
T3—space, then we can give the following corollary.

Corollary 4.21 If a bi-isotonic space (X, cly, cla) is a pairwise Tsé —space then it is Ts—space.

Definition 4.22 Let (X,cly,cly) be a bi-isotonic space.

(TN) X is called pairwise t-normal, if there are U € v (F) and V' € v (K) such that
UNV =0 for all disjoint closed subsets F, K C X.

(QN) X is called pairwise quasi-normal, if there are U € vy (F) and V € vy (K) such
that UNV =0 for all subsets F, K C X such that cly (F) Ncly (K) = 0.

(N) X is called pairwise normal, if there are U € vy (cly (F)) and V' € vy (clgy (K)) such
that cly (F)Ncly (K) = 0.

It is easy to prove following proposition if we consider Definition 4.22 associated with the
definition of closed sets in bi-isotonic spaces.

Proposition 4.23 Let (X, cly,cly) be a bi-isotonic space.
* (N)=(TN).
* (QN)=(TN).

Definition 4.24 A bi-isotonic space (X,cly,cly) is called Ty—space if it is both pairwise
quasi-normal and pairwise R_T1—space.

So the following proposition can be seen easily.
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Proposition 4.25 If (X, cly,cly) is a pairwise Ty—bi-isotonic space then it is pairwise
T3%—space.

Definition 4.26 Let (X,cly,cly) be a bi-isotonic space. The subsets A, B C X are said to
be semi- disjoint if cly (A)N B = AnNcly (B) = 0.

Definition 4.27 A bi-isotonic space (X, cly,cla) is called

* pairwise completely normal if there are U € vy (A) and V € vy (B) such that UNV = {)
for all semi-disjoint subsets A, B C X,

* Ts—space if it is both pairwise completely normal and R_T; —space.

Proposition 4.28 The properties of pairwise Ty, Ry, ST1, Hausdorff, TQ%, reqular,
T3, completely regular, T3%, t-normal, quasi-normal, normal, Ty, completely normal and
Ts5—spaces in bi-isotonic spaces are topological properties.

Proof.Let (X,cly,cly) and (Y,cl’y,cl’s) be two bi-isotonic spaces and f : X — Y be a
bi-homeomorphism.

* Let X be a pairwise Tp—space. Consider any distinct points 2/, y’ € Y, then f~1 (2') #
f7H (). From here f~'(y) ¢ ch ({7 (a)}) f'(2') ¢ cla ({f " (¥)}). This
gives us y' = f (f~1(y)) & f (ch ({F' (@)})) S el (f ({£71 (2")})) = el'1 ({2'})
orz' = f (f_1 (1:')) ¢ f (Clg ({f‘l (y’)})) Ccly (f ({f‘1 (y’)})) =cl's ({¢'}). That

is (Y, cl'y,cl's) is a pairwise Tp—space.

Let X be a pairwise R_T; —space. Consider any 2’ € Y, then there is a point f =1 (z') =
z € X. c; ({z}) C {z} is satisfied in (X,cl;) for each ¢ € {1,2} since the isotonic
spaces (X, cly) and (X, cly) are both T} —spaces. Moreover f (cl; (A)) = cl’; (f (A)) for
all A € P(X) because of the functions f : (X, cl;) — (Y, cl’;) are i—homeomorphisms
for each her ¢ € {1,2}. Thus,

o'y (¢') = o'y (f ({z})) = (ch ({z})) € f (2) = {2}

and

cl's (2') = 'y (f ({})) =f (2 ({2})) € f () = {2’}
is satisfied. This means that (Y,cl’y) and (Y, cl’s) are Ty —spaces. Consequently, the
bi-isotonic space (Y, cl'y,cl’s) is a pairwise R_T} —space.

Let X be a pairwise S_T; —space. Consider any distinct points x’,3’ € Y, then there
are points f~1(2') = x and f~'(y') = y in X such that z # y. Hence there are
N, € v (z) and Ny € vo(y) such that « ¢ N, and y ¢ N,. If A € v;(z) then
f(A) € V,(f (z)) for all VA € P (X) since the functions f : (X,cl;) — (Y,cl’;) are
i—homeomorphisms for each i € {1,2}. In this way, there are f(N,) € v} (z') and
f(Ny) € v5(y') such that ' ¢ f(N,) and ¢’ ¢ f (N,). This completes the proof.

Let X be a pairwise Hausdorff space. Consider any distinct points z/,y’ € Y, then
there are points f~!(2’) = o and f~!(y') = y in X such that z # y. So, there
is U € vy (x) such that y ¢ cly (U) or there is V' € vy (y) such that = ¢ cly (V).
On the other hand f(cl; (A)) C cl; (f(A)) for all A € P(X) and ¢ € {1,2}. In
this case, there is f(U) € vh (2') such that ¢y ¢ f(cly (U)) C 'y (f (U)) or there
is f(V) € v} (y) such that ' ¢ f(clo(V)) C cl's(f(V)). This means that the

bi-isotonic space (Y, cl'1,cl’s) is a pairwise Hausdorfl space.
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* Let X be a pairwise T, 1 —space and 2',y’ € Y such that 2’ # 3/, then there are points
f71(2') =z and f71(y') = y in X such that x # y. So, there are U € vy (z) and
V' € v (y) such that cly (U) Ncly (V) = 0. Also

fleli (U)Nely (V) = f(cli (U)) N f(clz2 (V))

and
fleli(U) N f(cla (V) =cl'ys (f(U))Nel'z (f(V))

are satisfied since the functions f : (X,cl;) — (Y,cl’;) are i—homeomorphisms for
all i € {1,2}. Moreover, f(A) € v, (f(x)), provided that A € v; (x) for VA €
P (X). Hence, there are f(U) € v} (2') and f (V) € v4 (v') such that ¢’y (f (U)) N
cl’s (f (V) = 0. From here (Y,cl'y,cl’s) is a pairwise T, 1 —space.

* Let X be a pairwise regular. Consider any 2’ € Y, then f~! (z') = 2 € X and there
is U € vy (x) such that cly (U) C N’ for all N’ € v (z) and there is V € v (z) such
that cly (V) C N” for all N” € vy ().

Let X be a pairwise T3—space. Then it is pairwise regular and pairwise R_T; —space.
The aforementioned proposition requires that (Y,cl’y,cl’s) is pairwise regular and
pairwiseR_T7 —space. Thus, Y is a pairwise T5—space, too.

* Let X be a pairwise completely regular space. Consider any cl’;cl’s—closed subset
F’' C Yand any point 2’ € Y such that 2’ ¢ F’. Then there is cljcly—closed subset
f71(F') = F C X and a point z € X such that z ¢ F since f : X — Y is a bi-
homeomorphism. There is a cl;cl;—Lu.s.c. a function g : (X,cly,cls) — (R,w) such
that g () = 0 and g (F) = 1 because X is pairwise completely regular space. From
here g : (X, cly,cly) — (R,wq,ws) is a bi-continuous function.

(X, cly,clz) 5 (R,wr, ws)

N\ S gof!
(Y7 Cl’l,CFQ)

This diagram indicates that the function go f=1 : (Y,cl'y,cl’y) — (R, wy,ws) is bi-
continuous and so go f~1 : (Y,cl'1,cl’s) — (R,w) is a cl’;cl’;—Lu.s.c. function. Also
g(@)=g(f () =gof ' (z')=0and g (F) =g (f~" (F)) =gof ' (F') = Lare
satisfied. That is cl’ycl’a— closed subset F” of bi-isotonic space (Y, cl’y, cl’s) is (1,2) and
(2,1) —completely separated from each point &’ ¢ F’ and this completes the proof.

* Let X be a pairwise T3y —space. In this case, (X, cly, cly) is both pairwise completely
regular and pairwise R_T) —space. So, (Y, cl’1, cl’s) is pairwise completely regular and
pairwise R_Tj—space, too. Thus the bi-isotonic space Y is a pairwise T3%—space.

* Let X be a pairwise t-normal bi-isotonic space. Let us take two separated closed
subsets F’ and K’ in Y. Then f~!(F') = F and f~! (K') = K are disjoint closed
subsets of X. There are U € vq (F) and V' € v, (K) such that UNV = @ since X is a
pairwise t-normal space. From Proposition 3.8, we see that there are f (U) € N’y (F”)
and f (V) € N’y (K') such that f(U) N f(V) = @. Consequently, Y is a pairwise
t-normal bi-isotonic space.

* Let (X,cly,cly) be a pairwise quasi-normal bi-isotonic space. Consider two non-
empty subsets F' and K’ of Ysuch that cl'y (F') Ncl'y (K') = @. It is easily seen
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thatcl; (f~! (F'))Nely (f~1 (K’)) = f~ (@) = @sincef is bi-homeomorphism. There
are U € vy (f71(F")) and V € vy (f7! (K’)) such that UNV = @, since X is a
pairwise quasi-normal space. In that way Y is a pairwise quasi-normal space from
Proposition 3.8 .

Let X be a pairwise normal space and consider the non-empty subsets F’ and K’
in Y such that cl’y (F') Ncl’y (K') = @. Then there are the non-empty subsets F
and K in X such thatcly (F') Nely (K) = @ since f is a bi-homeomorphism satisfying
fcly (F)) =cl'y (F') and f (clz (K)) = cl’a (K'). Also, there are U € vy (cl; (F)) and
V € vy (cly (K)) such that U NV = & since X is a pairwise normal space. In these
considerations, we find f(U) € N’y (cI'y (F')) and f (V) € N'o(cl'2 (K)) satisfying
F(U)N f(V) = @. Finally, we see that the bi-isotonic space Y is a pairwise normal
space.

Let (X, cly, cly) be a pairwise Ty—space. This means that (X, cly, clp) is a pairwise nor-
mal and pairwise R.T7—space. If f : X — Y is a bi-homeomorphism then (Y, cl’y, cl’s)
is pairwise normal and pairwise R_T;—space. So, the bi-isotonic space Y is a pairwise
T,—space, too.

Let X be a pairwise completely normal space and A’, B’ C Y be separated sets, i.e.,
'y (A)YNB = A nNncly(B') =@. Thus, f~1(c'y (A) N f1(B)=f1B)N
f71(cl'y (A7) = @ is satisfied and there are two sets f~1 (A') = Aand f~1 (B') =B
in the bi-isotonic space X such that cly (A) N B = ANcly (B) = & since the function
f is bi-homeomorphism. From the hypothesis, we see U € 11 (A) and V € vy (B)
such that U NV = @. Then, we find the sets f (U) € N’y (A") andf (V) € N’y (B’)
satisfying f(U)N f (V) = @. As a consequence, the bi-isotonic space (Y, cl’'1,cl’s) is
pairwise completely normal.

* Let X be a pairwise Ts—space. Then (X, cly,cly) is a pairwise completely normal
and pairwise R.Tj—space. (Y,cl’1,cl’s) pairwise completely normal and pairwise
R_Ty—space since f : X — Y is a bi-homeomorphism. Finally, Y is a pairwise
Ts—space, too.

Proposition 4.29 In a bi-isotonic space, the properties of being a pairwise Ty, pairwise
R_Ty, pairwise S_T1, pairwise Hausdorff, pairwise TQ%, pairwise regular, pairwise Ts, pair-
wise completely regular, pairwise completely normal and pairwise Ts—space are hereditary
properties.

Proof.Let (Y, cl}/,dg) and (X, cly,clz) be bi-isotonic spaces.

* Assume that the bi-isotonic space (X, cli,cly) is a pairwise Tp—space and z,y € Y
such that  # y. Then y ¢ cly ({z}) or = ¢ cla ({y}) for x,y € X. From Proposition
2.8, we can say y ¢ cly ({z}) NY =cl} ({z}) or z ¢ cly ({y}) NY =cly ({x}). Thus,
the subspace (Y, cl’y,cl’s) is obtained as a pairwise To—space.

Assume that the bi-isotonic space (X, cly,cls) is a pairwise R-T;—space. In this case
(X, cly) and (X, cly) spaces are Ty —spaces. Hence cly ({z}) C {«} and cls ({z}) C {z}
for every z € Y C X. Tt is found that cl} ({z}) =clh ({z})NY C {z} NY = {z}

and cly ({z}) =cly {z})NY C {z}NY = {z} in (Y, cl}/) and (Y, clg), respectively.

Then (Y, cl}/) and (Y, clg) spaces are Ti—spaces. Eventually, it is obtained that

(Y, cl’1,cl’s) is a pairwise R_-T7—space
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Assume that the bi-isotonic space (X, cly,cly) is a pairwise S_T;—space and x,y € Y
such that = # y. Then there are N, € 14 (x) and N, € v, (y) such that y ¢ N, and
x ¢ N,, respectively, for the distinct points z,y € X. There are NY € v{ (x) and
N €1y (y) such that y ¢ N,NY = NY and 2 ¢ N,NY = N, since Y is a subspace.
Thus, (Y,cl’1,cl’y) is a pairwise S_T;—space.

Assume that the bi-isotonic space (X, cly, clo) is a pairwise Hausdorff space and z,y €
Y such that  # y. By the hypothesis there is U € vy (x) or V' € 14 (y) such that
y ¢ cly (U) or z ¢ cla (V), respectively, as ¢ # y for every z,y € X. From Definition
2.5., it is seen that U € vy (z) or V € vY (z) since z ¢ cly (V) NY = cl} (V) or
y ¢cly (U)NY =cl} (U), respectively. So (Y, cl’;,cl’s) becomes a pairwise Hausdorff
space.

Assume that the bi-isotonic space (X, cly,cly) is a pairwise T, 1 —space and z,y € Y
for x # y. By the hypothesis, there are U € v4 () and V' € vy (y) such that cly (U) N
cly (V) = @. Then, there are U € v () and V € 1 (y) such that cl} (U)Nely (V) =
(chh (U)Nelz (V) NY =@. As aresult (Y, cl'y,cl’2) is a pairwise T, 1 —space.

Assume that the bi-isotonic space (X, cly,cls) is a pairwise regular space and z,y €
Y for ¢ # y. Then, there is a set U € vy (z) such that cly (U) C vy for every
neighborhood v; € 14 (z) and there is a set V' € v, (y) such that cly (V) C vy for every
neighborhood vy € vy (z). From here, there are U € v{ (z) and V € v3 () such that
dy (U)=cl,()NY CuynY =vY andcl] (V) =ci (V)NY ConNY =1y for
the neighborhoods 11 NY = vy € vy (z) and 1o NY = 1 € 1Y (), respectively. It
is seen that (Y, cl’1, cl’2) is pairwise regular.

Assume that the bi-isotonic space (X, cly,clp) is a T5—space. Then X is both pairwise
regular and pairwise R_T} —space and so, ¥ C X subspace is both pairwise regular
and pairwise R_Tj—space. This means that the bi-isotonic subspace (Y, cl’y,cl’s) is a
T5—space.

Assume that the bi-isotonic space (X, cly,cls) a pairwise completely regular. Let us
take any cl} cly —closed set F and any point # € Y such that = ¢ F. Then z ¢
clicly (F) for the closed subset clicly (F') in X. By the hypothesis, there is a function
clicl;—Lus.c. f: (X, cli,cly) — (R,w) such that f(z) =0 and f (clicly (F)) = 1. If
we denote the restriction function of f to Y with f|,, = g, it is provided g (z) = 0

and g (F') =1 since ¢ : (X, 01}1701%/) — (R,w) is cl}jclj-/—l.u.s.c. Thus, the bi-isotonic

subspace (Y, cl’y, cl’y) is pairwise completely regular space.

Assume that the bi-isotonic space (X, cly,cly) isa T3% —space. Then X is both pairwise
completely regular and pairwise R_T7—space. Thus, Y C X subspace is both pairwise
completely regular and pairwise R_T7—space. So (Y, cl’y,cl’s) bi-isotonic subspace is
T3% —space, too.

Assume that the bi-isotonic space (X, cly,cls) is a pairwise completely normal. Let
A, B C Y beseparated sets. Namely cl} (A)NB = ANcly (B) = @. Thencl; (A)NB =
AnNcly (B) = @. By the hypothesis, there are the neighborhoods U € v; (A) and
V € 19 (B) such that U NV = @. So, it is obtained that there are UY € v (A)
and VY € v (B)such that UY N VY = @. As a result, the bi-isotonic subspace

(Y7 clf, Cl%/) is found as pairwise completely normal space.
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* Assume that the bi-isotonic space (X, cly, cly) is a Ts—space. Then X is pairwise com-
pletely normal and pairwise R-T; —space. So, the bi-isotonic subspace (Y, clf, Clgj) is

Ts—space since it is pairwise completely normal and pairwise R_T}—space.

Proposition 4.30 Let (X, cly, ck) be a bi-isotonic space and Y C X be a closed subset. If
(X, cly, cly) is a pairwise t-normal, pairwise quasi-normal, pairwise normal space and pair-

. Y v\ - L L . L
wise Ty—space, then (Y, cly ,012> is a pairwise t-normal, pairwise quasi-normal, pairwise

normal and pairwise Ty—space, respectively.

Proof.Let (X, cly,cly) be a bi-isotonic space and subset Y C X be closed.

* Let the bi-isotonic space (X, clj,cly) be a pairwise t-normal and F, K C Y be non-
empty discrete closed subsets. Then the subsets F, K in (X, cly,cly) are closed from
the Proposition 2.4. By the hypothesis, there are the neighborhoods U € vy (F) and
V € vy (K) such that UNV = @. So there are the sets UY € v} (F), VY € 1} (K)
such that UY NVY = (UNY)N(VNY) = @. Namely, the bi-isotonic subspace
(Y,cl’y,cl’s) is a pairwise t-normal space.

* Let the bi-isotonic space (X, cly, clz) be a pairwise quasi-normal and F, K C Y be non-
empty discrete subsets such that cl} (F)Necly (K) = @. Then there are non-empty
discrete subsets F, K C X satisfying cly (F)) Ncly (K) = @. By the hypothesis, there
are U € vy (F) and V € 15 (K) such that U NV = @. As a consequence, it is easy to
find that there are UY € v} (F) and VY € vy (K) such that UY NVY = &, which

means that the bi-isotonic subspace (Y, cl}/7 clg is a pairwise quasi-normal space.

* Let the bi-isotonic space (X, cly, clz) be a pairwise quasi-normal and F, K C Y be non-
empty discrete subsets such that cl} (F)Necly (K) = @. Then there are non-empty
discrete subsets F, K C X satisfying cly (F) Ncly (K) = @. By the hypothesis, there
are U € vy (F) and V € 15 (K) such that U NV = @. As a consequence, it is easy to
find that there are UY € v} (F) and VY € vy (K) such that UY NVY = &, which

means that the bi-isotonic subspace (Y, cl}/7 clg is a pairwise quasi-normal space.

* Let the bi-isotonic space (X, cly,cly) is a Ty—space. Then it is pairwise quasi-normal
and pairwise R_T7—space. So the bi-isotonic subspace (Y, cli/, cg) is pairwise quasi-
normal and pairwise R_Tj—space provided that Y is closed subset of X . This com-
pletes the proof.
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