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GEOMETRIC DESCRIPTION OF SCHREIER GRAPHS OF B-S GROUPS
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Abstract. Let BS(1,n) = (A, B | AB = B™A) be the Baumslag-Solitar group, where n > 2.
This group has the natural action on the real line. In this paper we explicitly construct Schreier coset
graphs of the group for stabilizers of all points in the real line under the action. As its consequence,
we classify the Schreier coset graphs up to isomorphism, and obtain a relevance to presentations for
the stabilizers.

1. Introduction

Let m and n be non-zero integers. The group which has the presentation
(A,B| AB™ = B™A) is called the Baumslag-Solitar group and denoted by BS(m,n).
In 1962, G. Baumslag and D. Solitar [1] introduced these groups and showed that
BS(3,2) is a non-Hopfian group with one defining relation. It is the first example
having such property. Since then these groups have served as a proving ground for
many new ideas in combinatorial and geometric group theory (see [2, 3] for examples).

Schreier coset graphs are generalizations of the Cayley graph of a group G, which
are constructed for each choice of a subgroup of G and a generating set of G. The
detail is given in Section 2. In general, given a group G and its subgroup H, it is
difficult to construct the Cayley graph of G or the Schreier coset graph of all left
cosets of H in G. However once we have the appropriate Cayley or Schreier graphs,
we can use them as discrete models and may learn, from combinatorial and geometric
viewpoints, some properties of the original group or its subgroups. Recently, in [5, 6],
D. Savchuk constructed Schreier graphs of Thompson’s group F' from a motivation to
study the amenability of the group.

In this paper we focus on the solvable group BS(1,n) for n > 2. It is known
that BS(1,n) is isomorphic to some subgroup G,, with the generator S,, of the affine
group Aff(R) of the real line R, thus it has the natural action on R (see Section
2 for details). For any x € R, we explicitly construct the Schreier coset graph
(BS(1,n)/Stabpg,n)(x), {4, B}*) for the stabilizer Stabpg(1 ) (z) of = under the
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action. First, we show that for any x € R, the Schreier graphs (Orbg, (x), Sy, z) and
(BS(1,n)/Stabps( n(z), {A, B}, Stabgg(1,n)(x)) is isomorphic as marked labelled
directed graphs, where Orbg, () is the orbit of « under the natural action on R (see
Proposition 1 below). Hence, in most of this paper we consider the Schreier graph
(Orbg, (x), Spn). Let Z% be the set of all infinite words over the finite group Z,. The
following theorem allows us to understand the structure of the Schreier graphs.

THEOREM 1. Letn > 2 and x be a real number represented by w € Z¢. Then,
there exists a homomorphism h = (f,v,7) : (Orbg, (z), Sn) — L such that for every
v € Vi, the subgraph h=*(v) = (D, D, x {b}*,S,,al,B|,1|) is isomorphic to I,
where h™*(v) = (f~1(v),% 71 (v), Sn, e, BL, 1)

See Definition 3 below for I, and Iy. As its consequence, we classify the Schreier
graphs up to isomorphism.

THEOREM 2. Let m,n > 2 with m # n.

(1) For any z,y € R, the Schreier graph (Orbg,, (x),Sy,) is not isomorphic to the
Schreier graph (Orbg, (y), Sy) as labelled directed graphs.

(2) For any ay,as € R\Q, the Schreier graph (Orbg, (a1), Sn, 1) is Sp-isomorphic
to the Schreier graph (Orbg, (a2), Sn,a2) as marked labelled directed graphs.

(3) For any ¢ € Q and any o € R\ Q, the Schreier graph (Orbg, (q), Syn) is not
isomorphic to the Schreier graph (Orbg, (a), Sy) as labelled directed graphs.

(4) Let q1, g2 € Q. Then, the following statements are equivalent.

(a) The Schreier graph (Orbg, (q1),Sn) is isomorphic to the Schreier graph
(Orbg, (g2), Syn) as labelled directed graphs.

(b) Orbg, (¢1) = Orbg, (g2) or Orbg, (—¢1) = Orbg, (g2).

This result leads to a relevance to presentations for the stabilizers which turn out to
be infinite index subgroups in BS(1,n)(Theorem 5). Thus we expect that this idea
may give a way to investigate infinite index subgroups in a suitable group.

In Section 2, we set up notation and terminology concerning Schreier graphs and
Baumslag-Solitar groups. In Section 3, we start to construct Schreier graphs and give
a complete description of Schreier graphs of BS(1, n) with respect to any real numbers.
In Section 4, we classify them up to isomorphism. In Section 5, by using the Schreier
graphs we determine the group structure of the stabilizers and obtain a relevance to
presentations for the stabilizers of rational numbers.

2. Schreier graphs and Baumslag-Solitar groups

A labelled directed graph denoted by (V, E, L, «, 3,1) consists of a nonempty set
V' of vertices, a set E of edges, a set L of labels and three mappings o : E — V,
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B:E —V,and [ : E — L. The vertices a(e) and S(e) are called the initial and the
terminal vertices of the edge e, respectively.

A marked labelled directed graph denoted by (V,E, L, «, 8,1,v0) is a labelled di-
rected graph with a distinguished vertex v called the marked vertex.

For i € {1,2} let I, = (V;, E;, L;, o5, Bi, 1;) be a labelled directed graph. Let
f Vi = Vo, ¢ By — Es UV, and v : L1 — Lo be maps satisfying the following
statements:

(1) If ¢(e) € Ea, then as(y(e)) = flai(e)), B2(¥(e)) = f(Bi(e)), and la(¥(e)) =
v(l1(e)) € La.
(2) It 9p(e) € Va, then 9(e) = f(ai(e)) = f(Bi(e))-

The triple (f,1,7) of maps is called the homomorphism from Iy to I's. Labelled
directed graphs Iy and Iy are isomorphic if there exists a homomorphism (f,,7) :
It — I3, called an isomorphism, such that both f and v are bijections and v is a
injection with ¢¥(E7) = Es. In particular, if L1 = Ly = L and v = 1, I is said to be
L-isomorphic to Is.

For i € {1,2} let I} be a marked labelled directed graph. I3 is said to be
isomorphic to I if I' is isomorphic to I as labelled directed graphs and the mapping
between vertices preserves the marked vertices.

Let S be a generating set of a group G. The generating set S is symmetric if
S=s5"1

Let G be a group with a symmetric finite generating set S, M be a set and ¢ :
G — Aut(M) be a homomorphism, where Aut(M) is the set of all bijections of M onto
itself. The orbit of an element m of M is the set Orbg(m) = {¢(g)(m)|g € G}. The
stabilizer of an element m of M is the subgroup Stabg(m) = {g € G| ¢(g)(m) = m}.

DEFINITION 1. Let G be a group with a symmetric finite generating set S, M
be a set and ¢ : G — Aut(M) be a homomorphism. The Schreier graph denoted by
(M, S, ) is a labelled directed graph (M, M x S, S, a, 3, 1) such that a(m,s) = m,
I(m,s) = s, and B(m, s) = p(s)(m). The Schreier graph with a marked vertex denoted
by (M, S, p,mg) is a Schreier graph with a marked vertex mg € M.

Let G be a group with a symmetric finite generating set S, H be a subgroup of G
and G/H be the set of all left cosets of H in G. The Schreier coset graph denoted by
(G/H,S) is a Schreier graph (G/H, S, vn) where o : G — Aut(G/H) is the usual
left action on G/H.

REMARK 1. For i € {1,2} let G; be a group with a symmetric finite generate-
ing set S;. The Schreier graph (M, S1,¢1) is isomorphic to (Mas, Sz, ps2) as labelled
directed graphs if and only if there exist bijections f : M7 — Ms and ~ : S1 — S3 such
that ¢1(s) = f~loa(v(s))f for all s € S;. In particular, if S; = Sy = S, (M1,S, ¢1)
is S-isomorphic to (Ms, S, ¢2) as labelled directed graphs if and only if there exists a
bijection f : My — Mo such that ¢;(s) = f~1pa(s)f for all s € S.
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The next proposition will help us to describe Schreier graphs explicitly in the
later sections.

PROPOSITION 1. Let G be a group with a symmetric finite generating set S, M
be a set, xg € M, and ¢ : G — Aut(M) be a homomorphism. Then the Schreier graph
(Orbg(x0), S, v, x0) with the marked vertex xg is S-isomorphic to the Schreier coset
graph (G/H, S, H) with the marked vertex H = Stabg(x¢) as marked labelled directed
graphs.

PROOF. Define f : G/H — Orbg(xo) by f(9H) = ¢(g)(x0). Since g~ 1¢g’ € H =
Stabg(zg) implies p(g)(zo) = ©(g’)(x0), its map is well-defined. Clearly f is a bi-
jection. Since f(¢u(s)(9H)) = f(sgH) = ¢(sg)(z0) = ¢(s)p(g9)(z0) = ¢(s)(f(9H)),
we have oy (s) = f~to(s)f for all s € S, which is the desired conclusion by Remark
1. O

Let m and n be nonzero integers. The group with the presentation (A, B | AB™ =
B™A) is called the Baumslag-Solitar group and it is denoted by BS(m,n). For any
n > 2, BS(1,n) has a geometric representation. That is, we define two affine maps a
and b of the real line R by a(z) = nz and b(x) = x + 1 respectively. Let n > 2, S,, =
{a,b}* and G,, = (S,,) be the subgroup of the affine group Aff(R). Then there exists
the isomorphism h,, : BS(1,n) = G,, with h,(A) = a and h,(B) = b (see [4, p.100]).
Thus, BS(1,n) has the natural left action ¢,, : BS(1,n) = G, — Aff(R) — Aut(R).
By [4, p.102], we note that

(#)n  Gun={g9:R—=R|g(z)=n'z+j/n" ijkelL}

3. Schreier graphs of all real numbers

Let 2 € R and ¢, : G;, — Aut(Orbg, (2)) be the usual left action. By the isomor-
phism h,, and Proposition 1, the Schreier graph (Orbg, (x), Sy, ¢x, ) and the Schreier
coset graph (BS(1,n)/Stabpg ) (), {4, B}*, Stabpg(1,n)(x)) with the marked ver-
texes are isomorphic, so we will consider the Schreier graph (Orbg, (), Sy, @) for
each € R. For simplicity of notation, we write ¢ and (Orbg, (z),S,) instead of
¢+ (g) and the Schreier graph (Orbg,, (), Sp, ¢ ), respectively.

REMARK 2. For any x € R and any f € Stabg, (z) with f # 1g, bfo~! ¢
Stabg, (). Thus Stabg,, (z) is not a normal subgroup of G,,.

We notice that the Schreier graph (Orbg, (), Sp,) for @ € R\ Q is S,-isomorphic
to the Cayley graph of BS(1,n) relative to the generators {4, B}* by the above
since the stabilizer Stabpg(n)() is trivial. However in this section we construct
the Schreier graphs (Orbg, (¢),Sy) for rational numbers ¢ and will compare those
descriptions in the later section (see Theorem 4). Therefore we employ the Schreier
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graph (Orbg, (@), Sp). We construct the Schreier graph (Orbg,(a),S,) by an ar-
rangement of elements in the orbit Orbg, (). The construction of the Cayley graph
of BS(1,n) & G, given in [4] depends on the fact that the word problem for BS(1,n)
is solvable.

Let Z, = {0,1,...,n — 1} be the finite group with the additive group structure.
The set of all finite words over Z,, and the set of all infinite words over Z,, are denoted
by Z! and Z% respectively. Let Loy = Z: \ {e}, where € denotes the empty word. For
every word w = wyws ... wy in Z7, the length of w, denoted by |w]|, is the number k.
Note that || is zero.

DEFINITION 2. An element w of Z% is called a rational element in Z% if there
exist u € Z;, and v € Z; such that
(1) w=uv™,
(2) v # t* whenever k > 2 and t € Z, and

(3) uju| # v}y Whenever u # ¢.

Then, we say that the pair (u,v) of words satisfies (A). An element w of Z¥ which
is not rational is called an irrational element in Z%. Let x € R. Then, there exists
w € Z% such that z — [z| = Y,o, w;/n’, where |z| = max{k € Z|k < z}. We say
that x is represented by w € Zﬁ._lt is easy to see that x is a rational number if and
only if it is represented by a rational element in Z%.

LEMMA 1. Let z,2’ € Z and y be an irrational element of Z% with xy = z'y.
Then v =2'.

PrOOF. Without loss of generality, we can assume that |z| < |2’|. By assump-
tion, Yu/|—|z|+; = ¥; for each j > 1. Since y is an irrational element in Z, |2'| = |z|.
Therefore, x = 2. O

LEMMA 2. Suppose that pairs (z,y) and (2',y’) of words satisfy (A). Then

Y™ = 2'y'*® if and only if r =2’ andy =1vy'.

PROOF. Suppose that xy> = 2'y’*°. It suffices to show that x = 2’ and y = 7/'.
First we show that |z| = |2/|. On the contrary, suppose that |z| < |2/|. For any k > 1,
there exists a unique k € {1,...,|y|} such that ¥k = k£ mod |y|. Then

2l = (@Y%) 12| = @Y™ 1) = (W) |ar| = || = Yjar|—|a]-
On the other hand,

Y1 = @Y1y 191/0) = @Y 14 1n1(y1/9) = Y 0= L2l 4yl (1 /9) = Yia'|=la]>

where g = ged([y'|, [y[). Since 2’ # €, by the assumption of z/, we see x|, # ¥/ /|, a

contradiction. Thus |z| = |2'|. Hence we have that © = 2/ and y> = y/>°.
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Next we show that |y| = [¢/|. On the contrary, suppose that |y| < |¢'|. There
exist & € Z and B > 0 such that |y'|a+ |y|8 = g. For any i > 1

(' )ivg = )ity latlyls = Witz = W)ixiyis = )i = (¥'):.
<

ly| < |y’|. This contradicts the
assumption of y’. Since |y| = |y'|, we conclude y = y/'. O

Since y’*° has the period g, ¥’ has the period g

LEMMA 3. Let x,y € i; Suppose that x|, =y, and the word y satisfies the

condition (2) in Definition 2. Then xy> = y>° if and only if |z| = 0mod |y| and x =
lz]/ly]
Y .

PROOF. Suppose that zy™ = y>=. It suffices to show that |z| =
Omod |y| and = = yl*//I¥l. Let m > 0 and 1 < r < |y| such that |z| = |y|m + r.
Then for any ¢ > 1

W)itr = (@Y ) jelritr = (@Y ) jelritr+lylm = (@Y7 2| +itlz] = U)it|a|

= (2Y™)ital

= (™)
Thus y> has the period 7 and (y1...yp,)* = y> = (y1...%,)>. Since (g,y) and
(e,y1...yr) satisfy (A), by Lemma 2, we have |y| = r. Therefore || = 0 mod |y|.
Moreover, since (zy>); = (y>°); for all 1 < i < |z|, we have z = yl=l/1¥], O

Let o : Z¥ — Z¥ be the sift map defined by o(wiwaws ...) = wowswy ... Write

%"l = go--- o foreach k > 1, where ¢ is the identity map. We note that o*~1(w); =
——

k—1
wWy—_14 for any k,¢ > 1 and each w € Z¥.

LEMMA 4. Let (x,y) be a pair of words satisfying (A). Then for |z| < j < j,
ol (xy>®) = Uj,(xy‘x’) if and only if 7/ —j =0 mod |yl

PrOOF. For any k > 1, there exists a unique k € {1,...,|y|} such that k = k
mod |y|. Then

ol (wy™) = oY) = (Y japs1 - Yy jm) 07 T (y>), and

ol (xy®) = o7 ~lol (y>).

Thus o(zy™) = o/ (ay™) if and only if (yj_jejz1---Yy—jz) 0’ 1*I(y>=) =

o/ I"l(y>°). By Lemma3, (y;—jajs1 .- Yyr—jo)) 0 " (y>) = 09" 71*I(y>) if and only

if 7/ —7=0 mod |y|. O
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For any v € Z% and any t € Z,, set D, = Z + > .o, v;/n' C R, and D! =
nZ+t+ 3,5, vi/n' CR. Note that 0 < 3., vi/n’ <1and D, = | |, x Di.

LEMMA 5. Lety andy’ be irrational elements in Z<. Then, the following state-
ments are equivalent.

(1) D, N D,y £ (.
(2) 2@1 yi/n' = 2121 yi/n'.
B)y=vy.
Proor. It suffices to show that (2) implies (3). On the contrary, suppose that
there exists ¢ > 1 such that y; # . Let io = min{é | y; # y}}. Then,

Yio /' + Y yi/nt =y mo+ > yi/nt,

i>ig+1 i>i0+1

Without loss of generality, we can assume that y;, < ygo. Since y and ¥’ are irrational
elements,

1/n" <y /n' —y;, /n" + Z yi/n' = Z yi/n' < 1/n",
1290+1 i2i0+1
a contradiction. 0
LEMMA 6. Let (z,y) and (2,y’) be pairs of words satisfying (A) such that
min{|y|, [¢|} > 2 whenever y # y'. Then, the following statements are equivalent.
(1) Dyyoo N Dyryroe # 0.
(2) im1 (@y™)s/n' =325, (&'y">)i/n’".
(3) wy> =a'y">.
PROOF.  Suppose that -, (zy>):/n’ = 3,5 (z'y'>):/n’. Tt suffices to prove

/,,/100

that xy> = 2'y/>*°. On the contrary, suppose that there exists ¢ > 1 such that
(zy>): # (x/y""’) Let ig = min{i | (xy*); # (z'y"*);}. Then
(xyoo)io/nio + Z (J}yoo)i/ni ( / /oo /nlo + Z ' /oo
i>i0+1 i>i0+1

Without loss of generality, we can assume that (zy®);, < (2'y/*°)i,.
If min{|y|,|y'|} > 2, orif y =y' € {1,...,n — 2}, then we have

l/nio < (x/y/OO) /nio_( /nzo+ Z z /oo _ Z (xyoo)z/nz < 1/ni°,
i>i0+1 i>i0+1

a contradiction.
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If y =y =0, then ig < |z’|. Then
1/nio < (m/y/oo)io/nio _ (xyoo)io/nio + Z (:v’y’oo)i/ni _ Z (xyoo)l/nz < 1/ni°,
1>i0+1 i>i9+1
a contradiction.
If y=9y =n—1, then iy < |z|. Then
1/’1’Li0 < (xly/oo)ig/nio _ (xyoo)io/nio + Z (x’y’oo)i/ni — Z (xyoo)z/nz < 1/Tli0,
i>i0+1 i>i0+1
a contradiction. Therefore zy>® = z'y'>. O

The proof of the following lemma is immediate, so the details are left to the
reader.

LEMMA 7. Letv € Zy andt € Z,. Then,

(a) a(Dy) = DZI(U), a”'(D}) = Dy, a~(Dy) = Liez, Pros

(b) b1(DL) = DI*', and b*'(D,) = D,.

DEFINITION 3. Let w € Z%. Set V,, = {uo’(w)|j > 0,u € Z:}, Ey = Vi X
({a} U7Z,), and L, = {a}*. Define ay : Ey — Vi, Buw : Ew — Vi and [, :
E, — Ly by a,(v,a) = ay(v, k) = v, Bu(v,a) = o), Buw(v, k) = kv, l,(v,a) = a
and I, (v, k) = a~! for each v € V,, and each k € Z,. The labelled directed graph
(Ve Erpy Lups 0y By Ly) and the Schreier graph (Z,{£1}, ¢) will be denoted by I,
and I7, respectively, where ¢ : Z — Aut(Z) is the usual action.

LEMMA 8. (1) If w is an irrational element in Z%, then
Vi = I_l{aj(w)} L |_| {uw} U |_| {sto? (w)}.
j>1 u€Z}, J>1,8€L} AELy tFw;

(2) If w = uv™ is a rational element in ZY as in Definition 2, then

Vo= || {dw}u | ] {sto? (w)}.

[u| <g<|u|+|v] |u|<j<|ul+|v|,s €L, t€Ln tF#wW;

PROOF. By Lemmas 2 and 4, we can easily show (2). Thus we prove (1). Let
J.j' > 1, uu € Z, and t,t' € Z,, with t # w; and t’ # w;,. It suffices to show the
following statements:

j = j' whenever ¢ (w) = o7 (w).
u = v’ whenever uw = v'w.
u , t=1, and j = j/ whenever uto’ (w) = u't'c? (w).

d) o7 (w) # uw.
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(e) 0¥ (w) # uﬁ/oj/ (w).
(f) vw # u'te? (w).

The statements (b) and (d) directly follow from Lemma 1.

Suppose that ute? (w) = u/'t'o?’ (w) and j < j'. Since 07 (w) = wjt; ... wjod (w),
by Lemma 1, we have utw;yq ... w; = u't’. Since t' # wj:, we see j = j', thus v = o’
and t = t/, which proves (¢). Similarly, we can show (a).

If j > 4, by Lemma 1, ut'c? (w) = ut'wjryq ... wjo? (w) # of (w). Suppose that
j < j"and o7 (w) = ut'e? (w). Since o7 (w) = wjy1 ... wjod (W), wjy1 ... wyod (w) =
ut'c?’ (w). Hence by Lemma 1 w; ... w; = ut’. Thus wj = t', a contradiction, and
(e) is proved.

Since w; # t, uwy ... w; # w't. By Lemma 1, uw = uw; ... wjo (w) # u'to? (w),
which proves (f). O

LEMMA 9. Letn > 2 and x € R represented by w € Z¥. Then, Orbg, (z) =
l_l'uGVw DU'

PrOOF. By Lemmas 5,6 and 8, |J
show that Orbg, (z) = J

= |,ev, Dv- Thus it suffices to
D,, by Lemma 7,

vEVy
D,. Since z € Dw cy

vEVy vEVy,
ome, 1 J U a0 = U D.
gEG, VEV,, veEV,

Let j > 0 and u € Z;,. It suffices to show that D,,;(,) C Orbg, (z). We have

Dyoiwy =Z + Z (uo? (w

i>1
|ul
_Z—l—Zuz/n + ) wy/ntt
1>j+1
|ul
_Z—l—Zu/n + nd el Zwl/n —Zwl/n

>1

||

2 — 3 b (1)

=1 =1
= [pra el nl" T = T e gip- el (2) | k€ Z) © Orbg, ().
O

THEOREM 3. Letn > 2 and x be a real number represented by w € Zs. Then,
there exists a homomorphism h = (f,,v) : (Orbg, (x), Sn) — Iy such that for every
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v € Vi, the subgraph h=*(v) = (D, D, x {b}*,S,,al,B|,1]) is isomorphic to I,
where h=1(v) = (f~1(v), v "1 (v), Sn, al, B, 1|)-

PrOOF. It suffices to find a homomorphism h = (f,,v) : (Orbg, (x), Sn) = Ty
such that for every v € V,,, the subgraph h=!(v) is isomorphic to I'z. By Lemmas 8 and
9, for any y € Orbg,, (), there exists a unique v, € V,, and k € Z,, such that y € ny C
D,,. Thus, we can define f : Orbg, () — Vi, ¥ : Orbg, (2) x S, = £, UV, and
V1 8n = Lu by f(y) = vy, ¥(y,a) = (f(y),a), Y(y,a™") = (f().k), ¥(y.b) = f(v),
Uy, b7 = f(y), v(a) = a, y(a™") =a!, y(b) = a, and y(b7') = a”". O

4. Classification of Schreier graphs
In this section we classify Schreier graphs described in the previous section.

LEMMA 10. Letwv € i; Fori>1set W; =b""ig and Z; = b*ia. Then,

for every k > 1, Wy, --- Wy and Zy, - - - Z1 are nontrivial affine maps with the slopes n*

such that

(Wk - Wl)(Z(ono)j/nJ) = Z(voo)k+j/nj and

Jj=1 Jjz1

(Ze Z0)(= 3 (0™)/00) = = S (0™ /.

j=1 Jj=1

PrROOF. The proof is by induction on k. The affine map W7 has the slope n
such that

WY (w);/n) = b= a (30 (%) /nd) = 6T ((0%)1 + 3 (v%°);/m )

j>1 j>1 j>2
=Y W)y /0.
Jj=>1
Assume the formula holds for k£ — 1, we have

(WiWimr - W) (3 (0%);/n7) = Wi(D_(0™)i-145/n7)

Jj=21 Jj21

R G (Z(Uoo)k—1+j/nj)

Jj=1

= b~ (0 + Y (0ot /)

Jj=2

=3 (0™)ky/0?

Jj=1
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and the affine map Wy, - - - W, has the slope n*. Similarly, we can prove it for Zy, - - - Z.
O

REMARK 3. Let 2,y € R. Then, by Remark 1, Schreier graphs (Orbg, (), Sn)
and (Orbg, (y),S,) are isomorphic if and only if there exist two bijections f :
Orbg,, (z) — Orbg, (y) and v : S, — S, such that v(s)(f(z)) = f(s(z)) for each
z € Orbg, (z) and each s € S),.

LEMMA 11. Let z,y € R. Suppose that the Schreier graph (Orbg, (x), Sy ) is
isomorphic to the Schreier graph (Orbg, (y), Sn) by a bijection v : S, — S,. Then

Y(@)y(B)v(a )y (b~ = 1 in Gp
if and only if
v=1s, or ~a)=a@ ) =a"ty(b)=b"", andy(b~') =b.

PrOOF. Let f: Orbg, (z) = Orbg, (v) be a bijection as in Remark 3. For any
s € S and any xg € Orbg, (), v(s)v(s™ 1) (f(z0)) = f(ss7(z0)) = f(z0) by Remark
3. Since f is a bijection, ¥(s)y(s™") = 1o, (). Since y(s)y(s™') is an affine map,
Y(s)y(s7") = 1k, thus y(s) ™! = 7(s7") € Af(R).

Suppose that vy(a)y(b)y(a=1)y(b~1)" = 1g and v # 1g,. Since a(xr) = nz and
v(b~1) has the n-th power, v(b~1) € {b}*.

Suppose that y(b~1) = b1, Then v(b) = b. Since v # 1g,, we have v(a) = a™ .
Then v(a)y(b)y(a=1)y(b~1)" = a~tbab™"™ # 1g, a contradiction. Thus v(b~') = b
and y(b) = b~ 1.

If v(a) = a=!, then v(a™!) = a and v(a)y(b)y(a=1)y(b~1)" = a~ b~ tab" # 1g, a
contradiction. Hence y(a) = a and y(a™!) = a™!. O

THEOREM 4. Let m,n > 2 with m # n.

(1) For any z,y € R, the Schreier graph (Orbg,, (), Sn) is not isomorphic to the
Schreier graph (Orbg, (y), Sn) as labelled directed graphs.

(2) For any a1, as € R\Q, the Schreier graph (Orbg, (1), Sn, 1) is Sp-isomorphic
to the Schreier graph (Orbg, (az2), Sn,a2) as marked labelled directed graphs.

(3) For any q € Q and any o € R\ Q, the Schreier graph (Orbg, (q),Sn) is not
isomorphic to the Schreier graph (Orbg, («),Sy,) as labelled directed graphs.

(4) Let q1, g2 € Q. Then, the following statements are equivalent.

(a) The Schreier graph (Orbg, (q1),Sn) is isomorphic to the Schreier graph
(Orbg, (g2), Sn) as labelled directed graphs.

(b) Orbg, (¢1) = Orbg, (g2) or Orbg,(—q1) = Orbg, (g2)-

PROOF. On the contrary, suppose that the Schreier graphs (Orbg,, (x), Sp) and
(Orbg, (y), Sy) are isomorphic by bijections f : Orbg () — Orbg, (y) and v : S, —



12 TAKAMICHI SATO

S, as in Remark 1. We check at once that y(a)y(b)y(a=!)y(b~1)™ # 1g € Gy.
By Remark 1, y(a)y(b)y(a=1)y(b=1)"(f(2)) = f(aba=tb=™(z2)) = f(z) for each 2 €
Orbg,, (x), contradiction, which proves (1). Since Stabg, (o) = 1 for any a € R\ Q,
by Proposition 1, the statement (2) is proved.

Let ¢ be a rational number represented by uv> and = € R such that the Schreier
graph (Orbg, (q), Sy) is isomorphic to the Schreier graph (Orbg, (), Sp) as labelled
directed graphs by bijections f : Orbg, (¢) — Orbg, (z) and v : S, — S, as in Remark
3. Let g = ZjZI(voo)j/nj € Orbg, (q). Since aba=b="(¢') = ¢ for each ¢’ €
Orbg, (q), by Remark 3, we have y(a)y(b)y(a™)y(b~1)"(f(¢")) = f(aba™'b7"(¢)) =
f(q'). Hence, v(a)y(b)y(a=1)y(b~1)" = 1g. By Lemma 11,

v=1s, or 7(a)=a,y(a ) =a " y(b) =b"", andy(b7") =b. (E)
On the other hand, by Lemma 10, there exists a nontrivial affine map W, --- Wy =
cx---c1 such that cg---c1(qo) = qo, where ¢; € {a,b~'}. By Remark 3, we have

Aer) -+ 1en)(Fao)) = Flex - ex(an) = flao)-

(i) If v = 1g,,, then the nontrivial affine map ¢ -+ - ¢; fixes both ¢o and f(qo).
Hence, f(40) = ao.

(ii)If v(a) = a,y(a™t) = a1, y(b) = b7, and v(b~!) = b, then by Lemma
10, y(ck)---v(c1)(=qo) = Zjy| - Z1(—qo) = —qo. Since the nontrivial affine map
v(ex) - -v(er) fixes both —go and f(qo), we have —qo = f(qo).

We start to prove (3). On the contrary, if z = o € R\ Q, by the above, we see
f(qo0) € Q, a contradiction, which proves (3).

Next we prove (4). Suppose that the statement (a) holds, i.e..¢g = q1, x = ¢ € Q
above. If v = 1g , by (i) above, Orbg, (¢1) = Orbg, (¢o) = Orbg, (g2). If v # 1g, , by
(i4) above, Orbg, (—q1) = Orbg, (—qo) = Orbg, (¢2), which proves (b).

Suppose that the statement (b) holds. We show that (Orbg, (¢1),S,) and
(Orbg, (g2), Sn) are isomorphic. Without loss of generality, we can assume that
Orbg, (—q1) = Orbg,(q2). Define v : S, — S, by v(a) = a, y(a™t) =
a”l, y(b) = b7!, and y(b~!) = b. In addition define f : Orbg,(q1) — Orbg, (g2)
by f(ck---c1(q1)) = v(ex) -+ vy(c1)(—q1), where ¢; € S,. By induction on k, we can
show that (¢ ---c1)(q1) + (v(ck) - - v(e1))(—q1) = 0 for each k > 1 and each ¢; € S,,.
Hence, f is well-defined and an injection. By definition, f is a surjection satisfying
that f(s(2)) =~(s)(f(2)) for each z € Orbg, (¢1) and each s € S,,. By Remark 3, the
Schreier graphs (Orbg, (¢1),S») and (Orbg, (¢2),S,) are isomorphic by f and v. O

COROLLARY 1. Let q1, g2 be rational numbers. Then, the following statements
are equivalent.

(a) The Schreier graph (Orbg, (q1),Sn,q1) is isomorphic to the Schreier graph
(Orbg, (q2), Sn, q2) as marked labelled directed graphs.
() a1l = gzl
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PRrROOF. From the latter part of the proof of Theorem 4, we can show that
(b) implies (a). Suppose that (Orbeg, (q1), Sn,q1) is isomorphic to (Orbg, (g2), Sn, ¢2)
by bijections f : Orbg, (¢1) — Orbg,, (¢2) with f(q1) = ¢2 and v : S,, — S, as in
Remark 3. It suffices to show that |g1| = |g2|. Let us represent by uv™ € Z% ¢, € Q.
Set qo = Zj21(v°°)j/nj € Orbg, (q1). Then, there exist dy,...,d; € S, such that

(d; ---di)(q1) = qo. From the proof of Theorem 4, the map ~ satisfies (E) in the proof
of Theorem 4, and the map [ satisfies

@ ify=1g
f(q) = . !
—qo ify#1s,.

Moreover, there exist c¢i,...,cx € S, such that (cx---c1)(q@o) = ¢o and

7(ex) - (e1)(f(9)) = fldo). Then
(dj---di) ek --er)(dj-di)(q1) = qu.
By Remark 3
y(dn) ™ y(dy) T ) (e r(dy) - v (dn) (g2) = o

Thus y(cx) - -~(e)(v(d;) - - -~(dr) (g ) ( dj)---~(d1)(g2)-
Suppose that v = 1g,. Then, (cx---c1)((d; )(qg)) = (d;---d1)(g2). Since
the nontrivial affine map ¢ ---¢; fixes both g9 = ( d1)(q1) and (d;---di)(g2),

(dj---di)(q1) = (dj---d1)(g2). We conclude that ¢ = ¢o.

Suppose that ~ # 1g . By Remark 3, ~(d;)---v(di)(q2) =
(y(dj)---v(d1)(f(qr)) = f((dj---di)(q1)) = fl@o) = —qo = —(dj---di)(qu).
Since the map ~ satisfies (E) in the proof of Theorem 4, by induction on j, we can
show ¢; = —qs. O

5. Applications

First we determine the group structure of stabilizers for all rational numbers
by using the Schreier graphs described in the previous section. The proof of next
proposition allows us to understand a word stood for a generator as well as the group
structure. We note that the the stabilizer Stabg, (¢) is an infinite index subgroup of
G, since the orbit Orbg, (¢g) is an infinite set.

PROPOSITION 2. Let n > 2 and q be a rational number represented by uv™ €
7. Then, there exists f € Aff(R) such that f(x) = nl"l(x — q) + ¢ for each = € R,
and Stabg, (q) = (f) = Z.
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Proor. For ¢ >1 set I/INQ = p= (W T)ig, By Lemma 10 we have

Wit fol -+ Wiae1 Wiay - Wi (07 (q)) = Wiapppo - Wias1 O (0™)i/n")

i>1

= Wiy - Wi( Y (0™)i/n’)

= >0/
i>1

= Wlul W (b=l (q)).

Set f = blalw;t... W@lw\mﬂm e /V[\/:MHWM ... Wb~ Then, f is an affine map
with the slope n!”! such that f(q) = ¢. Hence (f) < Stabg, ().

Let g € Stabg, (¢). By (%), there exists i € Z such that g(x) = n’(z — q) + q for
any x € R. If [v| = 1, f has the slope n, thus ¢ = f*. Hence, we may assume that
|[v| > 2. On the contrary, suppose that there exist h € Stabg, (¢) \ (f), 0 < r < |v|,
j € Z, and k > 0 such that h(z) = n"x + j/n* and h(q) = ¢. Then, we have

—J

= nk(nm—1)

There exist m > 0 and z = 2129...2, € Z with z # (n — 1)" such that

r—1 r—1 r r
il = (Z(n 1>n"> m+gn =n' (mZ o 1 +ZZ?> '

i=0 i=1
Since
n” 1)’
=2 ()
j=0
we have
k (2%)i k (%)
qn :m—i—z nil or qn :—(m—{—l)—i—z niz,

i>1 i>1

wherez=(n—-1—21)...(n—1—2.) € Z Thus, gn* has a repeating part whose
length is the period of 2*°. However,

) K uv);
g = [ L)+ 30 W) e (Lq Jnk + Z(uvwmi) 30

i>1 i=1 i>1

which contradicts (2) in Definition 2. O
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Next we introduce the definition of being isomorphic in presentations for sub-
groups in order to translate the graphical expression of the Schreier graphs into the
algebraic expression of subgroups. Consequently, we get a relevance to presentations
for the stabilizers from the previous result about the classification of the Schreier
graphs (see Theorem 5).

Fori € {1,2}, let G; be a group with a generating set Tj. Let T, ' = {t~1 |t € T}
and Tii =T;U Ti_l. We assume that

(*) teT,NnT; "' ifand only if t € T;, t*=1.

Fori € {1,2} let X; = {a|t€T;}. Set X; ' = {x; |t € T;}, where z; ' denotes a
new symbol corresponding to the element z;. We assume that X; NX," ' = ( and that
the expression (z;')~! denotes the element x;. For i € {1,2} the free group with
the basis X; is denoted by F(X;), and for a subset R; of F(X;) the normal closure of
the set R; in F'(X;) is denoted by ((R;)). Let G; be the group with the presentation
(Xi| R;) with respect to the epimorphism v; : F'(X;) — G; given by ;(x:) = t.

DEFINITION 4. For i € {1,2}, let H; be a subgroup of G;. H; and Hs are
isomorphic in presentations (X1|R1) and (X2|Ra) respectively if there exists a bi-
jection v : Xi — X3 with y(z; ) = y(z)~! such that 7 (Y7 (Hy)) = 5 ' (Hy)
and J({(R1))) = ((Rz)), where ¥ : F(X1) — F(X32) is defined by y(zf} ---27}) =
Y(xgy )t -y, )* for e; € {£1}. Then, 7 is an isomorphism and H; = Hy. Con-
versely, if there exists an isomorphism 7 : F(X;) — F(X3) such that 7(K7) = K, for
each K; € {1, ' (H;), Kertp;, X}, then v = §|Xli satisfies the above condition.

PROPOSITION 3. Let I = (G;/H;, T/, H;) and
Il = (F(X;)/¢;7 (H), XE, 4,7 (H;)) be Schreier coset graphs for i € {1,2}. Then,
the following statements are equivalent.
(a) I is isomorphic to I'y as marked labelled directed graphs by a bijection v :
TE = T such that y(t) = ~(t)~! for every t € Ty.
(b) I is isomorphic to I'y as marked labelled directed graphs by a bijection ' :
XE = X5 with o/ (z;Y) =~ (2,) " for every z, € X, satisfying the condition

(B)  i(x)* = 1g, if and only if ¥a( (24))* = lg,.

PROOF. Let o; : G; — Aut(G;/H;) and ¢} : F(X;) — Aut(F(X;)/v;  (H;))
be the usual left actions for i € {1,2}. We define ¥; : F(X;)/v; ' (H;) — G;/H; by
@, (y b, H(H;)) = ¥i(y)H;. Since y~ 'y’ € o; *(H;) is equivalent to 4;(y) ™ (') € Hi,
¥, is well-defined and an injection. Since ); is a surjection, ¥; is also a surjection.

Suppose that the statement (a) holds. Let f : G1/H; — G3/Hs be a bijection
between vertices such that f(H;) = Hs and fo1(t) = wa2(y(t))f for every t € Ty.
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Set f' =Wy oy« F(X1) /vy (Hy) — F(X2) /1y ' (Hy). Clearly f is bijective with

F@r (H)) = ¢y ' (Ha).
Define v/ : Xi — X by

/() aiyy  ifq(t) € Tr and € € {£1},
€T =
o z G- ify(t) € To and € € {£1}.

Then we have v/ (z; ') = 7/(x;)~!. To show that " is bijective, we define o : Xi — X7
by

) = a1y ify7H(t) € Ty and € € {£1},
B if y71(¢) ¢ Ty and € € {£1}.

s
Then

(af) o5 ) if v(t) € Ty and € € {£1},
g X =
T T oty 0) () ¢ T and £ € {1,

£ 4(8) € Toy v~ (2(6) =t € To. (1) & T, 7~ (3(6)")) = 4~ (1) = -1 ¢ Ty
by (x). Since v(t~1) = ()71, we have y~(s71) = v~!(s)~!. Hence we have

xf if y(t) € Tr and € € {£1},
xf if y(t) ¢ Ty and € € {£1},

o9 (xf) = {

thus o+’ = ly+. The similar argument gives Yo = lyz. Thus ~" is a bijection.
Since 12 (v (x4)) = 7(t) and t? = 1, if and only if y(t)? = 15, , we have ¥ (z;)? =
lg, if and only if ¥ (y/(2+))? = 1g,, which establishes (B).
Since W1 ¢! (x+) = 1 ()¥1 and Pah (v (x4)) = @2(v(t)) P2, we have

e (v (@) f o1 (@)™t = e (v (@)W O () T = Wy hpa (v()) fer ()
=yt fuy
= f’,
By Remark 1 we obtain (b).

Suppose that the statement (b) holds. Let f' : F(X1)/¢o7Y(H) —
F(X5)/15*(Hy) be a bijection between vertices such that f/(y7(Hy)) = 5 ' (Ha)
and /¢! (z;) = (v (1)) f’ for every x; € X1. Set f = W f'W; ' : G1/H, — Go/Ho.
Clearly f is bijective with f(H;) = Ha.

Define y : T:5 — T3 by v(t°) = 1a(v/(25)) for each t € T} and e € {#1}. First
we show that v is well-defined. Suppose that ¢5* = 5. If &1 = g2 and ¢ = io,
then 1o(7/ (71)) = Y2 (v (252)). If &1 # €2, then ¢1 = t5. Since ¥o(y/(2,))* = la,
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by (B), ¥2(¥'(x7})) = Y2 (v (2;,")) = wa2(y/(252)). Thus 7 is well-defined. Then we
have y(t~') = y(t)~!. Next we show that 7 is bijective. We define p : T — Ti= by
p(t) = 1 (y/~1(xf)) for each t € Ty and ¢ € {£1}. Since 7/ satisfies the condition

(B), ¥a(x4)? = 1g, if and only if (v~ (2¢))? = 1g,. Hence p is well-defined. We
can easily see that yp = 1T2i and py = 1T1i. Hence 7 is a bijection.

Since W19} (1) = ¢1(1)¥1 and Yap5 (7' (1)) = p2(7(1)) P2,
Pa (V) fpr(t) ™! = (v ()W f' Ty o1 ()1 = Waiph (v () f ' () M7
= 0 [0y
= f.
By Remark 1 we obtain (a). O

LEMMA 12. Let I; = (Gi/Hi,Tii,Hi) be Schreier coset graphs for i € {1,2}.
Then the following statements are equivalent.

(a) I is isomorphic to Iy as marked labelled directed graphs by a bijection v :
TljE — T2jE satisfying the following condition: for any ti,...,tx € 11 and any
€1,...,¢6 € {£1},

(€) 6t =g, if and only if () A() = 1a,.
(b) Hy and Hy are isomorphic in presentations (X1|R1) and (X2|Ra) respectively.
PROOF. By Proposition 3, (a) is equivalent to the following statement.

(a’) I is isomorphic to I as marked labelled directed graphs by a bijection 7' :
XE = X5 such that v/ (z; 1) = /()" for every z, € X, and
(C) () - valayy) = 1g, if and only if o(y'(27))) - ¥2(7(24))) = Las-
In addition we note that the following statements are equivalent.
(1) There exists a bijection v/ : X — X3 with 7/(z; 1) = /(2;)~" satisfying the
condition (C").
(2) There exists a group isomorphism & : F(X;) — F(X5) such that §(Xi°) = X3
and 6(((R1))) = ((R2))-
Suppose that the statement (a) holds. By the above, we may suppose that
the statement (a’) holds, and can take v/ as § in (2), where 7/ : F(X;) — F(X5)
given by ;’(mill cexyr) = (@4,) - - (w4,) %% Tt suffices to prove that v (7Y (Hy))

= oy H(Hy). Let f': F(X1)/¢; (Hy) — F(X2) /15 *(Hz) be a bijection between ver-
tices which preserves marked vertices. Now, we note that for i € {1,2}, ¢; ' (H;) =
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{I1(P)| P is an edge path in I" from v; '(H;) to itself }, where I(P) = l(e,)...l(e1)
whenever P =e1...¢,.
Let [(P) € ¢y ' (H), where e; = (237" -2y (Hy), xif) and P =e;...e,.

Since @7 - 2{ T (H) = Blen) = 1#1_1(}]{_11), by Remark 1,
¥ (UP) 3 (Ha) =~ (a57) -~ (@) f (1 M (Hr)) = f/(a5n - aipy  (Hy))
= f'(¥7 (H))
=1y (Hy).

Thus we have 7/ (471 (H1)) C ¢35 (Hy). Similarly v (3 (Hz)) C %7 (Hy), which
proves ' (wfl(Hl)) = w;l(Hg).

Suppose that the statement (b) holds. There exists a bijection ' : X1jE — X2jE with
¥'(w; ) =7/ () 7" such that 7 (;* (Hy)) = 5 ' (Hz) and v/ ({(R1))) = ((R»)), which
establishes (2). Define f' : F(X1)/v7 ' (H1) — F(X2)/v5 ' (H2) by f'(g¢7 ' (Hy))
=7/(g)y ' (Hz). Since gy g1 € vy ' (H1) is equivalent to 7/(gy 1) € 7' (1" (H1)) =
Yy '(Hy), f'is well-defined and an injection. Since 7~’ is a surjection, f’ is also a
surjection. Since

Fer(x) gy (H)) = f(xegy (i) = 7 (@rg)vy  (Ho)
= /(20)7 ()5 ' (Ho)
= Ph(7' () [ (gv1H (H1)),

we have f'¢!(x:) = h(v' () f for every x; € X;. Thus I is isomorphic to Iy as
marked labelled directed graphs by a bijection 4/ : X — X3, which establishes (a'),
ie., (a). O

By Lemmas 11 and 12, Corollary 1, (1) in Theorem 4 and the isomorphism h,,,
we obtain the following theorem.

THEOREM 5. Let m,n > 2 and q1, g2 € Q. Then the following statements are
equivalent.

(a) Stabps(,m)(q1) and Stabgg(i n)(g2) are isomorphic in presentations BS(1,m)
and BS(1,n) respectively.
(0) m=mn and || = |gz|-
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