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ABSTRACT. In [1], the authors introduced and studied the notion of almost contra-b-
continuity in topological spaces. In this paper, we investigate some more properties
of this type of continuity.

1 Introduction Generalized open sets play a very important role in General Topology
and they are now the research topics of many topologists worldwide. Indeed a significant
theme in General Topology and Real analysis concerns the various modified forms of con-
tinuity, seperation axioms etc. by utilizing generalized open sets. One of the most well
known notions and also an inspiration source is the notion of b-open [2] sets introduced
by Andrijevic in 1996. This class is a subset of the class of semi-preopen sets [3], that
is a subset of a topological space which is contained in the closure of the interior of its
closure. Also, a class of b-open sets is a superset of the class of semi-open sets [17], that
is a set which is contained in the closure of its interior, and the class of preopen sets [19],
that is a set which is contained in the interior of its closure. Andrijevic studied several
fundamental and interesting properties of b-open sets. In [1], the authors introduced and
studied the notion of almost contra-b-continuity in topological spaces. In this paper, we
investigate some more properties of this type of continuity.

2 Preliminaries Throughout the paper (X, 7) and (Y, o) (or simply X and Y') rep-
resent topological spaces on which no separation axioms are assumed unless otherwise
mentioned. For a subset A of a space (X, 1), Cl(A), Int(A) and A° denote the closure of
A, the interior of A and the complement of A in X, respectively. A subset A of X is said to
be regular open [26] (resp. semi-open [17], preopen [19], a-open [21], b-open [2](= 7-open
[13])) if A = Int(CIl(A)) (resp. A C Cl(Int(A)), A C Int(Cl(A)), A C Int(Cl(Int(A))),
A C Int(Cl(A))UCI(Int(A))). The family of all a-open (resp. regular open, b-open) sub-
sets of X is denoted by aO(X) (resp. RO(X), BO(X)). The complement of semi-open
(resp. regular open, preopen, b-open) is called semi-closed [7] (resp. regular closed, pre-
closed [19], b-closed [2]). The family of all regular closed sets (resp. b-closed sets) of (X, 7)
is denoted by RC(X) (resp. BC(X)). The intersection of all regular open sets containing
A is called the r-kernal [9] of A and is denoted by rKer(A). The intersection of all semi-
closed (resp. preclosed, b-closed) sets containing A is called the semi-closure [6] (resp.
pre-closure [19], b-closure [2]) of A and is denoted by sCI(A) (resp. pCl(A), bCI(A)). A
subset A is b-closed if and only if A= bCI(A). For each x € X, the family of all b-open
(resp. b-closed, semi-open, regular open, regular closed) sets containing x is denoted by
BO(X,z) (resp. BC(X,x), SO(X,z), RO(X,z), RC(X,z)). The #-semi-closure [16] of
A, denoted by 0-sC1(A), is defined to be the set of all z € X such that ANCI(U) # @ for
every U € SO(X,z). A subset A is called #-semi-closed [16] if and only if A = 6-sCI(A).
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The complement of f-semi-closed set is called #-semi-open [16]. For a subset A of X,
sCl(A)=AUInt(CI(A)) [3], pCI(A) = AUCI(Int(A)) [3] and bCI(A) = sCI(A)NpCI(A)
[2]. If A is open in a space X, then sCl(A) = Int(CIl(A)) [3]. It follows that, if A is
open in a space X, then bCI(A) = Int(CI(A)). A function f : (X,7) — (Y, 0) is said to
be b-continuous [13] (resp. contra-b-continuous [20]) if f~1(V) is b-open (resp. b-closed)
set in X for each open set V of Y. A function f : (X,7) — (Y, 0) is said to be weakly
b-continuous [24] (or almost weakly b-continuous [1]) if for every x € X and every open
set V of Y containing f(z), there exists U € BO(X,x) such that f(U) C CI(V).

3 Almost contra-b-continuous functions

Definition 3.1 [1] A function f : (X,7) — (Y, 0) is said to be almost contra-b-continuous
if f~1(V) € BC(X) for each V € RO(Y) (cf. Remark 3.4 below).

It is clear that every contra-b-continuous function is almost contra-b-continuous but the
converse is not true in general.

Example 3.2 Let X = {a,b,c} and 7 = {&,{a}, X}. Then the identity function f :
(X,7) — (X, 7) is almost contra-b-continuous but not contra-b-continuous.

Theorem 3.3 For a function f: (X,7) — (Y,0), the following statements are equiva-
lent:

(i) f is almost contra-b-continuous;
(i) f~Y(F) € BO(X) for every F € RC(Y);
(iii) for each x € X and each F € RC(Y, f(x)), there exists U € BO(X,x) such that
f(U)CF;

(iv) f~1(Int(Cl(Q@))) € BC(X) for every open subset G of (Y,0);

(v) f~YCl(Int(F))) € BO(X) for every closed subset F of (Y,0);

(vi) f(bCU(A)) C rKer(f(A)) for every subset A of (X,7);

(vii) bCI(f~Y(B)) C f~Y(rKer(B)) for every subset B of (Y,0).

Proof (i) (ii): Let F € RC(Y). Then Y\F € RO(Y). By (i), f~'(Y\F) = X\f~1(F) €
BC(X). We have f~(F) € BO(X). The proof of the reverse in similar.

(ii)=(iii): Let F € RC(Y, f(z)). By (i), f~Y(F) € BO(X) and = € f~1(F). Take
U = f~L(F), then f(U) C F.

(iii)=(ii): Let F € RC(Y) and z € f~1(F). From (iii), there exists a b-open set U, in
X containing z such that U, C f~}(F). We have f~}(F) = J{U.|z € f~1(F)}. Since
any union of b-open sets is b-open, f~1(F) is b-open in X.

(i) & (iv): Let G be an open subset of Y. Since Int(CIl(G)) is regular open, then by (i),
it follows that, f~(Int(Cl(G))) € BC(X). The converse can be shown similarly.
(iii)=>(vi): Let A C X and let x € bCI(A) and F € RC(Y, f(z)). By (iii), there exists
U € BO(X,z) such that f(U) C F. Since x € bCI(A), we have U N A # (. Hence,
F(U)N f(A) # @ and therefore F'N f(A) # 0. Tt follows from Proposition 24(i) of [9] that
f(z) e rKer(f(A)) and hence f(bCI(A)) C rKer(f(A)).

(vi)=(vii): Let B C Y. By (vii), f(bCI(f~Y(B))) C rKer(f(f~Y(B))) C rKer(B).
Hence bCl(f~1(B)) C f~1(rKer(B)).

(vii)=>(i): Let V € RO(Y). Then by (vii), bCI(f~1(V)) C f~1(rKer(V)). Since V €
RO(Y),rKer(V) = V and hence bCI(f~1(V)) C f~1(V), which shows that f=}(V) is
b-closed. Consequently, f is almost contra-b-continuous. |
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Remark 3.4 (i) A function f : (X,7) — (Y, 0) is called: almost contra-b-continuous at
a point x € X, if for each regular closed subset V of (Y, o) containing f(z), there exists
a b-open subset U of (X, 7) containing z such that f(U) C V.

(ii) By Theorem 3.3 and definitions, it is shown that a function f : (X,7) — (Y, 0)
is almost contra-b-continuous if and only if f is almost contra-b-continuous at each point
of X.

Theorem 3.5 (i) If f : (X,7) — (Y,0) is weakly-b-continuous and (Y,0) is regular,
then f is b-continuous.

(i) If f: (X,7) — (Y,0) is almost contra-b-continuous and (Y, o) is reqular, then f
is b-continuous.

(i) If f : (X,7) — (Y,0) is contra-b-continuous and (Y, o) is regular, then f is
b-continuous.

Proof. Clear. g

Sometimes, the concept of a b-open set (resp. b-closed set) of a topological space (X, 7)
is called a vy-open set (resp. y-closed set); and so the family BO(X) (resp. BC(X)) is
denoted by vO(X) (resp. vC(X)).

Lemma 3.6 [13] Let A and B be subsets of a topological space (X, T).
(i) If A€ yO(X) and B € aO(X), then AN B € yO(B).
(ii) Let AC BC X, A€ ~yO(B) and B € aO(X), then A € yO(X).

Theorem 3.7 If f : (X,7) — (Y,0) is almost contra-b-continuous and U € aO(X),
then flU : (U, T|U) — (Y, 0) is almost contra-b-continuous.

Proof. Let V be a regular closed subset of Y. We have (f|U)~}(V) = f~%(V)NU. Since
f7Y(V) is b-open and U is a-open, it follows from the Lemma 3.6 (i) that (f|U)~1(V) is
b-open in the relative topology of U. Thus, f|U is almost contra-b-continuous. g

Theorem 3.8 Let f : (X,7) — (Y,0) be a function and x € X. If there exists U €
BO(X,z) and flU : (U,T|U) — (Y,0) is almost contra-b-continuous at x, then f is
almost contra-b-continuous at x.

Proof. Suppose that F' € RC(Y, f(x)). Since f|U is almost contra-b-continuous at z,
there exists V' € BO(U,z) such that f(V) = (f|U)(V) C F. Since U € aO(X,z), it
follows from Lemma 3.6 (ii) that V' € BO(X,x). This shows that f is almost contra-b-
continuous at x. O

Theorem 3.9 Let f: (X,7) — (Y,0) be a function and ¥ = {U; : i € I} be a cover
of X by a-open sets of (X, 7). If for each i € I, f|U; : (U;,7|U;) — (Y,0) is almost
contra-b-continuous, then f: (X,7) — (Y, 0) is almost contra-b-continuous.

Proof. Let V € RC(Y). Since f|U; is almost contra-b-continuous for each ¢ € I,
(flU)~Y(V) € BO(U;), since U; € aO(X), by Lemma 3.6 (2), (f|U;)~*(V) € BO(X)
for each i € U. Then f=1(V) = U{(f|U;)"1(V) € BO(X)li € I}. This gives f is almost
contra-b-continuous. g

Theorem 3.10 Let f: (X,7) — (Y,0) be a function and let g : (X,7) — (X xY,7 X 0)
be the graph function of f, defined by g(x) = (z, f(x)) for every x € X. If g is almost
contra-b-continuous, then f is almost contra-b-continuous.
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Proof. Let V € RC(Y), then X x V = X x Cl(Int(V)) = Cl(Int(X)) x Cl(Int(V)) =
Cl(Int(X xV)). Then X xV € RC(X xY'). Since g is almost contra-b-continuous, then
f7Y(V)=g"YX x V) € BO(X). Thus, f is almost contra-b-continuous. O

Definition 3.11 A function f: (X,7) — (Y, 0) is said to be

(i) pre-b-open it f(U) € BO(Y) for each U € BO(X),

(ii) b-irresolute [13] if for each z € X and each V € BO(Y, f(z)), there exists U €
BO(X,z) such that f(U) C V,

(iil) B-irresolute [13] if for each € X and each V € SO(Y, f(x)), there exists U €
SO(X,x) such that f(CI(U)) Cc CL(V).

Theorem 3.12 If f : (X,7) — (Y,0) is a surjective pre-b-open and g : (Y,0) — (Z,7)
is a function such that go f: (X,7) — (Z,7) is almost contra-b-continuous, then g is
almost contra-b-continuous.

Proof. Let V' be any regular closed set in Z. Since g o f is almost contra-b-continuous,
(go )1 (V) = f~Y(g~Y(V)) is b-open. Since f is surjective pre-b-open, f(f~1(g7*(V)))
= g }(V) is b-open. Therefore, g is almost contra-b-continuous. O

Theorem 3.13 (i) If f : (X,7) — (Y, 0) is b-irresolute and g : (Y,0) — (Z,7) is almost
contra-b-continuous, then go f: (X,7) — (Z,7) is almost contra-b-continuous.

(i) If f : (X,7) — (Y,0) is almost contra-b-continuous and g : (Y,o0) — (Z,7) is
O-irresolute, then go f: (X, 1) — (Z,7) is almost contra-b-continuous.

Proof. (i) Let z € X and W € SO(Z). Then there exists a set U € BO(X, z) such that
(go f)(U) C CY(W). Therefore, g o f is almost contra-b-continuous.
(ii) Similar to (i). O

Definition 3.14 A filter base A is said to be b-convergent (resp. rc-convergent [12]) to
a point © € X if for any U € BO(X,z) (resp. U € RC(X,x)), there exists B € A such
that B C U.

Theorem 3.15 If f : (X,7) — (Y,0) is an almost contra-b-continuous function, then
for each point x € X and each filter base A in X b-converging to x, the filter base f(A)
is rc-convergent to f(x).

Proof. Let x € X and A be any filter base in X b-converging to xz. Since f is almost
contra-b-continuous, then for any V € RC(Y, f(x)), there exists U € BO(X, x) such that
f(U) C V. Since A is b-converging to z, there exists a B € A such that B C U. This
means that f(B) C V and therefore the filter base f(A) is re-convergent to f(x). O

4 Separation axioms and covering properties

Definition 4.1 A topological space (X, 7) is said to be

(i) Ps> [30] if for any open set V' of (X, 7) and each x € V, there exists F' € RC(X, x)
such that x € F C V,

(ii) weakly Py~ [22] if for any V' € RO(X,x), there exists F' € RC(X,x) such that
relFcCV.

Theorem 4.2 If f : (X,7) — (Y,0) is an almost contra-b-continuous function and
(Y,0) is Ps~, then f is b-continuous.
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Proof. Let V be any open set in Y. Since Y is Ps~, there exists a subfamily A of RC(Y")
such that V = U{F : F € A}. Since f is almost contra-b-continuous, f~1(F) is b-open
in X for each F € A and f~1(V) is b-open in X. Therefore, f is b-continuous. O

Theorem 4.3 If f : (X,7) — (Y,0) is an almost contra-b-continuous function and
(Y,0) is weakly Ps~, then f is almost b-continuous.

Proof. Similar to the proof of Theorem 4.2. O

Definition 4.4 A topological space (X, 7) is said to be

(1) weakly Hausdorff [28] if each element of X is an intersection of regular closed sets,

(ii) b-Ty [5] if for each pair of distinct points in X, there exists a b-open set of (X, 7)
containing one point but not the other,

(iii) b-Ty [5] if for each pair of distinct points x and y of X, there exist b-open sets U
and V of (X, 7) containing  and y, respectively such that y ¢ U and x ¢ V,

(iv) b-Ty [10] if for each pair of distinct points « and y of X, there exist b-open sets
Uand Vsuchthat r e U,ye Vand UNV = @.

Theorem 4.5 If f : (X,7) — (Y,0) is an almost contra-b-continuous injection and
(Y, 0) is weakly Hausdor(f, then (X, 7) is b-T;.

Proof. Suppose that Y is weakly Hausdorff. For any two distinct points z and y in
X, there exist V,W € RC(Y) such that f(z) € V, f(y) ¢ V, f(x) ¢ W and f(y) € W.
Since f is almost contra-b-continuous, f~1(V) and f~!(W) are b-open subsets of X such
that z € f~1(V),y ¢ f71(V),z ¢ f~1(W) and y € f~1(W). This shows that X is b-T}.
O

Definition 4.6 A topological space (X, 7) is said to be

(i) hyperconnected [27] if every open set is dense,

(ii) wltra b-connected if every two non-void b-closed subsets of (X, 7) intersect,

(iil) b-connected [13] provided that X is not the union of two disjoint nonempty b-open
sets.

Theorem 4.7 If (X, 7) is ultra b-connected and f : (X,7) — (Y, 0) is an almost contra-
b-continuous surjection, then (Y, o) is hyperconnected.

Proof. Assume that Y is not hyperconnected. Then there exists an open set V' such
that V is not dense in Y. Then there exist disjoint nonempty regular open subsets B
and By in Y, namely Int(CI(V)) and Y \ CI(V). Since f is almost contra-b-continuous
surjection, A; = f~1(B;) and Ay = f~!(By) are disjoint nonempty b-closed subsets of X.
By assumption, the ultra-b-connectedness of X implies that A; and Ay must intersect.
By contradiction, Y is hyperconnected. ([l

Theorem 4.8 (i) [24] If f : (X, 7) — (Y, 0) is weakly b-continuous surjection and (X, 1)
is b-connected, then (Y, o) is connected.

(ii) If f : (X,7) — (Y,0) is a almost contra-b-continuous surjection and (X, T) is
b-connected, then (Y, o) is connected.

(iii) [20] If f : (X,7) — (Y,0) is a contra-b-continuous surjection and (X,T) is b-
connected, then (Y, o) is connected.
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Theorem 4.9 (i) [24] If f : (X, 7) — (Y, 0) is a weakly b-continuous injection and (Y, o)
is Urysohn, then (X, ) is b-Ts.

(ii) If f : (X,7) — (Y,0) is an almost contra-b-continuous injection and (Y,0) is
Urysohn, then (X,7) is b-Ts.

(iii) [20] If f : (X,7) — (Y,0) is a contra-b-continuous injection and (Y,o) is
Urysohn, then (X, T) is b-T5.

Definition 4.10 [15] A topological space (X, 7) is said to be 8-irreducible if every pair
of nonempty regular closed sets of (X, 7) has a nonempty intersection.

Theorem 4.11 If (X, 7) is b-connected and f : (X,7) — (Y,0) is an almost contra-b-
continuous surjection, then (Y, o) is 0-irreducible.

Proof. Similar to that proof of Theorem 4.7. O

Definition 4.12 [13] A topological space (X, 7) is said to be b-normal provided that
every pair of nonempty disjoint closed sets can be separated by disjoint b-open sets.

Theorem 4.13 (i) If (Y,0) is normal and [ : (X,7) — (Y,0) is an almost contra-b-
continuous closed injection, then (X, 1) is b-normal.

(i) [20] If (Y, o) is normal and f : (X,7) — (Y,0) is a contra-b-continuous closed
injection, then (X, 7) is b-normal.

Proof. (i) Let Fy and F» be disjoint nonempty closed sets of X. Since f is in-
jective and closed, f(Fy) and f(Fy) are disjoint closed sets of Y. Since Y is nor-
mal, there exist open sets Vi and Vi of Y such that f(Fy) C Vi, f(Fp) C V2 and
Cl(V1) N Cl(Vz) = (. Then, since Cl(V1),Cl(V2) € RC(Y) and f is almost contra-b-
continuous, f~1(CIL(V1)), f~H(Cl(V2)) € BO(X). Since Fy C f~1(V1), F, C f~1(Va)
and f~1(CI(V1)) and f~1(CI(V3)) are disjoint, X is b-normal. O

Definition 4.14 A cover >, = {U; : i € I} of subsets of X is called a b-cover if U; is
b-open in (X, ) for each i € I.

Definition 4.15 A topological space (X, 7) is said to be

(i) b-compact [23] (resp. S-closed [29]) if every b-open (resp. regular closed) cover of
X has a finite subcover,

(ii) countably b-compact [11] (resp. countably S-closed [8]) if every countable cover of
X by b-open (resp. regular closed) sets has a finite subcover,

(iil) b-Lindelof [11] (resp. S-Lindeldf [18]) if every b-open (resp. regular closed) cover
of X has a countable subcover.

Definition 4.16 A topological space (X, 7) is said to be

(i) b-closed compact [11] (resp. nearly compact [25]) if every b-closed (resp. regular
open) cover of X has a finite subcover,

(ii) countably b-closed compact [11] (resp. nearly countably compact [14]) if every count-
able cover of X by b-closed (resp. regular open) sets has a finite subcover,

(iil) b-closed Lindeldf [11] (resp. nearly Lindeldf [14]) if every b-closed (resp. regular
open) cover of X has a countable subcover.

Theorem 4.17 Let f : (X,7) — (Y,0) be an almost contra-b-continuous surjection.
Then the following statements hold.

(i) If (X, 7) is b-closed compact, then'Y is nearly compact.

(i) If (X, 1) is b-closed Lindeldf, then Y is nearly Lindelof.

(iil) If (X, 7) is countably b-closed compact, then Y is nearly countably compact.
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Proof. We prove only (i), the proofs of (i) and (iii) being entirely analogous.

Let {V; : i € I} be any regular open cover of Y. Since f is almost contra-b-continuous,
{f~Y(V;): i € I} is a b-closed cover of X. Since X is b-closed compact, there exists
a a finite subset Iy of I such that X = U{f~}(V;) : i € Iy}. Therefore, we have
Y=U{V,:i€lp} and Y is S-closed. O

Definition 4.18 [26] A topological space (X, 7) is said to be mildly compact (resp. mildly
contably compact, mildly Lindelof ) if every clopen (resp. countable clopen, clopen) cover
of X has a finite (resp. finite, countable) subcover.

Theorem 4.19 If f: (X,7) — (Y, 0) is an almost contra-b-continuous and almost con-
tinuous surjection and (X, 7) is mildly compact (resp. mildly countably compact, mildly
Lindeldf), then' Y is nearly compact (resp. nearly countably compact, nearly Lindeldf)
and S-closed (resp. countably S-closed, S-Lindeldf).

Proof. Let V. € RC(Y). Then since f is almost contra-b-continuous and almost
continuous, f~1(V) is b-open and closed in X and hence f~*(V) is clopen (resp. open).
Let {V; : i € I} be any regular closed (resp. regular open) cover of Y. Then {f~*(V;) :i €
I} is a clopen cover of X and since X is mildly compact, there exists a finite subset Iy of
I such that X = U{f~1(V;) : i € Ip}. Since f is surjective, we obtain Y = U{V; : i € Io}.
This shows that Y is S-closed (resp. nearly compact).

The other proofs can be obtained similarly. O

Definition 4.20 A topological space (X, 7) is said to be s-Urysohn [4] if for each pair
of distinct points z and y in X, there exist U € SO(X,z) and V € SO(X,y) such that
cuuyncyv) =9.

Theorem 4.21 If (Y,0) is s-Urysohn and f : (X,7) — (Y,0) is an almost contra-b-
continuous injection, then (X, 1) is b-Ty.

Proof. Tt is similar to Proof of Theorem 4.5. O

Recall that for a function f : (X,7) — (Y, ), the subset {(z, f(z));z € X} C X xY
is called the graph of f and is denoted by G(f).

Definition 4.22 A graph G(f) of a function f : (X,7) — (Y, 0) is said to be regular
b-closed if for each (z,y) € (X x Y)\G(f), there exist U € BC(X,z) and V € RO(Y,y)
such that (U x V)N G(f) = 0.

Theorem 4.23 A graph G(f) of a function [ : (X,7) — (Y, o) is reqular b-closed if and
only if for each (z,y) € (X x Y)\G(f), there exist U € BC(X,z) and V € RO(Y,y)
such that f(U)NV = 0.

Proof. This is an immediate consequence of Definition 4.22. O

Theorem 4.24 Let f : (X,7) — (Y,0) have a regular b-closed graph G(f). If f is
injective, then (X,7) is b-T}.

Proof. Let x and y be any two distinct points of X. Then, we have (z, f(y)) €
(X xY)\G(f). By definition of regular b-closed graph, there exist U € BC(X) and V €
RO(Y) such that (z, f(y)) € UxV and f(U)NV = 0; hence UN f~1(V) = 0. Therefore,
we have y € U. Thus, y € X\U and = ¢ X\U. We obtain that X\U € BO(X). This
implies that X is b-T7. (]
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Theorem 4.25 If f : (X,7) — (Y,0) is almost contra-b-continuous and (Y,0) is Ty,
then the graph G(f) is regular b-closed.

Proof. Let (z,y) € (X x Y)\G(f). Then f(z) # y. Snce Y is T3, there exist
open sets V and W containing f(x) and y, respectively, such that V. N W = (; hence
Int(CIL(V))NInt(CI(W)) = 0. Since f is almost contra-b-continuous, f~1(Int(CI(V))) is
b-closed containing x. Take U = f~1(Int(CI(V))). Then f(U) C Int(Cl(V)). Therefore,
FU)NInt(CI(W)) = 0 and hence the graph G(f) is regular b-closed. O

Theorem 4.26 Let f : (X,7) — (Y,0) have a regular b-closed graph G(f). If f is
surjective, then (Y, o) is weakly Hausdorf(f.

Proof. Let y € Y. Since f is surjective, f(x) = y for some z € X and (x,a) €
(X xY)\G(f) for any point a € Y such that a # y. For the points y and a, by definition
of regular b-closed graph G(f), there exists a b-closed set U, of X and F(a) € RO(Y)
such that (z,a) € U, x F(a) and f(U,) N F(a) = 0; hence y ¢ F(a). Then, {y} C A,
where A = N{Y\F(2) : z # y}. In order to prove {y} D A, let w € A and suppose that
w ¢ {y}. The, for any point z with z # y, we have that w € Y\F(z). Since w # y, we
can take z = w and so w € F(w). This is a contradicition. Hence we show that {y} = A4;
and so {y} is an intersection of regular closed sets Y\ F'(z), where z # y, that is (Y, o) is
weakly Hausdorff. O

5 Additional Properties

Theorem 5.1 For a function f : (X,7) — (Y,0), the following statements are equiva-
lent:

(i) f is almost contra-b-continuous;

(i) f~ ( ) € BO(X) for each 6-semi-open set V of (Y,0);

(iii) f~Y(F) € BC(X) for each 0-semi-closed set F of (Y,0);

(iv) for each x € X and each U € SO(Y, f(x)), there exists V € BO(X,x) such that
Fv) c Clv);
v) f7YU) C bInt(f~H(CIUU))) for every U € SO(Y);
F(CI(A )) C 6- sC’l( (A)) for every subset A of (X,T);

(

(vi)

(vii) bCI(f~Y(B)) C (9 sCU(B)) for every subset B of (Y.o);

(viii) bCI(f~1(V) ) ~1(0-sCI(V)) for every open subset V of (Y,0);
(ix) bCU(f~1(V)) C (sCl( )) for every open subset V' of (Y,0);

(x) bCI(f~1(V)) C (Int(C’l( )) for every open subset V of (Y,0).

Proof. (1)=(ii): This follows from the fact that every #-semi-open set is the union of
regular closed sets.

(i)« (iii): This is obvious.

(il)=(iv): Let € X and U € SO(Y, f(x)). Since CI(U) is #-semi-open in Y, there
exists V € BO(X, z) such that x € V C f~}(Cl(U)) and hence f(V) C CI(U).
(iv)=(v): Let U € SO(Y) and z € f~'(U). Then f(z) € U. By (iv), there exists
V € BO(X,x) such that f(V) C Cl(U). It follows that z € V C f~1(CI(U)). Hence,
z € bInt(f~H(CLU))).

(v)=(i): Let F € RC(Y). Since F € SO(Y), then by (v), f~1(F) C bInt(f~1(CI(F)))
and consequently, f~*(F) € BO(X). Hence, by Theorem 3.3, (i) holds.

(iv)=-(vi): Let A be any subset of X. Suppose that z € bCI(A) and G € SO(Y, f(z)).
By (v), there exists V € BO(X, z) such that f(V) C Cl(G). Since x € bCI(A), VNA#(
and hence 0 # f(V) N f(A) C CI(G) N f(A). Therefore, we obtain f(x) € 0-sCI(f(A))
and hence f(bCI(A)) C 0-sCI(f(A)).



ALMOST CONTRA-b-CONTINUOUS FUNCTIONS 9

(vi)=>(vii): Let B be any subset of Y. Then f(bCl(f~!(B))) C (6-sCI(f(f~*(B))) C 6-
sCI(B) and hence bCI(f~1(B)) C f~1(#-sCI(B)).

(vii)=(viii): Obvious.

(viii)=(ix): Follows from the fact that 6-sCI(V) = sCI(V') for every open subset V of
Y.

(ix)=(x): Obvious.
(x)=(i): Let V € RO(Y). By (x), bCL(f~1(V)) C f~1(Int(CL(V))) = f~1(V) and hence
f~Y(V) € BC(X), which proves that f is almost contra-b-continuous. O

Theorem 5.2 For a function f : (X,7) — (Y, 0), the following properties are equivalent:
(i) f is almost contra-b-continuous;
(ii) f ( (V) € BO(X) for every V € SPO(Y);
(iii) f~1(CU(V)) € BO(X) for every V € SO(Y);
(iv) f~(Int(CL(V))) € BC(X) for every V € PO(Y).

Proof. (1)=(ii): Let V be any semi-preopen set of Y. It follows from Theorem 2.4 of
[3] that CI(V) is regular closed. Then by Theorem 3.3 f~1(CI(V)) € BO(X).
(ii)=-(iii): This is obvious since SO(Y) C SPO(Y).
(iii)=(iv): Let V € PO(Y). Then Y \ Int(Ci(V)) is regular closed and hence it is semi-
open. Then X \ f~1(Int(CU(V)))=f~Y(Y \ Int(CIL(V))) = f~H(CIUY \ Int(CL(V)))) €
BO(X). Hence f~1(Int(CI(V))) € BC(X).
(iv)=-(i): Let V be any regular open set of Y. Then V € PO(Y) and hence f=1(V)
FH(Int(CL(V))) is b-closed in X.

O

Definition 5.3 [11] The b-frontier of a subset A of a topological space (X, 1), bFr(A),
is defined by bFr(A) = bCl1(A) NbCI(X \ A) = bCI(A) N (X \ bInt(A)).

Theorem 5.4 For a function f : (X,7) — (Y,0), we introduce the following notations
relating to f:

Ay :={x € X : f is not almost contra-b-continuous at x},

Bg(x) := U{bFr(f~Y(F,)) : F, € RO(Y, f(x))}, where x € Af, and

By = U{By(@)ls € Af).
Then, we have the following properties:

If z € Ay, then z € By(z); and so Ay C By holds in (X,T).

Proof. Let z € Ay. Namely, we suppose that f is not almost contra-b-continuous
at z € X. By Theorem 3.3, there exists a subset F, € RC(Y, f(z)) such that f(U)N
(Y\F,) # (D for every U € BO(X,z). By the property (5) in Proposition 5 of [10],
z € bCI(f~ (Y \ F.)) holds: and so z € bCI(X \ f~(F.)). On the other hand, we
obtain z € f~1(F,) C bCI(f~1(F.)); and hence z € bFr(f~1(F.)), F. € RC(Y, f(2))
and z € Ay. Namely, if z € Ay, then z € Bf(z) holds; and so we have Ay C [J{By(2)|z €
As} = By holds in (X, 7).
(]
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