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Abstract. In [1], the authors introduced and studied the notion of almost contra-b-
continuity in topological spaces. In this paper, we investigate some more properties
of this type of continuity.

1 Introduction Generalized open sets play a very important role in General Topology
and they are now the research topics of many topologists worldwide. Indeed a significant
theme in General Topology and Real analysis concerns the various modified forms of con-
tinuity, seperation axioms etc. by utilizing generalized open sets. One of the most well
known notions and also an inspiration source is the notion of b-open [2] sets introduced
by Andrijevic in 1996. This class is a subset of the class of semi-preopen sets [3], that
is a subset of a topological space which is contained in the closure of the interior of its
closure. Also, a class of b-open sets is a superset of the class of semi-open sets [17], that
is a set which is contained in the closure of its interior, and the class of preopen sets [19],
that is a set which is contained in the interior of its closure. Andrijevic studied several
fundamental and interesting properties of b-open sets. In [1], the authors introduced and
studied the notion of almost contra-b-continuity in topological spaces. In this paper, we
investigate some more properties of this type of continuity.

2 Preliminaries Throughout the paper (X, τ) and (Y, σ) (or simply X and Y ) rep-
resent topological spaces on which no separation axioms are assumed unless otherwise
mentioned. For a subset A of a space (X, τ), Cl(A), Int(A) and Ac denote the closure of
A, the interior of A and the complement of A in X, respectively. A subset A of X is said to
be regular open [26] (resp. semi-open [17], preopen [19], α-open [21], b-open [2](= γ-open
[13])) if A = Int(Cl(A)) (resp. A ⊂ Cl(Int(A)), A ⊂ Int(Cl(A)), A ⊂ Int(Cl(Int(A))),
A ⊂ Int(Cl(A))∪Cl(Int(A))). The family of all α-open (resp. regular open, b-open) sub-
sets of X is denoted by αO(X) (resp. RO(X), BO(X)). The complement of semi-open
(resp. regular open, preopen, b-open) is called semi-closed [7] (resp. regular closed, pre-
closed [19], b-closed [2]). The family of all regular closed sets (resp. b-closed sets) of (X, τ)
is denoted by RC(X) (resp. BC(X)). The intersection of all regular open sets containing
A is called the r-kernal [9] of A and is denoted by rKer(A). The intersection of all semi-
closed (resp. preclosed, b-closed) sets containing A is called the semi-closure [6] (resp.
pre-closure [19], b-closure [2]) of A and is denoted by sCl(A) (resp. pCl(A), bCl(A)). A
subset A is b-closed if and only if A= bCl(A). For each x ∈ X, the family of all b-open
(resp. b-closed, semi-open, regular open, regular closed) sets containing x is denoted by
BO(X, x) (resp. BC(X, x), SO(X, x), RO(X, x), RC(X, x)). The θ-semi-closure [16] of
A, denoted by θ-sCl(A), is defined to be the set of all x ∈ X such that A∩Cl(U) 6= ∅ for
every U ∈ SO(X, x). A subset A is called θ-semi-closed [16] if and only if A = θ-sCl(A).
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The complement of θ-semi-closed set is called θ-semi-open [16]. For a subset A of X,
sCl(A)=A∪Int(Cl(A)) [3], pCl(A) = A∪Cl(Int(A)) [3] and bCl(A) = sCl(A)∩pCl(A)
[2]. If A is open in a space X, then sCl(A) = Int(Cl(A)) [3]. It follows that, if A is
open in a space X, then bCl(A) = Int(Cl(A)). A function f : (X, τ) → (Y, σ) is said to
be b-continuous [13] (resp. contra-b-continuous [20]) if f−1(V ) is b-open (resp. b-closed)
set in X for each open set V of Y . A function f : (X, τ) → (Y, σ) is said to be weakly
b-continuous [24] (or almost weakly b-continuous [1]) if for every x ∈ X and every open
set V of Y containing f(x), there exists U ∈ BO(X, x) such that f(U) ⊂ Cl(V ).

3 Almost contra-b-continuous functions

Definition 3.1 [1] A function f : (X, τ) → (Y, σ) is said to be almost contra-b-continuous
if f−1(V ) ∈ BC(X) for each V ∈ RO(Y ) (cf. Remark 3.4 below).

It is clear that every contra-b-continuous function is almost contra-b-continuous but the
converse is not true in general.

Example 3.2 Let X = {a, b, c} and τ = {∅, {a}, X}. Then the identity function f :
(X, τ) → (X, τ) is almost contra-b-continuous but not contra-b-continuous.

Theorem 3.3 For a function f : (X, τ) → (Y, σ), the following statements are equiva-
lent:

(i) f is almost contra-b-continuous;
(ii) f−1(F ) ∈ BO(X) for every F ∈ RC(Y );
(iii) for each x ∈ X and each F ∈ RC(Y, f(x)), there exists U ∈ BO(X, x) such that

f(U) ⊂ F ;
(iv) f−1(Int(Cl(G))) ∈ BC(X) for every open subset G of (Y, σ);
(v) f−1(Cl(Int(F ))) ∈ BO(X) for every closed subset F of (Y, σ);
(vi) f(bCl(A)) ⊂ rKer(f(A)) for every subset A of (X, τ);
(vii) bCl(f−1(B)) ⊂ f−1(rKer(B)) for every subset B of (Y, σ).

Proof (i)⇔(ii): Let F ∈ RC(Y ). Then Y \F ∈ RO(Y ). By (i), f−1(Y \F ) = X\f−1(F ) ∈
BC(X). We have f−1(F ) ∈ BO(X). The proof of the reverse in similar.
(ii)⇒(iii): Let F ∈ RC(Y, f(x)). By (ii), f−1(F ) ∈ BO(X) and x ∈ f−1(F ). Take
U = f−1(F ), then f(U) ⊂ F .
(iii)⇒(ii): Let F ∈ RC(Y ) and x ∈ f−1(F ). From (iii), there exists a b-open set Ux in
X containing x such that Ux ⊂ f−1(F ). We have f−1(F ) =

⋃{Ux|x ∈ f−1(F )}. Since
any union of b-open sets is b-open, f−1(F ) is b-open in X.
(i) ⇔(iv): Let G be an open subset of Y . Since Int(Cl(G)) is regular open, then by (i),
it follows that, f−1(Int(Cl(G))) ∈ BC(X). The converse can be shown similarly.
(iii)⇒(vi): Let A ⊂ X and let x ∈ bCl(A) and F ∈ RC(Y, f(x)). By (iii), there exists
U ∈ BO(X, x) such that f(U) ⊂ F . Since x ∈ bCl(A), we have U ∩ A 6= ∅. Hence,
f(U)∩f(A) 6= ∅ and therefore F ∩f(A) 6= ∅. It follows from Proposition 24(i) of [9] that
f(x) ∈ rKer(f(A)) and hence f(bCl(A)) ⊂ rKer(f(A)).
(vi)⇒(vii): Let B ⊂ Y . By (vii), f(bCl(f−1(B))) ⊂ rKer(f(f−1(B))) ⊂ rKer(B).
Hence bCl(f−1(B)) ⊂ f−1(rKer(B)).
(vii)⇒(i): Let V ∈ RO(Y ). Then by (vii), bCl(f−1(V )) ⊂ f−1(rKer(V )). Since V ∈
RO(Y ), rKer(V ) = V and hence bCl(f−1(V )) ⊂ f−1(V ), which shows that f−1(V ) is
b-closed. Consequently, f is almost contra-b-continuous. ¤
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Remark 3.4 (i) A function f : (X, τ) → (Y, σ) is called: almost contra-b-continuous at
a point x ∈ X, if for each regular closed subset V of (Y, σ) containing f(x), there exists
a b-open subset U of (X, τ) containing x such that f(U) ⊂ V .

(ii) By Theorem 3.3 and definitions, it is shown that a function f : (X, τ) → (Y, σ)
is almost contra-b-continuous if and only if f is almost contra-b-continuous at each point
of X.

Theorem 3.5 (i) If f : (X, τ) → (Y, σ) is weakly-b-continuous and (Y, σ) is regular,
then f is b-continuous.

(ii) If f : (X, τ) → (Y, σ) is almost contra-b-continuous and (Y, σ) is regular, then f
is b-continuous.

(iii) If f : (X, τ) → (Y, σ) is contra-b-continuous and (Y, σ) is regular, then f is
b-continuous.

Proof. Clear. ¤

Sometimes, the concept of a b-open set (resp. b-closed set) of a topological space (X, τ)
is called a γ-open set (resp. γ-closed set); and so the family BO(X) (resp. BC(X)) is
denoted by γO(X) (resp. γC(X)).

Lemma 3.6 [13] Let A and B be subsets of a topological space (X, τ).
(i) If A ∈ γO(X) and B ∈ αO(X), then A ∩B ∈ γO(B).
(ii) Let A ⊂ B ⊂ X, A ∈ γO(B) and B ∈ αO(X), then A ∈ γO(X).

Theorem 3.7 If f : (X, τ) → (Y, σ) is almost contra-b-continuous and U ∈ αO(X),
then f |U : (U, τ |U) → (Y, σ) is almost contra-b-continuous.

Proof. Let V be a regular closed subset of Y . We have (f |U)−1(V ) = f−1(V )∩U . Since
f−1(V ) is b-open and U is α-open, it follows from the Lemma 3.6 (i) that (f |U)−1(V ) is
b-open in the relative topology of U . Thus, f |U is almost contra-b-continuous. ¤

Theorem 3.8 Let f : (X, τ) → (Y, σ) be a function and x ∈ X. If there exists U ∈
BO(X, x) and f |U : (U, τ |U) → (Y, σ) is almost contra-b-continuous at x, then f is
almost contra-b-continuous at x.

Proof. Suppose that F ∈ RC(Y, f(x)). Since f |U is almost contra-b-continuous at x,
there exists V ∈ BO(U, x) such that f(V ) = (f |U)(V ) ⊂ F . Since U ∈ αO(X, x), it
follows from Lemma 3.6 (ii) that V ∈ BO(X, x). This shows that f is almost contra-b-
continuous at x. ¤

Theorem 3.9 Let f : (X, τ) → (Y, σ) be a function and Σ = {Ui : i ∈ I} be a cover
of X by α-open sets of (X, τ). If for each i ∈ I, f |Ui : (Ui, τ |Ui) → (Y, σ) is almost
contra-b-continuous, then f : (X, τ) → (Y, σ) is almost contra-b-continuous.

Proof. Let V ∈ RC(Y ). Since f |Ui is almost contra-b-continuous for each i ∈ I,
(f |Ui)−1(V ) ∈ BO(Ui), since Ui ∈ αO(X), by Lemma 3.6 (2), (f |Ui)−1(V ) ∈ BO(X)
for each i ∈ U . Then f−1(V ) =

⋃{(f |Ui)−1(V ) ∈ BO(X)|i ∈ I}. This gives f is almost
contra-b-continuous. ¤

Theorem 3.10 Let f : (X, τ) → (Y, σ) be a function and let g : (X, τ) → (X ×Y, τ ×σ)
be the graph function of f , defined by g(x) = (x, f(x)) for every x ∈ X. If g is almost
contra-b-continuous, then f is almost contra-b-continuous.
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Proof. Let V ∈ RC(Y ), then X × V = X × Cl(Int(V )) = Cl(Int(X)) × Cl(Int(V )) =
Cl(Int(X×V )). Then X×V ∈ RC(X×Y ). Since g is almost contra-b-continuous, then
f−1(V ) = g−1(X × V ) ∈ BO(X). Thus, f is almost contra-b-continuous. ¤

Definition 3.11 A function f : (X, τ) → (Y, σ) is said to be
(i) pre-b-open if f(U) ∈ BO(Y ) for each U ∈ BO(X),
(ii) b-irresolute [13] if for each x ∈ X and each V ∈ BO(Y, f(x)), there exists U ∈

BO(X, x) such that f(U) ⊂ V ,
(iii) θ-irresolute [13] if for each x ∈ X and each V ∈ SO(Y, f(x)), there exists U ∈

SO(X, x) such that f(Cl(U)) ⊂ Cl(V ).

Theorem 3.12 If f : (X, τ) → (Y, σ) is a surjective pre-b-open and g : (Y, σ) → (Z, γ)
is a function such that g ◦ f : (X, τ) → (Z, γ) is almost contra-b-continuous, then g is
almost contra-b-continuous.

Proof. Let V be any regular closed set in Z. Since g ◦ f is almost contra-b-continuous,
(g ◦ f)−1(V ) = f−1(g−1(V )) is b-open. Since f is surjective pre-b-open, f(f−1(g−1(V )))
= g−1(V ) is b-open. Therefore, g is almost contra-b-continuous. ¤

Theorem 3.13 (i) If f : (X, τ) → (Y, σ) is b-irresolute and g : (Y, σ) → (Z, γ) is almost
contra-b-continuous, then g ◦ f : (X, τ) → (Z, γ) is almost contra-b-continuous.

(ii) If f : (X, τ) → (Y, σ) is almost contra-b-continuous and g : (Y, σ) → (Z, γ) is
θ-irresolute, then g ◦ f : (X, τ) → (Z, γ) is almost contra-b-continuous.

Proof. (i) Let x ∈ X and W ∈ SO(Z). Then there exists a set U ∈ BO(X, x) such that
(g ◦ f)(U) ⊂ Cl(W ). Therefore, g ◦ f is almost contra-b-continuous.
(ii) Similar to (i). ¤

Definition 3.14 A filter base Λ is said to be b-convergent (resp. rc-convergent [12]) to
a point x ∈ X if for any U ∈ BO(X, x) (resp. U ∈ RC(X, x)), there exists B ∈ Λ such
that B ⊂ U .

Theorem 3.15 If f : (X, τ) → (Y, σ) is an almost contra-b-continuous function, then
for each point x ∈ X and each filter base Λ in X b-converging to x, the filter base f(Λ)
is rc-convergent to f(x).

Proof. Let x ∈ X and Λ be any filter base in X b-converging to x. Since f is almost
contra-b-continuous, then for any V ∈ RC(Y, f(x)), there exists U ∈ BO(X, x) such that
f(U) ⊂ V . Since Λ is b-converging to x, there exists a B ∈ Λ such that B ⊂ U . This
means that f(B) ⊂ V and therefore the filter base f(Λ) is rc-convergent to f(x). ¤

4 Separation axioms and covering properties

Definition 4.1 A topological space (X, τ) is said to be
(i) PP [30] if for any open set V of (X, τ) and each x ∈ V , there exists F ∈ RC(X, x)

such that x ∈ F ⊂ V ,
(ii) weakly PP [22] if for any V ∈ RO(X, x), there exists F ∈ RC(X, x) such that

x ∈ F ⊂ V .

Theorem 4.2 If f : (X, τ) → (Y, σ) is an almost contra-b-continuous function and
(Y, σ) is PP, then f is b-continuous.
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Proof. Let V be any open set in Y . Since Y is PP, there exists a subfamily A of RC(Y )
such that V = ∪{F : F ∈ A}. Since f is almost contra-b-continuous, f−1(F ) is b-open
in X for each F ∈ A and f−1(V ) is b-open in X. Therefore, f is b-continuous. ¤

Theorem 4.3 If f : (X, τ) → (Y, σ) is an almost contra-b-continuous function and
(Y, σ) is weakly PP, then f is almost b-continuous.

Proof. Similar to the proof of Theorem 4.2. ¤

Definition 4.4 A topological space (X, τ) is said to be
(i) weakly Hausdorff [28] if each element of X is an intersection of regular closed sets,
(ii) b-T0 [5] if for each pair of distinct points in X, there exists a b-open set of (X, τ)

containing one point but not the other,
(iii) b-T1 [5] if for each pair of distinct points x and y of X, there exist b-open sets U

and V of (X, τ) containing x and y, respectively such that y /∈ U and x /∈ V ,
(iv) b-T2 [10] if for each pair of distinct points x and y of X, there exist b-open sets

U and V such that x ∈ U , y ∈ V and U ∩ V = ∅.

Theorem 4.5 If f : (X, τ) → (Y, σ) is an almost contra-b-continuous injection and
(Y, σ) is weakly Hausdorff, then (X, τ) is b-T1.

Proof. Suppose that Y is weakly Hausdorff. For any two distinct points x and y in
X, there exist V, W ∈ RC(Y ) such that f(x) ∈ V , f(y) /∈ V , f(x) /∈ W and f(y) ∈ W .
Since f is almost contra-b-continuous, f−1(V ) and f−1(W ) are b-open subsets of X such
that x ∈ f−1(V ), y /∈ f−1(V ), x /∈ f−1(W ) and y ∈ f−1(W ). This shows that X is b-T1.
¤

Definition 4.6 A topological space (X, τ) is said to be
(i) hyperconnected [27] if every open set is dense,
(ii) ultra b-connected if every two non-void b-closed subsets of (X, τ) intersect,
(iii) b-connected [13] provided that X is not the union of two disjoint nonempty b-open

sets.

Theorem 4.7 If (X, τ) is ultra b-connected and f : (X, τ) → (Y, σ) is an almost contra-
b-continuous surjection, then (Y, σ) is hyperconnected.

Proof. Assume that Y is not hyperconnected. Then there exists an open set V such
that V is not dense in Y . Then there exist disjoint nonempty regular open subsets B1

and B2 in Y , namely Int(Cl(V )) and Y \ Cl(V ). Since f is almost contra-b-continuous
surjection, A1 = f−1(B1) and A2 = f−1(B2) are disjoint nonempty b-closed subsets of X.
By assumption, the ultra-b-connectedness of X implies that A1 and A2 must intersect.
By contradiction, Y is hyperconnected. ¤

Theorem 4.8 (i) [24] If f : (X, τ) → (Y, σ) is weakly b-continuous surjection and (X, τ)
is b-connected, then (Y, σ) is connected.

(ii) If f : (X, τ) → (Y, σ) is a almost contra-b-continuous surjection and (X, τ) is
b-connected, then (Y, σ) is connected.

(iii) [20] If f : (X, τ) → (Y, σ) is a contra-b-continuous surjection and (X, τ) is b-
connected, then (Y, σ) is connected.
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Theorem 4.9 (i) [24] If f : (X, τ) → (Y, σ) is a weakly b-continuous injection and (Y, σ)
is Urysohn, then (X, τ) is b-T2.

(ii) If f : (X, τ) → (Y, σ) is an almost contra-b-continuous injection and (Y, σ) is
Urysohn, then (X, τ) is b-T2.

(iii) [20] If f : (X, τ) → (Y, σ) is a contra-b-continuous injection and (Y, σ) is
Urysohn, then (X, τ) is b-T2.

Definition 4.10 [15] A topological space (X, τ) is said to be θ-irreducible if every pair
of nonempty regular closed sets of (X, τ) has a nonempty intersection.

Theorem 4.11 If (X, τ) is b-connected and f : (X, τ) → (Y, σ) is an almost contra-b-
continuous surjection, then (Y, σ) is θ-irreducible.

Proof. Similar to that proof of Theorem 4.7. ¤

Definition 4.12 [13] A topological space (X, τ) is said to be b-normal provided that
every pair of nonempty disjoint closed sets can be separated by disjoint b-open sets.

Theorem 4.13 (i) If (Y, σ) is normal and f : (X, τ) → (Y, σ) is an almost contra-b-
continuous closed injection, then (X, τ) is b-normal.

(ii) [20] If (Y, σ) is normal and f : (X, τ) → (Y, σ) is a contra-b-continuous closed
injection, then (X, τ) is b-normal.

Proof. (i) Let F1 and F2 be disjoint nonempty closed sets of X. Since f is in-
jective and closed, f(F1) and f(F1) are disjoint closed sets of Y . Since Y is nor-
mal, there exist open sets V1 and V2 of Y such that f(F1) ⊂ V1, f(F2) ⊂ V2 and
Cl(V1) ∩ Cl(V2) = ∅. Then, since Cl(V1), Cl(V2) ∈ RC(Y ) and f is almost contra-b-
continuous, f−1(Cl(V1)), f−1(Cl(V2)) ∈ BO(X). Since F1 ⊂ f−1(V1), F2 ⊂ f−1(V2)
and f−1(Cl(V1)) and f−1(Cl(V2)) are disjoint, X is b-normal. ¤
Definition 4.14 A cover

∑
= {Ui : i ∈ I} of subsets of X is called a b-cover if Ui is

b-open in (X, τ) for each i ∈ I.

Definition 4.15 A topological space (X, τ) is said to be
(i) b-compact [23] (resp. S-closed [29]) if every b-open (resp. regular closed) cover of

X has a finite subcover,
(ii) countably b-compact [11] (resp. countably S-closed [8]) if every countable cover of

X by b-open (resp. regular closed) sets has a finite subcover,
(iii) b-Lindelöf [11] (resp. S-Lindelöf [18]) if every b-open (resp. regular closed) cover

of X has a countable subcover.

Definition 4.16 A topological space (X, τ) is said to be
(i) b-closed compact [11] (resp. nearly compact [25]) if every b-closed (resp. regular

open) cover of X has a finite subcover,
(ii) countably b-closed compact [11] (resp. nearly countably compact [14]) if every count-

able cover of X by b-closed (resp. regular open) sets has a finite subcover,
(iii) b-closed Lindelöf [11] (resp. nearly Lindelöf [14]) if every b-closed (resp. regular

open) cover of X has a countable subcover.

Theorem 4.17 Let f : (X, τ) → (Y, σ) be an almost contra-b-continuous surjection.
Then the following statements hold.

(i) If (X, τ) is b-closed compact, then Y is nearly compact.
(ii) If (X, τ) is b-closed Lindelöf, then Y is nearly Lindelof.
(iii) If (X, τ) is countably b-closed compact, then Y is nearly countably compact.
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Proof. We prove only (i), the proofs of (ii) and (iii) being entirely analogous.
Let {Vi : i ∈ I} be any regular open cover of Y . Since f is almost contra-b-continuous,
{f−1(Vi): i ∈ I} is a b-closed cover of X. Since X is b-closed compact, there exists
a a finite subset I0 of I such that X = ∪{f−1(Vi) : i ∈ I0}. Therefore, we have
Y = ∪{Vi : i ∈ I0} and Y is S-closed. ¤

Definition 4.18 [26] A topological space (X, τ) is said to be mildly compact (resp. mildly
contably compact, mildly Lindelöf ) if every clopen (resp. countable clopen, clopen) cover
of X has a finite (resp. finite, countable) subcover.

Theorem 4.19 If f : (X, τ) → (Y, σ) is an almost contra-b-continuous and almost con-
tinuous surjection and (X, τ) is mildly compact (resp. mildly countably compact, mildly
Lindelöf), then Y is nearly compact (resp. nearly countably compact, nearly Lindelöf)
and S-closed (resp. countably S-closed, S-Lindelöf).

Proof. Let V ∈ RC(Y ). Then since f is almost contra-b-continuous and almost
continuous, f−1(V ) is b-open and closed in X and hence f−1(V ) is clopen (resp. open).
Let {Vi : i ∈ I} be any regular closed (resp. regular open) cover of Y . Then {f−1(Vi) : i ∈
I} is a clopen cover of X and since X is mildly compact, there exists a finite subset I0 of
I such that X = ∪{f−1(Vi) : i ∈ I0}. Since f is surjective, we obtain Y = ∪{Vi : i ∈ I0}.
This shows that Y is S-closed (resp. nearly compact).
The other proofs can be obtained similarly. ¤

Definition 4.20 A topological space (X, τ) is said to be s-Urysohn [4] if for each pair
of distinct points x and y in X, there exist U ∈ SO(X, x) and V ∈ SO(X, y) such that
Cl(U) ∩ Cl(V ) = ∅.
Theorem 4.21 If (Y, σ) is s-Urysohn and f : (X, τ) → (Y, σ) is an almost contra-b-
continuous injection, then (X, τ) is b-T2.

Proof. It is similar to Proof of Theorem 4.5. ¤

Recall that for a function f : (X, τ) → (Y, σ), the subset {(x, f(x));x ∈ X} ⊂ X × Y
is called the graph of f and is denoted by G(f).

Definition 4.22 A graph G(f) of a function f : (X, τ) → (Y, σ) is said to be regular
b-closed if for each (x, y) ∈ (X × Y )\G(f), there exist U ∈ BC(X, x) and V ∈ RO(Y, y)
such that (U × V ) ∩G(f) = ∅.
Theorem 4.23 A graph G(f) of a function f : (X, τ) → (Y, σ) is regular b-closed if and
only if for each (x, y) ∈ (X × Y )\G(f), there exist U ∈ BC(X, x) and V ∈ RO(Y, y)
such that f(U) ∩ V = ∅.

Proof. This is an immediate consequence of Definition 4.22. ¤

Theorem 4.24 Let f : (X, τ) → (Y, σ) have a regular b-closed graph G(f). If f is
injective, then (X, τ) is b-T1.

Proof. Let x and y be any two distinct points of X. Then, we have (x, f(y)) ∈
(X × Y )\G(f). By definition of regular b-closed graph, there exist U ∈ BC(X) and V ∈
RO(Y ) such that (x, f(y)) ∈ U×V and f(U)∩V = ∅; hence U ∩f−1(V ) = ∅. Therefore,
we have y 6∈ U . Thus, y ∈ X\U and x 6∈ X\U . We obtain that X\U ∈ BO(X). This
implies that X is b-T1. ¤
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Theorem 4.25 If f : (X, τ) → (Y, σ) is almost contra-b-continuous and (Y, σ) is T2,
then the graph G(f) is regular b-closed.

Proof. Let (x, y) ∈ (X × Y )\G(f). Then f(x) 6= y. Snce Y is T2, there exist
open sets V and W containing f(x) and y, respectively, such that V ∩ W = ∅; hence
Int(Cl(V ))∩Int(Cl(W )) = ∅. Since f is almost contra-b-continuous, f−1(Int(Cl(V ))) is
b-closed containing x. Take U = f−1(Int(Cl(V ))). Then f(U) ⊂ Int(Cl(V )). Therefore,
f(U) ∩ Int(Cl(W )) = ∅ and hence the graph G(f) is regular b-closed. ¤

Theorem 4.26 Let f : (X, τ) → (Y, σ) have a regular b-closed graph G(f). If f is
surjective, then (Y, σ) is weakly Hausdorff.

Proof. Let y ∈ Y . Since f is surjective, f(x) = y for some x ∈ X and (x, a) ∈
(X×Y )\G(f) for any point a ∈ Y such that a 6= y. For the points y and a, by definition
of regular b-closed graph G(f), there exists a b-closed set Ua of X and F (a) ∈ RO(Y )
such that (x, a) ∈ Ua × F (a) and f(Ua) ∩ F (a) = ∅; hence y /∈ F (a). Then, {y} ⊂ A,
where A = ∩{Y \F (z) : z 6= y}. In order to prove {y} ⊃ A, let w ∈ A and suppose that
w /∈ {y}. The, for any point z with z 6= y, we have that w ∈ Y \F (z). Since w 6= y, we
can take z = w and so w ∈ F (w). This is a contradicition. Hence we show that {y} = A;
and so {y} is an intersection of regular closed sets Y \F (z), where z 6= y, that is (Y, σ) is
weakly Hausdorff. ¤

5 Additional Properties

Theorem 5.1 For a function f : (X, τ) → (Y, σ), the following statements are equiva-
lent:

(i) f is almost contra-b-continuous;
(ii) f−1(V ) ∈ BO(X) for each θ-semi-open set V of (Y, σ);
(iii) f−1(F ) ∈ BC(X) for each θ-semi-closed set F of (Y, σ);
(iv) for each x ∈ X and each U ∈ SO(Y, f(x)), there exists V ∈ BO(X, x) such that

f(V ) ⊂ Cl(U);
(v) f−1(U) ⊂ bInt(f−1(Cl(U))) for every U ∈ SO(Y );
(vi) f(bCl(A)) ⊂ θ-sCl(f(A)) for every subset A of (X, τ);
(vii) bCl(f−1(B)) ⊂ f−1(θ-sCl(B)) for every subset B of (Y.σ);
(viii) bCl(f−1(V )) ⊂ f−1(θ-sCl(V )) for every open subset V of (Y, σ);
(ix) bCl(f−1(V )) ⊂ f−1(sCl(V )) for every open subset V of (Y, σ);
(x) bCl(f−1(V )) ⊂ f−1(Int(Cl(V )) for every open subset V of (Y, σ).

Proof. (i)⇒(ii): This follows from the fact that every θ-semi-open set is the union of
regular closed sets.
(ii)⇔(iii): This is obvious.
(ii)⇒(iv): Let x ∈ X and U ∈ SO(Y, f(x)). Since Cl(U) is θ-semi-open in Y , there
exists V ∈ BO(X, x) such that x ∈ V ⊂ f−1(Cl(U)) and hence f(V ) ⊂ Cl(U).
(iv)⇒(v): Let U ∈ SO(Y ) and x ∈ f−1(U). Then f(x) ∈ U . By (iv), there exists
V ∈ BO(X, x) such that f(V ) ⊂ Cl(U). It follows that x ∈ V ⊂ f−1(Cl(U)). Hence,
x ∈ bInt(f−1(Cl(U))).
(v)⇒(i): Let F ∈ RC(Y ). Since F ∈ SO(Y ), then by (v), f−1(F ) ⊂ bInt(f−1(Cl(F )))
and consequently, f−1(F ) ∈ BO(X). Hence, by Theorem 3.3, (i) holds.
(iv)⇒(vi): Let A be any subset of X. Suppose that x ∈ bCl(A) and G ∈ SO(Y, f(x)).
By (v), there exists V ∈ BO(X, x) such that f(V ) ⊂ Cl(G). Since x ∈ bCl(A), V ∩A 6= ∅
and hence ∅ 6= f(V ) ∩ f(A) ⊂ Cl(G) ∩ f(A). Therefore, we obtain f(x) ∈ θ-sCl(f(A))
and hence f(bCl(A)) ⊂ θ-sCl(f(A)).
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(vi)⇒(vii): Let B be any subset of Y . Then f(bCl(f−1(B))) ⊂ (θ-sCl(f(f−1(B))) ⊂ θ-
sCl(B) and hence bCl(f−1(B)) ⊂ f−1(θ-sCl(B)).
(vii)⇒(viii): Obvious.
(viii)⇒(ix): Follows from the fact that θ-sCl(V ) = sCl(V ) for every open subset V of
Y .
(ix)⇒(x): Obvious.
(x)⇒(i): Let V ∈ RO(Y ). By (x), bCl(f−1(V )) ⊂ f−1(Int(Cl(V ))) = f−1(V ) and hence
f−1(V ) ∈ BC(X), which proves that f is almost contra-b-continuous. ¤

Theorem 5.2 For a function f : (X, τ) → (Y, σ), the following properties are equivalent:
(i) f is almost contra-b-continuous;
(ii) f−1(Cl(V )) ∈ BO(X) for every V ∈ SPO(Y );
(iii) f−1(Cl(V )) ∈ BO(X) for every V ∈ SO(Y );
(iv) f−1(Int(Cl(V ))) ∈ BC(X) for every V ∈ PO(Y ).

Proof. (i)⇒(ii): Let V be any semi-preopen set of Y . It follows from Theorem 2.4 of
[3] that Cl(V ) is regular closed. Then by Theorem 3.3 f−1(Cl(V )) ∈ BO(X).
(ii)⇒(iii): This is obvious since SO(Y ) ⊂ SPO(Y ).
(iii)⇒(iv): Let V ∈ PO(Y ). Then Y \ Int(Cl(V )) is regular closed and hence it is semi-
open. Then X \ f−1(Int(Cl(V )))=f−1(Y \ Int(Cl(V ))) = f−1(Cl(Y \ Int(Cl(V )))) ∈
BO(X). Hence f−1(Int(Cl(V ))) ∈ BC(X).
(iv)⇒(i): Let V be any regular open set of Y . Then V ∈ PO(Y ) and hence f−1(V ) =
f−1(Int(Cl(V ))) is b-closed in X. ¤

Definition 5.3 [11] The b-frontier of a subset A of a topological space (X, τ), bFr(A),
is defined by bFr(A) = bCl(A) ∩ bCl(X \A) = bCl(A) ∩ (X \ bInt(A)).

Theorem 5.4 For a function f : (X, τ) → (Y, σ), we introduce the following notations
relating to f :

Af := {x ∈ X : f is not almost contra-b-continuous at x},
Bf (x) := ∪{bFr(f−1(Fx)) : Fx ∈ RC(Y, f(x))}, where x ∈ Af , and
Bf :=

⋃{Bf (x)|x ∈ Af}.
Then, we have the following properties:

If z ∈ Af , then z ∈ Bf (z); and so Af ⊂ Bf holds in (X, τ).

Proof. Let z ∈ Af . Namely, we suppose that f is not almost contra-b-continuous
at z ∈ X. By Theorem 3.3, there exists a subset Fz ∈ RC(Y, f(z)) such that f(U) ∩
(Y \Fz) 6= ∅ for every U ∈ BO(X, z). By the property (5) in Proposition 5 of [10],
z ∈ bCl(f−1(Y \ Fz)) holds: and so z ∈ bCl(X \ f−1(Fz)). On the other hand, we
obtain z ∈ f−1(Fz) ⊂ bCl(f−1(Fz)); and hence z ∈ bFr(f−1(Fz)), Fz ∈ RC(Y, f(z))
and z ∈ Af . Namely, if z ∈ Af , then z ∈ Bf (z) holds; and so we have Af ⊂

⋃{Bf (z)|z ∈
Af} = Bf holds in (X, τ).

¤

References

[1] A.Al-Omari and M.S.M.Noorani, Some Properties of Contra-b-Continuous and Almost
Contra-b-Continuous Functions, European J. Pure and Appl. Math, 2(2), 2009, 213-230.

[2] D.Andrijevic, On b-open sets, Math. Vesnik, 48(1996), 59-64.

[3] D.Andrijevic, Semi-preopen sets, Math. Vesnik, 38(1986), 24-32.



10 T.Noiri, N.Rajesh

[4] S.Arya and M.P.Bhamini, Some generalizations of pairwise Urysohn spaces, Indian J. Pure
Appl. Math, 18(1987), 1088-1093.

[5] M.Caldas and S.Jafari, Some applications of b-open sets, Kochi J. Math., 2(2007), 11-19.

[6] S.G.Crossley and S.K.Hildebrand, Semi-closure, Texas J. Sci., 22(1971), 99-112.

[7] S.G.Crossley and S.K.Hildebrand, Semi Topological properties, Fund. Math., 74(1972), 233-
254.

[8] K.Dlaska, N.Ergun and M.Ganster, Countably S-closed spaces, Math. Slovaca, 44 (1994),
337-348.

[9] E.Ekici, Another form of contra-continuity, Kochi J. Math., 1(2006), 21-29.

[10] E.Ekici, On R-spaces, Int. J. Pure Appl. Math., 25(2)(2005), 163–172.

[11] E.Ekici and M. Caldas, Slightly γ-continuous functions, Bol. Soc. Paran. Mat. (3s) V.22, 2
(2004), 63-74.

[12] E.Ekici, (δ − pre, s)-continuous functions, Bull. Malays. Math. Sci. Soc., 27, 2(2004), 237-
251.

[13] A.A.El-Atik, A study of some types of mappings on topological spaces, M. Sc. Thesis, Tanta
University, Egypt (1997).

[14] N.Ergun, On nearly paracompact spaces, Istanbul Univ. Fen. Mec. Ser. A, (45)1980, 65-87.

[15] D.S.Jankovic and P. E. Long, θ-irreducible spaces, Kyungpook Math. J., 26(1986), 63-66.

[16] J.E.Joseph and M. H. Kwack, On S-closed spaces, Proc. Amer. Math. Soc., 80(1980), 341-
348.

[17] N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer. Math. Monthly,
70(1963), 36-41.

[18] G.D.Maio, S-closed spaces, S-sets and S-continuous functions, Accad. Sci. Torino.,
118(1984), 125-134.

[19] A.S.Mashhour, M.E.Abd El-Monsef and S. N. El-Deep, On precontinuous and weak pre-
continuous mappings, Proc. Math. Phys. Soc. Egypt, 53(1982), 47–53.

[20] A.A.Nasef, Some properties of contra γ-continuous functions, Chaos, Solitons & Fractals,
24(2005), 471-477.

[21] O.Njastad, On some classes of nearly open sets, Pacific J. Math., 15(1965), 961-970.

[22] T.Noiri, A note on S-closed spaces, Bull. Inst. Math. Acad. Sinica, 12(1984), 229-235.

[23] J.H.Park, Strongly θ-b-continuous functions, Acta Math. Hungar., 110(4)(2006), 347-359.

[24] U.Sengul, Weakly b-continuous functions, Chaos, Solitons & Fractals, 41(3), 2009, 1070-
1077.

[25] M.K.Singal and S.P.Arya, On nearly-compact spaces, Boll. Un. Mat. Ital., (4), 2(1969),
702-710.

[26] R.Staum, The algebra of bounded continuous fuctions into a nonarchimedean field, Pacific
J. Math., 50(1974), 169-185.

[27] L.A.Steen and J.A.Seebach Jr, Counter examples in Topology, Holt, Rinenhart and Win-
ston, New York, 1970.

[28] T.Soundarajan, Weakly Hausdorff spaces and the cardinality of topological spaces in Gen-
eral Topology and its Relation to Modern Analysis and Algebra. III, Proc. Conf. Kanpur
(1968), Academia, Prague, (1971), 301-306.

[29] T.Thompson, S-closed spaces, Proc. Amer. Math. Soc., 60(1976), 335-338.

[30] G.J.Wang, On S-closed spaces, Acta Math. Sinica., 24(1981), 55-63.

Communicated by Haruo Maki



Almost contra-b-continuous functions 11

T. Noiri ;
2949-1 Shiokita-cho, Hinagu, Yatsushiro-shi,Kumamoto-ken, 869-5142, Japan.
e-mail :t.noiri@nifty.com

N. Rajesh;
Department of Mathematics, Rajah Serfoji Govt. College, Thanjavur-613005,
Tamilnadu, India.
e-mail :nrajesh topology@yahoo.co.in




