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ABSTRACT. An ordered semigroup S is called a dual ordered semigroup if I(r(L)) = L
for every left ideal L of S and r(I(R)) = R for every right ideal R of S where r(A) and
I(A) denoted the right annihilator and the left annihilator of a nonempty subset A of
S, respectively. The main result of this paper is to show the existence of 0-minimal
ideals of a dual ordered semigroup.

1 Preliminaries Dual ring credited to Baer [1] and Kaplansky [8] have been widely
studied (see [3], [5], [4], [9]). Using only the multiplication properties of the elements of a
ring, Schwarz ([10], [11]) introduced and studied dual semigroups. Let S be a semigroup
with zero 0 and let A be a nonempty subset of S. The left annihilator of A, denoted by
I(A), is defined by I(A) = {x € S | A = {0}}. Dually, the right annihilator of A, denoted
by r(A), is defined by r(A) = {z € S | Az = {0}}. The semigroup S is said to be dual if
I(r(L)) = L for all left ideals L of S and r(I(R)) = R for all right ideals R of S. In [11], the
author proved the existence of 0-minimal ideals of a dual semigroup. The purpose of this
paper is to extend the results to ordered semigroups.

A semigroup (5,-) together with a partial order < on S that is compatible with the
semigroup operation, meaning that for x,y,z € S,

z<y=zx<zy rz < yz,
is called an ordered semigroup ([2], [4]). If A, B are nonempty subsets of S, we let

AB = {azyeS|ze€Aye B},
(A] = {xe€S|x<aforsomeac A}

If x € S, then we write Az and zA instead of A{x} and {z}A, respectively.
If A, B are non-empty subsets of an ordered semigroup (S, -, <), then it was proved in
[6] that the following conditions hold:

6) ((A)(B]] = (AB].
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The concepts of left ideals, right ideals and (two-sided) ideals in an ordered semigroup
have been introduced in [6] as follows: let (S, -, <) be an ordered semigroup. A nonempty
subset A of S is called a left ideal of S if

(i) SAC 4;
(ii) if z € A and y € S such that y < z, then y € A.

A nonempty subset A of S is called a right ideal of S if AS C A and (ii) holds. If A is both
a left and a right ideal of S, then A is called a (two-sided) ideal of S. It is known that, for
xz €8, (Sz] is a left ideal of S, (zS] is a right ideal of S and (SxS] is an ideal of S.

An element 0 of an ordered semigroup (S, -, <) is called a zero [2] if

(i) 0z =20 =0 for all x € S;
(i) 0 <z forall x € S.

Clearly, {0} is an ideal of S which will be denoted by 0. To exclude the trivial case, if an
ordered semigroup (5, -, <) has a zero 0 then we assume that S # {0}.

Let (S,-, <) be an ordered semigroup with zero 0. A left ideal A of S is said to be
0-minimal if {0} # A and {0} is the only left ideal of S properly contained in A. Similarly,
we define O-minimal right ideals and 0-minimal two-sided ideals.

Let (S, -, <) be an ordered semigroup with zero 0. Analogously to [11], if A is a nonempty
subset of S, then the left annihilator of A, denoted by I(A), is defined by

I(A)={zeS|zA=0}.
Dually, the right annihilator of A, denoted by r(A), is defined by
r(A)={zx e S| Az =0}.
It is easy to see that [(A)A = 0 and Ar(A4) = 0.

Lemma 1.1 Let (S,-, <) be an ordered semigroup with zero 0 and A, B nonempty subsets
of S. Then the following statements hold:

(1) I(A) is a left ideal of S and r(A) is a right ideal of S;

2) ACr((A)), AC(r(A));

(2)
(3) if AC B, then I(B) CI(A) and r(B) C r(A);
(4)

4) if Ay €8S, a €A, then

H(Uq Aa) = Mo l(Aa), 7(Uq Aa) = Ny 7(Aa)-

Proof. (1) We will show that [(A) is a left ideal of S. Dually, we have r(A) is a right
ideal of S. Clearly, [(A) # 0. If x € S,y € [(A), then (zy)A = x(yA) = 0, and so zy € [(A).
Let z € [(A) and y € S such that y < z. Then yA C (yA] C (xA] = 0, and hence y € [(A).

(2) Since I(A)A =0, s0 A C r(I(A)). Similarly, A C I(r(A)).

(3) Assume that A C B. Let z € I(B). Since A C B, we get A C 2B = 0, and so
x € l(A). Thus I(B) CI(A). Similarly, r(B) C r(A).

(4) The proof is straightforward.
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2 Main Results Analogously to [11], we define a dual ordered semigroup as follows:

Definition 2.1 Let (S,-,<) be an ordered semigroup. Then S is called o dual ordered
semigroup if

(i) U(r(L)) = L for all left ideals L of S;
(ii) r(I(R)) = R for all right ideals R of S.
Lemma 2.2 Let (S,-,<) be a dual ordered semigroup with zero 0.

(1) If {Rs | @ € A} is a family of right ideals of S, then

(Mo Ba) = Uy U(Ra)-

(2) If {Ls | @ € A} is a family of left ideals of S, then

(Mo La) = U, 7(La).
(3) 1(S) =r(S) = 0.
(4) If L is a O-minimal left ideal of S, then r(L) is a mazimal right ideal of S.
(5) If A is a O-minimal ideal of S, then r(A) and I(A) are mazimal ideals of S.

Proof. For (1) and (2), the proofs are straightforward.
(3) We have

r(S) =r(SUIl(0)) =r(S)Nnr(0)) =r(S)N0=0.

Similarly, I(S) = 0.

(4) Assume that L is a O-minimal left ideal of S. Since L # 0, (L) # S. Let R be
a proper right ideal of S such that (L) € R. Then 0 # I(R) C I(r(L)) = L, and thus
I(R) = L. Hence R =r(I(R)) = r(L).

(5) Assume that A is a 0-minimal ideal of S. We will show that r(A4) is a maximal
ideal of S. Tt is easy to see that r(A) is an ideal of S. Let M be a proper ideal of S
such that r(A) € M. Then 0 # (M) C I(r(A)) = A, and thus [(M) = A. Hence
M = r(I(M)) = r(A). Therefore, r(A) is a maximal ideal of S. Similar arguments show
that [(A) is a maximal ideal of S.

Lemma 2.3 If (S, -, <) is a dual ordered semigroup with zero 0, then a € (Sa] and a € (aS]
for every a € S. In particular, (S?] = S.

Proof. Let a € S. Since (Sa] is a left ideal of S, by assumption, we have [(r((Sa])) =
(Sa]. It x € r((Sa]), then (Salz = 0, and hence (Sax] = 0. By Lemma 2.2, az € r(S), and
so ax = 0. This proves that a € I(r((Sa])). Hence a € (Sa]. Dually, a € (aS].

Lemma 2.4 Let (S, -, <) is a dual ordered semigroup with zero 0 and a € S. If (aS] =0
or (Sa] =0, then a = 0.

Proof. This follows by Lemma 2.3.

Lemma 2.5 Let (S,-, <) be a dual ordered semigroup with zero 0. If S = (aS] for every
a € S\ {0}, then S is itself a O-minimal right ideal of S.
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Proof. Assume that S = (aS] for every a € S\ {0}. Let A be a right ideal of S such
that A # {0}. Then there exists a € A\ {0}. By assumption, S = (aS], and thus S = A.
This shows that S contains only the right ideals S and {0}. Therefore, the assertion follows.

We now prove the main result analogue to ([11], Theorem 4).

Theorem 2.6 Let (S,-,<) be a dual ordered semigroup with zero 0. Every nonzero right
ideal of S contains a 0-minimal right ideal of S.

Proof. Let R be a non-zero right ideal of S. There are two cases to consider:

Case 1: S = (aS] for every a € S\ {0}. By Lemma 2.5, we have S is itself a 0-minimal
right ideal of S. Therefore, R contains a 0-minimal right ideal of S.

Case 2: (aS] # S for some a € S\ {0}. We have a € (aS] C S. Since a € (Sal, there
exists y € S such that a < ya. If y € I(a5), then yaS = 0, and so (yaS] = 0. Hence ya = 0.
This is a contradiction. This shows that y ¢ {(aS) which implies y ¢ I((aS]). If I((aS]) = 0,
then (aS] = r(I((aS])) = r(0) = S. This is a contradiction. We have I((aS]) # 0.

Let L be the union of all left ideals of S which does not contain y. Since

I((aS)) € Lo # S,

it follows that
r(Lo) € r(l((aS])) = (aS] € S

and r(Lg) # 0.

We will show that r(Lg) is a O-minimal right ideal of S. Let R; be a right ideal of S
such that 0 # Ry C r(Lg). Then Ly C I(R1) C S, and thus y € I(Ry). Since I(R1)R1 =0,
yRy; = 0. Since {((aS]) C Lo, Ry C r(Lg) C (aS]. If z € Ry C (aS], then there is z € S
such that z < az < yaz = 0, and thus Ry = 0. This is a contradiction. Hence the proof is
completed.

Theorem 2.7 Let (S,-,<) be a dual ordered semigroup with zero 0. Every nonzero left
ideal of S contains a 0-minimal left ideal of S.

Proof. This can be proved similarly to Theorem 2.6.

Corollary 2.8 Let (S,-, <) be a dual ordered semigroup with zero 0. FEwvery right ideal R
of S such that R # S is contained in a maximal Tight ideal of S.

Proof. Let R be a right ideal of S such that R # S. Since I(R) is a left ideal of S, by
Theorem 2.6(6), I(R) contains a 0-minimal left ideal Ly of S. Since 0 # Ly C I(R), we have
R Cr(Lp) C S, By Lemma 2.2, r(Lg) is a maximal right ideal of S.

Theorem 2.9 Let (S,-, <) be a dual ordered semigroup with zero 0. FEvery 0-minimal left
ideal of S is contained in a 0-minimal ideal of S.

Proof. Let Ly be a 0-minimal left ideal of S. By Lemma 2.3, Ly C (LS]. We have
(LoS] is a O-minimal ideal of S. This proves the assertion.

We will show that My := (LpS] is a O-minimal ideal of S. It is easy to see that My is
an ideal of S. Setting

Z =85\r(Ly) :={za | @ € A},

we have
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Mo = (Lo(r(Lo) U Z)] = (LoZ] = Uqen(Lo%al.

Note that for a € S, (Loa] = 0 or (Lpa] is a O-minimal left ideal of S. In fact: we
assume that (Loa] # 0. Let L be a left ideal of S such that 0 # L C (Lga]. Setting
Ly ={x € Ly|zae L} Itiseasy to see that L is a left ideal of S. By the minimality of
Lo, we obtain L = Ly. Hence, L = (Lgal.

Now, since Ly C My, there exists zg € Z such that Lo = (Lgzo].

Let M be an ideal of S such that 0 # M C My. We claim that Ly C M. Suppose not,
then

M = UaeAl (LOZQ]

for some Ay C A such that zp ¢ {z, | « € A1}. Since MS C M, we obtain

U (ZLozalS € | (Lozal,

a€N; acM
thus
(U @ozal(81] = ( | (LozaST € (| (Loza]] € | (Zozal
aeA; aEN aeA; acN
Since

(U @ozd(S)] = | (Lozal(8]] = |J (LozaS),

a€N a€EN a€A;

we get Uyen, (Lo2aS] € Uyen, (Lozal-
Let o € Aq. Since

(LozaS] = ((Lol(za S]] = (Lo(2a5]]

and (Lozo| is not contained in M, we have zy ¢ (2,5]. Since 7(Lg) is a maximal right ideal
of S, it follows that S = (2,S] U r(Lg). This is a contradiction sine zg ¢ r(Lg). So we have
the claim.

Now, we get Lo € M C (LoS], and thus (LoS] C (M S] C (LoS]. Since M = (MS], we
have M = (LyS] = My. This completes the proof.

Corollary 2.10 Let (S,-,<) be a dual ordered semigroup with zero 0. FEwvery ideal of S
contains (at least one) 0-minimal ideal of S.

Proof. This follows by Theorem 2.9.

Corollary 2.11 Let (S, -, <) be a dual ordered semigroup with zero 0. Every maximal left
ideal of S contains a maximal ideal of S.

Proof. Let L be a maximal left ideal of S. By Theorem 2.9, the 0-minimal right ideal
r(L) is contained in the 0-minimal ideal (Sr(L)]. Since (L) C (Sr(L)] € S, we have
0 CI((Sr(L)]) € L. By Lemma 2.2, [((Sr(L)]) is a maximal ideal of S.
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