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ABSTRACT. Some concepts of operations on a subspace-topology are presented on a
subspace of a given topological space (Definitions 2.1, 2.3) and some operation-open
sets on the subspace are introduced (Definition 3.2). And we investigate some relation-
ships among families of such operation-open sets (Theorem 3.9, Corollary 3.11). As an
application, we have an operation-closure formula for a subspace (cf. Theorem 4.5).

1 Introduction In 1979, Kasahara [2] introduced the concepts of operation in topo-
logical spaces and operation-closed graph of a function; and he unified several characteriza-
tions of compact spaces, nearly-compact spaces and H-closed spaces. In 1983, Jankovié [1]
introduced and studied the concept of operation-closures of a subset, operation-closed sets
(in the sense of Jankovi¢) in a topological space and several related topics. After the works
above, in 1991, Ogata [4] introduced the concept of operation-open sets and investigated the
related topological properties of the associated family of all the operation-open sets with a
given topology and a given operation. Moreover he introduced the concept of operation-T;
spaces, where i € {0,1/2,1,2}.

Throughout the present paper, for a nonempty set X, (X, 7) always denote a topological
space on which no separation axioms are assumed unless explicitly stated. In the present
paper, we use the notation in Ogata’s papers [4], [5]: a function v : 7 — P(X) is called an
operation on 7, if U C U" holds for every set U € 7, where U” := v(U) (the value of U by
~) and P(X) denotes the power set of X. Let 77 be the family of all v-open sets in (X, 7).

The purpose of the present paper is to present and study the concept of subspace-
operations (i.e., operations on subspaces) and subspace-operation-open sets for a given op-
eration; and also we study some topological properties of such subspace-operation-open sets
(cf. Section 2, Section 3). In Section 2, two operations v : 7|H — P(H) (Definition 2.1
below) and gy : T(gy — P(H) (Definition 2.3 below) are introduced and studied. In Sec-
tion 3, the concept of operation-open sets relative to H is introduced (Definition 3.2) and
basic properties are investigated (cf. Theorem 3.5). And we investigate some relationships
among the family 77, of all operation y-open sets relative to H, the family of all v9-open
sets on 7|H, the family 77| H and the subspace topology 7|H (Theorem 3.8(ii), Theorem 3.9,
Theorem 3.10, Corollary 3.11). In Section 4, we give an operation-closure formula for such
subspace-operation 'yg, on 7|H and a given operaion 7 on 7 (Theorem 4.5).

2 Some operations on subspaces In the present section, we introduce the fol-
lowing two subspace-operations (Definition 2.1, Definition 2.3). Namely, we define some
concepts of operations, say 7§ and Y(m), on a subspace (H,7|H) of a topological space
(X, 1) for a given operation v : 7 — P(X) and a subset H of X (note: we assume H € 7
if v # “d” in the concept of Definition 2.1 below and 7|H := {UNH| U € 7}). Let
“d” : 7 — P(X) be the identity operation defined by “id”(U) = U for every U € 7.
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Definition 2.1 Let v : 7 — P(X) be an operation on 7. Suppose that H is an open subset
of (X, ) if v # “id”. An operation ¥4 : 7|H — P(H) is well defined as follows:

o ify# “id :7— P(X), then y9(UNH) := (UNH)"NH for every UNH € 7|H, where
(UNH)Y :=~U N H) (the value of v at UN H € 7); and

o ify=%“d":7— P(X), then y9(UNH) :=UnNH for every UNH € 7|H.

The former is well defined, because of U N H € T by assumption. This operation 71(37 is said
to be the restriction of v on 7|H.

Remark 2.2 When we consider the operation 79 : 7|H — P(H), we assume H € 7 if
v # “d”. And, if v = “id” : 7 — P(X), then we do not assume that H € 7. Namely, even
if H ¢ 7, by definition, for any subset H of (X,7), “d”$ : 7|H — P(H) is the identity
operation on 7|H. Indeed, “id”4(U) = U = U """ for any U € 7|H.

We note that, in the following Definition 2.3, the openness of H is not assumed.

Definition 2.3 Let (H,7|H) be a subspace of a topological space (X, 7).

(i) Let 7(z) denotes the following family of subsets of H:
e 7y ={U|UCH,UE¢€r}

(ii) (cf. Remark 2.4 (ii) below) For an operation v : 7 — P(X), the following operation
Y(ary on the family 7 is well defined:
® Yy : T(a) — P(H) is defined by vz (U) := U" N H € P(H) for every U € 75, where
U7 :=~(U) (the value of y at U € 75y C 7).

Remark 2.4 (i) The following properties are well known.

(i-1) 7gy C 7|H C P(H).

(i-2) If H is open in (X, 7), then (g is a topology of H and 7(p) = 7|H.

(ii) Let v : 7 — P(X) be an operation on 7. The following properties are shown.

(ii-1) (cf. Definition 2.3(ii)) vy : 7y — P(H) is an operation on 7(), because
Yy (U)=U"NH D>UNH =U hold for a subset U € 7(4).

(ii-2) If H is open in (X,7), then v ) =g : 7|H — P(H).

(iii) A correspondence from 7|H into P(H), say f : 7|H — P(H), defined by f(W N

H) := W7N H is not well defined, where W € 7 and v : 7 — P(X) is a given operation on
7. Indeed, for some topological space (X, 7) and a subset H of X, we can take two open
sets W and S of (X,7) such that WNH = SN H and WY N H # S” N H; thus f is not
well defined.
For example, let X := {a,b,c}, 7 := {0, X, {a}, {b},{a,b},{a,c}} and H := {a,c}. And let
~v: 7 — P(X) be a given operation defined by v(U) :=U if b€ U;y(U) :=Cl(U) if b ¢ U.
Then, we take W := {a,b} € 7,5 :={a} € 7; then WNH ={a} =SNH and WYNH =
{a,b}"NH ={a,b}NH ={a} and SYNH = {a}"NH = Cl({a})NH = {a,c}NH = {a,c}.
Thus, WYNH #S"NH and so f(WNH)# f(SNH), even if WNH = SN H holds.

(iii)” We note that our operation 7% : 7|H — P(H) of Definition 2.1 is well defined.
Indeed, in the case where v # “id”, we assume H € 7 and so we have W N H € 7 for any
W € 7 and (W N H)7 is well defined; and hence v9(W N H) := (W N H)” N H is well
defined. We note the difference of definitions of v (cf. Definition 2.1) and f of (iii) above.
In the case where v = “id”, even if H ¢ 7, we have ¥4 (W N H) = W N H and so 7§ is well
defined.

3 Operation-open sets relative to subspaces In the present section, we intro-
duce the concept of y-open sets relative to a subset H, where v : 7 — P(X) is a given oper-
ation on 7, and we investigate general properties of them. For an operation v : 7 — P(X)
on 7, we recall the definition of y-open sets in (X, 1) as follow (cf. [4, Definition 2.2]). It is
well known that every ~-open set of (X, 7) is open in (X, 7), where v is an operation on 7.
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Definition 3.1 [4] (i) A nonempty subset A of (X, 7) is said to be y-open in (X, 7), if for
each point x € A there exists a subset U € 7 such that z € U and UY C A. We suppose
that the emptyset () is y-open in (X, 7). A subset F of (X, 7) is called y-closed in (X, ) if
X\ F is y-open in (X, 7) in the sense of the above.

(ii) Let 77 denotes the collection of all y-open sets of (X, 7). Namely,
e A e 77 if and only if A=) or for any point € A there exists a subset U € 7 such that
x €U and UY C A.
(Note: the notation 77 above is denoted by 7, in [4] (e.g.,[3])).

Definition 3.2 Let (H,7|H) be a subspace of (X,7) and v : 7 — P(X) be an operation
on 7.

(i) A nonempty subset A of a subspace (H, 7|H) is said to be y-open relative to H, if for
each point z € A there exists a subset U € 7 such that x € U and UY N H C A. Suppose
that the empty set () is y-open relative to H. A subset F of (H,7|H) is said to be y-closed
relative to H, if H \ F is y-open relative to H.

(ii) Let 77, denotes the collection of all y-open sets relative to H. Namely,

e A e 7} if and only if A =0 or for each point x € A there exists an open set U of (X, 1)
such that x € U and U" N H C A.

Remark 3.3 In Definition 3.1 and Definition 3.2, we assume that v : 7 — P(X) is the
identity operation, say “id”, i.e., “id”(U) = U for every U € 7. Then, we have the following
property:

() 7 =1 (i) 749 =7|H.

We recall the following well known definition.

Definition 3.4 (i) ([2], e.g., [4, Definition 2.5]) An operation v : 7 — P(X) is regular on
7 2] (e.g., [4]) if for every open neighbourhoods U and V of each point x € X there exists
an open set W such that x € W and WY Cc U"N V7.

(ii) An operation v : 7 — P(X) is said to be monotone if AY C BY whenever A C B,
Aerand Ber.

Tt is well known that: every monotone operation is regular; and if v : 7 — P(X) is regular
on 7, then the collection 77 of all y-open sets forms a topology of X (cf. [4, Proposition
2.9]).

Theorem 3.5 Let v:7 — P(X) be an operation on 7 and H a subset of X.
(i) The union of any family of v-open sets relative to H is a y-open set relative to H.
(i) If v : 7 — P(X) is reqular on T, then the intersection of two y-open sets relative to
H is also y-open relative to H.
(iii) If v : 7 — P(X) is regular on 7, then the family 7}, forms a topology of H.

Proof. (i) Let {A;] i € 2} be a family of y-open sets relative to H, where {2 is an index
set. Put A := [J{Ai| i € Q}. Let x € A. There exists a y-open set A; relative to H such
that © € A;, where i € Q. Then, there exists a subset U(i) € 7 such that z € U(i) and
U(#)"NH C A; C A. We prove that A is y-open relative to H.

(ii) Let B and E be y-open sets relative to H. Let x € BN E. There exist two open
neighbourhoods U and V of the point « such that UY N H C B and VN H C E. Since 7y
is regular on 7, there exists an open neighbourhood W of = such that WY C U" NV7; then
WYNH C({U"NnH)N(VYNH) C BN E. Therefore, BN E is y-open relative to H.
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(iii) For the set H, we have H € 77. Indeed, for a point z € H,X is the open
neighbourhood of « such that X" N H C H. Since () € 7}, by definition, using (i) and (ii)
above, it is concluded that 7, is a topology of H. O

We need the following notation.

Definition 3.6 (i) For a subset H of (X, 7) and an operation v : 7 — P(X),

o T\H :={VNHEeP(H)|V is y-open in (X, 7), i.e., V € 77} (cf. Definiton 3.1).

(ii) Suppose that H is open in (X, 7) if v # “id”. For an operation 19 : 7|H — P(H)
(cf. Definition 2.1),

. (T|H)“’g = {A € P(H)|A is v9-open in (H,7|H)} (cf. Definition 2.1, Definition 3.1
for a topological subspace (H,7|H)).

Remark 3.7 In Definition 3.6, especially we assume that v : 7 — P(X) is the identity
operation. Note: we do not assume that H € 7(cf. Definition 2.1, Definition 3.6 (ii)). Then,
we have the following properties:

(i) 7" |H = 7|H;

(ii) (7‘|H)“id”g = {A € P(H)|A is “id”$-open in (H,7|H)} = {A € P(H)|A is “id”-open
in (H,7|H)} = 7|H, because “id”$) is the identity operation by Definition 2.1.

The following Theorem 3.8, Theorem 3.9, Theorem 3.10 and Corollary 3.11 show some
properties on the relations among the families 77|H, 77, (7|H )’72 and 7|H under some
assumptions.

Theorem 3.8 (i) Let v: 7 — P(X) be an operation on 7 and let H subsets of X.
(i-1) If a subset B of (X, 7) is y-open in (X, 7), then BN H is v-open relative to H;
namely,
e 7V|H C 7}, holds (cf. Definition 3.2(ii)).
(i-2) Every ~v-open set relative to H is open in (H,7|H); namely,
e 7, C7|H holds.
(ii)  7Y|H C 1}, C 7|H hold for any subset H of (X, T) and any operation~y : 7 — P(X).

Proof. (i) (i-1) Let € BN H. Tt follows from assumption that there exists an open subset
U of (X,7) such that z € U and UY C B and hence UY N H C BN H. Thus, BN H is
~-open relative to H (cf. Definition 3.2(i)). Let V € 77|H. There exists a subset B € 77
such that V.= BN H; and so V € 7}, (cf. the former result above and Definition 3.2(ii)).
Thus we have the implication 77|H C 4.

(i-2) Let V be a nonempty v-open set relative to H. For each point € V, there
exists a subset U(x) € 7 such that x € U(x) and U(z)Y N H C V. Using the above
subsets U(z) for each point z € V, we define a family Uy = {U(x) N H| z € V,z €
U(z),U(x) € 7,U(z)Y N H C V}. First we claim that (x1) V = |J{U| U € Uy} holds. By
the definition of Uy, it is obtained that (x2) V C (J{U| U € Uy }. Conversely, we have
(*3) U{U| U € Uy} C V. Indeed, let y € J{U| U € Uy }; then there exists a subset
W € Uy such that y € W. This means that there exists a subset U(z) € 7 such that
W=U(xz)NH,ze€V,xeU(z),Ux)"NH CV;andsoy € Hyy € U(x) C U(z)" and
y € U(x)Y N H, because v is an operation on 7. Since U(x)Y N H C V, we have y € V;
and hence we have (x3) above. By (x2) and (*3) above, the property (x1) is obtained.
Finally, by definitions, it is shown that V = J{U| U € Uy} = Uy N H and U; € 7, where
Uy ={U(z)| z e V,x e Ux),U(x) € 7,U(x)YNH C V}. Thus, V is open in (H,7|H).
Using Definition 3.2(ii), we have the implication 77, C 7|H.

(ii) By (i-1) (resp. (i-2)), it is obtained that 77|H C 7}, (vesp. 74 C 7|H ) hold. O
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Theorem 3.9 (i) Suppose that v # “id” and H is open in (X,7). Then, every 'yg—open
set in (H,7|H) is y-open relative to H; namely,
o (r|H) C 74 holds (cf. Definition 2.1).

(ii) Suppose that v : 7 — P(X) is a monotone operation such that v # “id” and H is
open in (X, 7). Under the assumptions above, we have the following properties.

(ii-1) Every y-open set relative to H is v -open in (H,T|H).

(ii-2) o 7/, C (T|H)72 holds; and hence o 1/, = (T|H)7101 holds under the assumption of
(ii).
Proof. (i) Let A be a v9-open set in (H,7|H) (i.e., A € (T\H)'Yg), where v : 7|H — P(H)
is an operation on 7|H and v # “id”. Let € A. There exists a subset W € 7|H such that
r €W and YO (W) = WYN H C A (Note: v # “id” and using the assumption that H is
open, we have W € 7). Thus, for the point x € A, W € 7 such that WY N H C A. This
shows that A is y-open relative to H, i.e., A € 7}.

(ii) (ii-1) Let A be a vy-open set relative to H (i.e., A € 7};). Let © € A. There exists
a subset U(x) € 7 such that x € U(x) and U(z)Y N H C A. Since v # “id”, H € 7 and v
is monotone, we have v (U(z) N H)=(U(x) N H)"NH C U(x)” " H C A. This shows that
for the point x € A, we have ¥Q(U(x) N H) C A and U(z) N H € 7|H; and so A is v§-open
in (H,7|H) (ie., A€ (r|H)").

(ii-2) By (ii-1) above, Definition 3.2(ii) and Definition 3.1(ii) for (H,|H), it is obtained
that 7, C (7|H ). Using (i), we have the required equality under the assumption of (ii).

Theorem 3.10 Let A C H C X and v : 7 — P(X) be an operation on 7 such that

“id.
! 7é(l) If A is y-open in (X,7) and H is open in (X, ), then A is ¥9-open in (H,7|H) (i.e.,
A€ (T|H)).

(i) If H is vy-open in (X,7) and v : 7 — P(X) is a regular operation, then e 77|H C
(7|H)'# holds.

(ii) If v : 7 — P(X) is a regular operation on 7, A is v9-open in (H,7|H) and H is
~v-open in (X, T), then A is y-open in (X, 1) (i.e., A€ T7).

(ii)’ If H is y-open in (X,7) and v : 7 — P(X) is a regular operation on T, then
o (7|H) C 7|H holds.

(iii) If v : 7 — P(X) is reqular on 7 and H is y-open in (X, 7), then
o (7|H)"# =77|H holds.

Proof. (i) Let x € A. There exists a subset U of X such that x € U,U € 7 and UY C A.
We have # € UNH = U and U € 7|H; and so Y9 (U) = U"NH C AN H = A. Thus, we
show A € (7|H)H.

(i)’ Let A € 77|H; then there exists a subset B of X such that B € 77 and A= BN H.
Since 7 is regular, 77 forms a topology of X ([4, Proposition 2.9]). Thus, we have BNH € 77
and so A € 77, because B € 77 and H € 77. By (i) above, it is obtained that A € (7|H)#
(because of the fact that 77 C 7 in general and so H € 7). Thus, we prove r7|H C (r|H)"7.

(ii) Let z € A. There exists a subset U € 7 such that z € U,v9(UNH) = (UNH)"NH C
A, because A € (T|H)72, v# “d”, UNH € 7/H and UNH € 7. Since H € 77 and
x € A C H, for the point x € H, there exists a subset V € 7 such that x € V and V" C H.
By the regularity of «, for two open subsets UNH and V containing x, there exists a subset
W € 7 such that z € W and WY C (UNH)YNV? (cf. the place between Remark 3.3 and
Theorem 3.5); and so WY C (UNH)YNH C A. Therefore, for each point z € A, we have a
subset W such that W € 7,2 € W and WY C A; and so A is y-open in (X, 7) (i.e., A € 77).
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(i)’ Let A € (T|H)’Yg; then it follows from (ii) above that A € 77 and A = ANH € 77 |H.
Thus, we have the implication (7|H)Y# C 77|H.
(iii) By (i)’ and (ii)’, the required equality is obtained. O

Corollary 3.11 (i) If v: 7 — P(X) is a monotone operation on T such that v # “id” and
H is vy-open in (X, T), then we have the following equality:
. ('1'\H)'Vg =77H = 7}, hold.

(ii) If v = “id”, then 77|H = 7}, = (T\H)'Vg = 7|H hold for any subset H of (X, 7).

Proof. (i) Since v is monotone with v # “id” and H is open in (X, 7), we have 7/, = (7'|H)'71(3
holds (cf. Theorem 3.9(ii)(ii-2)). And, we recall that every monotone operation is regular.
Then, by Theorem 3.10(iii), it is shown that (7'|H)'71?1 =77|H.

(ii) By using Remark 3.3 and Remark 3.7, it is shown that 74" |H = 7% =(7|H) Sl =
7| H hold. O

4 Operation-closures in subspaces In the end of the present paper, we investigate
some forms of operation-closures in subspaces. We recall here that, for a topological space
(X, 7), asubset H of X and a subset B of H,

Cly (B) = HNCI(B) holds, where Cl(B) := 7-Cl(B) = ({{F|B C F, Fis closed in (X, 7)}
and Cly(B) := (7|H)-CI(B) = ({F|B C F, F is closed in (H, T|H)}. Moreover, for a point
x € X and a subset F of (X,7),

x €CI(E) if and only if U N E # () holds for every open set U of (X, ) such that z € U;
and for a point y € H and a subset B of (H,7|H),

y €Cly(B) if and only if V. N B # () holds for every open set V of (H,7|H) such that
yeV.

By Jankovié [1], the concept of operation-closures in topological spaces is introduced.

Definition 4.1 (i) (Jankovi¢ [1]) For a subset A of a topological space (X,7) and an
operation v : 7 — P(X), the y-closure of A, say Cl,(A), is defined as follows:
o ClL(A)={zeX| U'NA#Q for every open set U of (X, 7) with z € U}.

(ii) Let v : 7 — P(X) be a given operation. Let (H,7|H) be a subspace of (X,7)
and B a subset of H. Suppose that H is open in (X, 7) if v # “id”. For the restriction
v§9 : 7|H — P(H) of 7 (cf. Definition 2.1) and a subset B of H, we can define the concept
of the operation-closure of B in a subspace (H,7|H), say Cl,o(B), as follows:

o Clo(B):={ze H|Y9(U)N B # () holds for every open set U of (H,7|H) with 2 € U}.
(Note: Cl,o(B) C H for every subset B C H).

We need the following concept of the open operation defined by Ogata [4, Definition 2.6].

Definition 4.2 (Ogata [4, Definition 2.6]) An operation v : 7 — P(X) is said to be open
on 7 if for every open neighbourhood U of each point z € X there exists a y-open set S
such that € S and S C U”, where U" := v(U) (the value of v at U).

Any “Int o Cl”-operation, say v : 7 — P(X), is open on 7, where y(U) :=Int(Cl(U)) for
every set U € 7 ([4, Example 2.7]). By definition, it is known that every identity operation
“id” : 7 — P(X) is open on 7, where 7 is a topology of X.

Remark 4.3 (i) For families 77 and (7|H )72 , other operation-closures are defined, respec-
tively (e.g., [4, (3.2), Proposition 3.3]):

o 77-Cl(A) :={F|AC F,F is y-closed in (X, 7)}, where A C X;

. (T|H)72—C1(B) = ({F1|B C F1, Fy is v9-closed in (H,7|H)}, where B C H.
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(i) It is well known that A CCl(A) CCl,(A) C 77-CIl(A) holds for any subset A C X,
any topology 7 and any operation v : 7 — P(X) (e.g., [4, (3.4)]). And the example in [4,
Remark 3.5] shows that Cl,(A) # 77-Cl(A) in general.

(iii) If v : 7 — P(X) is open on 7 (cf. Definition 4.2 above), then Cl,(A) = 77-Cl(A)
holds for any subset A of X ([4, Theorem 3.6 (iii)]).

(iv) Moreover, in [4, Proposition 3.3], z € 77-Cl(A) if and only if U N A # @ holds for
any ~v-open set U of (X, 1) (i.e., U € 77) such that x € U, where v is a given operation on
T.

We need the following lemma.

Lemma 4.4 (i) Let v : 7 — P(X) be a reqular operation on 7 such that v # “id” and H
be a y-open set of (X, 7). If v is open on T, then v : T|H — P(H) is open on 7|H.

(ii) If v = “id” and H is a subset of X, then ¥4 = “id"9 : 7|H — P(H) is open on
TIH.

Proof. (i) Let z € H and V be an open set of (H,7|H) with € V. We show that there
exists a y§-open set S in (H,7|H) such that z € S and S C v9(V). Indeed, since H € 7
and V € 7, by the openness of v, there exists a y-open set, say T, in (X, 7) such that x € T
and T C VY. Weput S :=TNH;thenz €S, S CVINH=~9(V) (cf. Definition 2.1)
and S € 77|H (cf. Definition 3.6(i)). We claim that the subset S above is a v9-open set
of (H,7|H) (ie., S € (7'|H)7101). Indeed, since v # id, v is regular and H € 77, we apply
Theorem 3.10 (iii) to the present case; and so we have 77|H C (T|H)72. Thus, we have
S e (r|H)H.

Therefore, for the given point € H and the given open set V' containing z in (H,7|H),
the subset S is a v9-open set of (H,7|H) such that * € S and S C 7§ (V). Namely,
7§ : 7|H — P(H) is an open operation on 7|H.

(ii) For v = “id”, by Definition 2.1 and Remark 2.2, it is known that v§ = “d”% :
7|H — P(H) is the identity operation on 7|H. And it is well known that the identity
operation on any topology is open on the topology. O

Theorem 4.5 Let v : 7 — P(X) be a given operation on 7 and B C H C X.
(I) Suppose that H is open in (X,7) and v # “id”.
(i) Clyo(B) OCl,(B)NH holds.
(ii) If v : 7 — P(X) is monotone, then Cl,o(B) CCl,(B)NH holds; and so Cl o (B)=Cl,(B)N
H holds.
(iii) Suppose that H is y-open in (X, 7). If v: 7 — P(X) is regular and open on T, then
we have the following properties:
(ili-1) Clyo(B) cCly(B) N H holds; and so Cl,o(B)=Cl,(B) N H holds;
(ili-2) Clyo (B) = (T|H)’Yg -CI(B) holds for any subset B of H.
(I1) If y = “id”, then Clugng (B)=Clua (B) N H holds, i.c., Clgy (B)=CI(B) N H holds,

Proof. (I) (i) Let z €CL,(B) N H. In order to prove z €Cl,o(B), let U be an open set
of (H,7|H) with 2 € U. Since H is open in (X,7) and  €Cl,(B), we have U € 7 and
so U N B # (). By Definition 2.1(i), it is obtained that Y9(U)N B = (UYNH)N B =
U'N(HNB)=U"NB#0; and so z € Cl,o(B).

(i) Let « ¢CL,(B) N H. We should show x ¢Cl,o(B). For the point x, we consider the
following two cases.
Case 1. o ¢ H: for this point x, we have z ¢Cl o (B) (cf. Note in Definition 4.1).
Case 2. x € H: for this case, we have © ¢Cl,(B). Then, there exists a subset U €
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such that € U and U” N B = (. Since « is monotone, we have (U N H)” C U” and so
YQUNH)NB=(UNH)NH)NB CU"NB = (indeed, U N H € 7) . Thus, the subset
U N H is an open set of (H,7|H) such that x € UN H and ¥9(U N H) N B = (; and so
z ¢Clio(B).

Therefore, for both cases we show that x ¢Cl,o (B).

(iii) First we recall that every ~-open set of (X, 7) is open in (X, 7) for any operation
~ and a topology 7.

(iii-1) Let = ¢Cl,(B) N H. We consider the following two cases.

Case 1. = ¢ H: for this point z, we have x €C172(B), because Cl o (B) C H (cf. Defini-
tion 4.1(ii)).

Case 2. © € H: for this case, we have x ¢Cl,(B). There exists a subset U € 7 such that
x € U and U N B = (). Since « is open on T, there exists a y-open set S such that x € S
and S CU” andso SNBCU"NB =10 (ie., SN B =0). Thus we have SNH € 77|H
and 2 € SN H. By Theorem 3.10 (i)', it is well known that 77|H C (7|H)"#; and so
we have SN H € (T|H)72. Namely, the subset SN H is a y9-open set of (H,7|H) such
that z € SN H and (SN H)N B =5NB = (. This shows that « ¢ (T‘H)’Yg—CI(B) (cf.
Remark 4.3 (iv)). Since Cl,o(E) C (T|H)“’2—C1(E) holds for any subset E of a topological
space (H,7|H) (cf. Remark 4.3 (ii)), we have = ¢ Cl,o (B).

Therefore, for both cases, we show that x §ZCL/2 (B) for any point = with « ¢CL,(B) N H;
and so we have the required implication CIWS (B) cCly(B)NH. Moreover, since any ~y-open
set of (X, 7) is open in (X, 7), we can apply the result (I)(i) above to the present case; and
so we have the required equality.

(iii-2) By Lemma 4.4, 49 : 7 — P(H) is open on 7|H. Using [4, Theorem 3.6] (cf.
Remark 4.3 (iii)) for the topological space (H,T|H), the subset B C H and the operation
7§ : 7|H — P(H), we have the required equality Clyo(B) = (T‘H)’Yg—CI(B>.

(II) Since v = “id”, we have “id”$ = “idy” : 7|H — P(H), where “idg” is the iden-
tity operation on 7|H, and so Clego (B)=Clsq,»(B)=Clg(B) = (r|H)-Cl(B) =CI(B) N
H =Clug (B) N H hold. 0
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