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COMPUTING K-THEORY GROUPS FOR TENSOR PRODUCTS OF
C*-ALGEBRAS
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ABSTRACT. We compute the K-theory groups for the tensor product of two C*-
algebras, one of which is in the bootstrap category, and whose K-theory groups may
have torsion, by using the Kiinneth theorem in the K-theory for operator algebras.

1 Introduction In this paper, we compute the K-theory groups for the tensor product
of two C*-algebras, one of which is in the bootstrap category, and whose K-theory groups
may have torsion, by using the Kiinneth theorem in the K-theory for operator algebras.

This paper after Introduction is organized of the following sections:

2 Preliminaries;

3  The case with torsion part a product of one cyclic group;

4 The case with torsion part two products of two cyclic groups;

5 The general case with torsion part finite products of cyclic groups.

In Section 2 we recall about the Kiinneth theorem for K-theory groups of tensor products
of C*-algebras. In Sections 3 to 5, given we are the K-theory groups of two C*-algebras
as in the titles of the sections, and then we compute the K-theory groups of their tensor
products by using the Kiinneth theorem. Since the K-theory groups of two C*-algebras are
given concretely, we can perform the computation by determining the torsion product in
the Kiinneth theorem by using several facts in homology theory.

Our computation results performed and obtained here should be useful for application
and be viewed as basic formulae for reference. The case by case results in Sections 3 and
4 are also useful as examples, indeed, from which we could reach to the general results in
Section 5.

2 Preliminaries The Kiinneth theorem for K-theory groups of tensor products of
C*-algebras (recall from Blackadar [2]):

Let A, B be C*-algebras. Suppose that U is in the bootstrap category . Then there is a
short exact sequence

0— K.(A) ® K, (B) 5 K, (A2 B) -5 Tor? (K, (A), K.(B)) — 0,

where K, () = Ko(-) ® K1 (+) the direct sum of K-theory groups, and the map « has degree 0
and the map o has degree 1. The sequence is natural in each variable, and splits unnaturally.

More details are given from Schochet [4] the original as follows. The map « is defined
as

o Kp(A) @ Kg(B) — Kpiq(A@B)
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where p,q € Zy = Z/27 and ® means the minimal tensor product of C*-algebras. The
category I is the smallest subcategory of the category of separable nuclear C*-algebras
which contains separable type I C*-algebras and is closed under the operations of taking
closed ideals, quotients, extensions, inductive limits, stable isomorphism, and crossed prod-
ucts by the group Z of integers and by the group R of reals. The degrees of K,(-) ® K4(-),
K,(-) @ K,(-), and Tor}(K,(-), K,(-)) the torsion product are given by p 4 ¢ € Zj.

The classical Kiinneth theorem for topological K-theory groups of products of topo-
logical spaces (due to Atiyah [1]) is:
If X, Y are finite CW-complexes, more generally, compact Hausdorff spaces, then

0— K*(X)® K*(Y) % K" (X xY) -5 Tor? (K*(X), K*(Y)) — 0,
where K*(-) = K°(-) @ K~1(-). This is the case where A = C(X), B = C(Y) the C*-

algebras of all continuous complez-valued functions on X, Y respectively.

Note that K°(X) = Ko(C(X)) and K~ }(X) = K%(X xR) = KO(X x R)",+) =
Ko(SC(X)) @ K1(C(X)), where (X x R)" is the one-point compactification of X x R by
one point +, and K°(X,Y’) means the relative K°-group for X a locally compact Hausdorff
space and Y a closed subspace of X, and SC(X) means the suspension of C'(X) (see [2]).

The theorem due to Schochet ([4]) is:

Let A and B be C*-algebras with 2 in the category N and K.(B) torsion free. Then
there is an isomorphism:

a: K,() @ K. (B) - K,.(A®B),
so that

Ko(A®B) = [Ko(A) @ Ko(B)] © [K:1(A) ® K1(B)],
Ki(A® D)~ [K)(A) @ K1(8)] @ [K1() @ Ko(B)].

3 The case with torsion part a product of one cyclic group

Proposition 3.1. Let 2 and B be C*-algebras with A in the bootstrap category N. Suppose
that K;() = Z" © Z,"” and K;(B) = Z% @ 7 for some positive integers nj,mj,s;,t;
with j = 0,1 and p a prime number. Then

~ 7NoSo+n1s noto+mo(so+to)+niti+ma(s1+t1)
KO(Q[®%)7ZOO 11@Zp00 o(soTtlo 1t1 1(s1+11
noti+mit
@Z; otitmito
~ 7NoS1+n1s not1+mo(s1+t1)+nito+ma(so+to)
Kl(Q(@%)_ZOI IO@Z[}OI o(s1rl1 1to 1(SoT+to
o) Z;noto-‘r’ﬂlltl7
where the last summands in the Ko and Ki-groups correspond to the respective torsion
products.

Proof. We compute the torsion product in the Kiinneth theorem for tensor products of
C*-algebras using several facts in homology theory as in [3]:

Tor? (K; (), Ki(B)) = Tor{ (2" & 779, 7 & Z1F)
[©" Tor  (Z, K1, (%B))] © [ Tor{ (Zy, K (B)]
= [0"0] @ [0™ & Torf(Zy, Zy)]

~ mity __ mmitg
= @mithg,, = 2

I
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for j = 0,1 and k = 0,1. Note that Tor}(K; (), Kx(B)) appears in the split quotient of
Kj+k+1(91 ® B). Therefore,
Ko(A @ B)/(Zy" & Zy™)
= [Ko(A) @ Ko(B)] @ [K1(™A) @ K1(B)]
(Z e Zy)® (Z° e Zy)] e (2™ @ Zy*) ® (2 & Z,))]
o [Znoéo o) Znoto-‘rmoso-i-moto] &) [Zn181 o) Zn1t1+m181+m1t1]
P P

~ Znoso+n181 D Zn0t0+moso+moto+n1t1+m151+m1t1
~ p ,

where note that ZQZ ¥ Z, ZQ Ly, = Ly, QL = 7L, and Z, @ Ly, = Z,. Indeed, > "(101) =
19(3P1) =1®0=0in Z®Z, and Z,R7Z,, where > * means the usual p times summation.
Hence we get

~ 77noSo+nisi noto+mosot+mototniti+misi+maiti+moti+mito
(ARB) =7 L

— Z”030+”131 e Znoto-l-mo(So+to+t1)+n1t1+m1(81+t1+t0)
- .

And also
Ki(A©B)/(Zyo" © Zy")
= [Ko(2) ® K1(B)] & [K1(A) @ Ko(B)]
=[Z™ ezy) e (2 o)) e (2™ e Zy) ® (2 & L))
o [Zn051 ) Z20t1+m051+mot1] &) [anso o) Z21t0+m150+7mt0]

~ Zn051+n180 D Znotl+’m081+m0t1+n1t0+m180+m1t0
~ 18 .

Hence we get
K, (Q[ ® %) a9 Zn051+n150 D Znotl+mosl+m0t1+n1t0+m150+m1t0+m0t0+m1t1
- 14

— ZTL081+TL1SO o) Znotl+m0(81+to+t1)+n1to+m1(80+t0+t1)
» .
L]

Remark. The statement above also holds when p is replaced with the powers p* of p for
positive integers k£ > 1.

Proposition 3.2. Let A and B be C*-algebras with A in the category M. Suppose that
K;)=7" & ZZZJ' and K;(B) = 7% @ Z;]; for some positive integers n;,mj,s;, t; with
7 =0,1 and p a prime number with 1 < h <. Then

K()(Ql ® %) o Znoso+n151 @ Z::LO(SO+tO)+m1(51+t1) @ Z;Ll[)t()"rnltl
e Z;T’Llotﬁrmlto)
Kl(m ® %) ~ Znolernlso o Z$L0(81+t1)+m1(80+t0) ® Z;Il[)t1+n1t0

Zmoto +maty
h

where the last summands correpond to the respective torsion products.

Proof. Note that Z,. is contained in Z,;. Indeed, check that

ZP’L:{071727"' vpvp—i_]-v'” 7ph_]‘}
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is embedded as

{O,pliha 2pl7ha T 7plih+1a (p + 1)pl7h, cey (ph - 1)plih}

in Z,, where each class k + (p"Z) € Z,n = Z/p"Z is identified with the representative
ke Z Therefore, we have

Tor{ (Zyn, Zp) =2 Ly =2 Tory (Zy, Zoy).
We then compute the torsion product as before:
Tor? (K; (), K1 (B)) = Tork (Z" L) L B L))
>~ @M e Tor1 (Zipn, Lyt )
> @Mt g, = 279"

for j = 0,1 and k = 0,1. Note that Tory(K;(2), Kx(%B)) appears in the split quotient of
Kjtr4+1(A ® B). Therefore,

Ko(A®B)/(Zno" @ Z7,1")

[Ko(A) @ Ko(B)] & [K1(A) @ K1(B)]

(2™ & Z70) © (20 & Z9)] & (2" S Z)) © (27 & 7))

o [Z’ﬂoso o) Z;’;oso-i'moto D Zz/loto] @ [Zn1s1 D Z;’lel‘i‘mltl D Zz/lltl]

~ Znoso+nlsl oy Zmoso+m0to+mlsl+m1t1 o ZnotoJrnltl
= h i} ;

IIZ

where note that Z® Z = Z, Z @ Zyn = Zph @ L = Zyn, and Zph & Ly = Zpn. Indeed,
P1e1) =10 1)=190=0inZ® Zu and Z @ Z,. Hence we get
D P P
KO(Ql ® %) o~ Zn050+n151 o) Z;}IOtlerOSOerOtOerltoerl81+m1t1 ® Z;Llot0+mtl’

o Znosotnys: ® Z;’Zo(tl-i-so-ﬁ-to)-ﬁ-ml(to+81+t1) ® Z;Llotg-'rnltl.

And also

Ki(A@B)/(Zn" @ Z5")
= [Ko(%) ® K1(B)] @ [K1 (™) © Ko(B)]
(Z™ e Z5) @ (2 @ Z)] ® (Z™ @ Z0) @ (Z°° @ Z3)]
& (g%t @ Zes ot g 70 @ 20 @ ZTse e gy 7o)

nos ni1s mos1+moti+miso+mit not1+n1t
gZOl+10@th01 ot1 150 10@2[01 10’

Hence we get
Kl (Q[ ® %) ~ Zn081+ﬂ180 o) Z;T}Lloto-i‘moﬁ+m0t1+m1t1+m150+m1t0 o ZZL(]t1+n1t0,

. 3 t t t t
o gnos1+niso ® ZZ;O( o+s1+t1)+mi(t1+so+to) ® Z;L;)tl—‘rnlto.

More generally,
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Proposition 3.3. Let A and B be C*-algebras with A in the category N. Suppose that
K;,)=72" & Z:Z_ and K;(B) = 7% & Z;j for some positive integers nj,m;,s;,t; and
hj,l; with j = 0,1 and p a prime number. Then

Ko(A®B) =

[Znoso+nlsl @ Zmoso @ Znoto @ ZWZOOtAOlO EB Zmlsl @ antl EB anllllt/}ll]

@ Znon, ® Z”}:fflo]
K(A®%B)=
[Zrositrse & ZRe™ & Lot & L, @ Zoa™ @ Ll @ LR |

moto mity
[Z phoAlo ®Z hl/\ll]v
where a A b means the minimum min{a,b}.

Proof. We have
TOI‘l (Z h, Z 1" ) = thj/\lk = TOI%(ZPL,C,ZPM),

P’
where h; Al means the minimum min{h;, l;}.
We then compute the torsion product as before:

Tor} (1, (), Ki(%)) = Tor (2 0 2% 2 & 28,
=~ g™ @' Tory (Zyns s L)
> qpmi th hjAL, = Zn:ft,ﬁk

for j = 0,1 and k = 0,1. Note that Tor’ (K;(2), Kx(B)) appears in the split quotient of
Kjtr4+1(A ® B). Therefore,

Ko(2® B)/(Zyih, & Ly,

= [Ko(2) @ Ko(B)] & [K1(A) © K1(B)]

[(Z™ e Zy)® (Z* @ L5)] @ (Z™ @ L)) @ (2 & L}},)]

[Znoso @ ZmoSO @ Z’I’Loto @ Zmoto ] [ansl @ Zmlsl @ Z’I’thl @ Z’n’zllt/}ll].

phoAlo

pho phi

Hence we get Ko(2A ® B) =

t t, t t t t
[zrosotmn @ Z0S© @ Z35° & LR, & L™ © Zipht @ Zpih, 1@ [Zyiih, © ZiR, ).

hl

And also
Ky(A®B) /(LR ® L'k, )
= [Ko(A) ® K1(B)] & [K1(A) © Ko(B)]
[z o zy) ® (2" 0 Z),)] 0 (2™ 0 Z5)) ® (2% @ Z3, )]
[Znosl EB Zmosl EB Z’I’Lotl EB Zn}l%t/\lll] @ [anso @ Zmlso @ Z’I’tho @ Z’n’zllt/(\]lo].

phi

Hence we get K1 (A ® B) =
[Zrosrtrace g Lony ' ® Znotl S Z%%tﬁzl V2 anto & Z”}}ffzo] [sz%tfz(, Zwﬁtﬁzl}

hl

O
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On the other hand,

Proposition 3.4. Let A and B be C*-algebras with A in the category M. Suppose that
K;j() = 72" & 7y and K;(B) = 25 & Lg for some positive integers nj,m;,s;,t; with
7 =0,1 and p,q prime numbers relatively prime. Then

KO(Q*[ ® %) o~ Zn050+n131 D Zgl030+m131 @D Zgot0+n1t1 @D Z;n/{);oerlh’

Kl (Ql ® %) o Zn051+n150 o) Z;n051+m150 o) Z;lotl-‘rnlto o) Z;n/{J;l-ﬁ-mlto

where the torsion products are zero.

Proof. We compute

Tor? (K; (), K (B)) = Tor{ (2" & 279, Z°* & ZL+)
= @mitt Tor}(Z,,Z,) =0

for j = 0,1 and k£ = 0, 1. Therefore,

Ko(A @ B)
= [Ko(A) @ Ko(B)] @ [K1(A) @ Kq1(B)]
(2™ ozy©) e (Z* o Ly) o (2" & 2;") & (2" & Z)]

v [Znoso ey Zzwoso ey Zgoto o qu;{)qto] o [ansl D ZZLISI o Z;thl D ZZ}/\lqtl]

o Zn030+n131 o) Z7n030+7n131 o) Znoto-‘rnltl ) Z"ﬁ{]tO"letl
D q pPAq :

(=)

And also

K (A ®B)
= [Ko(2) @ K1(B)] @ [K1(A) @ Ko(B)]
[(Z™ & Zy*) ® (22 @ Z)] @ (Z™ @ Zp) © (Z°° © Z,0)]
= [Z70% @ L™ @ Ly @ Lt @ [0 @ L™ @ Zy' @ Zip ]

PAq PAq
~ 77npS1+ni1so mos1+miso noti+mnito moti1+mito
> 7, L L ® Zt .

O

Remark. The statement above also holds when p and ¢ are replaced with the powers p* and
¢ of p and ¢ for positive integers k, 1 > 1, respectively.

Furthermore,
Proposition 3.5. Let A and B be C*-algebras with A in the category M. Suppose that

K;)=7" & Zz;j and K;(B) = 7% & ZZ@ for some positive integers n;,mj,s;, t; with
7 =0,1 and po,p1,q0,q1 prime numbers which are mutually, relatively prime. Then

Ko(A @ B) = znosotms: g Zmoso g ngto @ Zmoto g Zme g Z;llltl @ 7t

Po/A\Go P1/Aq1?
~ 77no81+n1so mos1 noti mot1 m180 nito mato
Ki(2A0B) 27 D L™ © Lg?™ @ Lpging, © L™ @ L™ @ Ly 'ng, -

Proof. We compute

Tor} (K (), Kx(B)) = Tor} (2" @ 3, Z°F & Zl) = @™ Tor{ (Zy,, Zg,) =0
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for j = 0,1 and k£ = 0, 1. Therefore,

Ko(2 @ B)

= [Ko(2) ® Ko(B)] & [K1(YA) @ K1(B)]
[
=]

(Z% & Zy) @ (2™ o L) & [(Z™ @ Zi1) ® (27 & Z))]
7,050 P Zmoso P Znoto o) Zmoto ] o) [st1 P Zz131 ) ngtl ) Zmltl ]

PoNqo p1Ag1l”

And also

K (A ®B)

~ [Ko(2) ® K1(B)] & [K1(YA) @ Ko(B)]
[
=

@ 0 z5) 0 @ 0 Zh) e (@ 975 © @ o Zy)

Zmos1 @ Zmosl @ Znotl o) Zg(l)o/f;l] @D [Z’ﬂlso e ZZ?SO e Z;L[)ﬂfo fan) Zzzll\tgo]

O

Remark. The statement above also holds when pg,p; and qg,q; are replaced with their
powers plg",plfo and q(l)‘), qll1 of p and ¢ for positive integers kg, k1, lg,l1 > 1, respectively.

4 The case with torsion part two products of two cyclic groups

Proposition 4.1. Let 2 and B be C*-algebras with 2 in the bootstrap category N. Suppose
that K;(2) = Z" & Zm“ ® Znifz and K;(B) = Z% @ Z;ﬁl 5 Z;@jZ for some positive
integers n;,mji, m;jo, Sj,tjl,tjg wzthj = 0,1 and p a prime number with 1 < hj; < hjo
and 1 < ljl < lj2- Then

Ko(%®B) =20t @ (L300 & L5, & LRy, & Ly, ]

[Zmntn @Zmutlz @Zmutn @Zmutlz]

hi1Aliy phi1/li2 phi2/l11 hiaAl12
® (2, S LYS, © LYuii, L]
® (2, ® L, © L, © ZAR,)),
K2 B) XL (IRl @ Znl, 6 LR, S L]
© (L, ® LR, © LR, @ LhR,)
© (2t © Lot © Lealty, © T2
© (2, ® L, © L, © LR,

where the last summands ([---]® [---]) correspond to the respective torsion products.

Proof. We compute the torsion product in the Kiinneth theorem for tensor products of
C*-algebras using several facts in homology theory as in [3]:

Tor (£ (), Ki(B))

— TOI“ (an P ngl o Zn;;]z ; 7,5k P Ztﬁl o Zt}f,i,)
_ ijltkl ® ijltkz ® Zmﬂtkl D Zmﬂtk?

hj1Algy hj1Alk2 hja Nl hjaNlg
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for j = 0,1 and k = 0,1. Note that Tor}(K;(2), K;x(B)) appears in the split quotient of
Kjtr+1(A ® B). Therefore,

KO(Q[ ® %)/([metn D metlz D metn D metlz ]

pho1Alil pho1Ali2 pho2/l11 pho2/l12
mi1to1 my1to2 mi2to1 mi2to2 ])
& [than & thuMoz & thlzﬂm & thlz/\loz

= [Ko(2) © Ko(B)] & [K1(A) @ K1(B)]
— [(Zno e AUCE o 7,02 ) ® (ZSO &) Zto1 e Z;oz )]

pho1 pho2 plo1 lo2

Sz eZlY & L2)® (2 @ L4, S Z12))]

phi1 phi2 pli1 pl12

o [Znoso D metm D metoz D Zmo2t01 e Zmo2t02 ]

pho1/lol pho1/lo2 pho2/lo1 pho2/lo2

@ [ansl e Zmntu o Z;nutm o Zmlztu o Zmutm ]

phi1/lin h11Al12 phi2/lil phi2/liz

And also

K, (Q[ ® %)/([metm D Z;ﬂmtoz D Z;noztm D Zmoztoz ]

pho1/loy ho1Alo2 ho2Alo1 pho2/lo2

myitiy myitiz miatyiy miatiz
® [thu/\lu b thu/\lw D thlz/\lu b th'12/\l12])

= [Ko(2) @ K1 (B)] @ [K1(™A) @ Ko(B)]
[(Zno @ Zmor gy 7mo2 ) ® (Zsl @ Ztu ey Ztm )]

pho1 pho2 pli1 pl12
@ 2™ O T, O L) © (2 DL, O, )

o [Znosl D metu D metlz D Zmoztu @Zmoztlz ]

pho1Alil pho1Alis pho2Ali pho2Alia

o) [Z’fhso @ Zmutm @ Zmutoz o) Zmlztm o Zm11t02 ]

phi1/lol phi1/lo2 phi2/lo1 phi12/lo2

O

Proposition 4.2. Let A and B be C*-algebras with %A in the category N. Suppose that
K;,)=2" & Z:fjﬂll & ZZZJJZ and K;(B) = 2% & Z;’;;l & ZZ{; for some positive integers
N4, Mj1,Mj2, Sj,t51,t50 with j = 0,1 and p, ¢ prime numbers relatively prime with hjy, hjo >
1 and ljl,ljg Z 1. Then

KO(Q[ ® %) o 7nosotn1sy o [metm D metoz e Zmoztm fa Zm02t02 }

pho1/rio1 pho1 Aglo2 qho2 Aplor go2/lo2

D [Zmutu @ Z;ﬂntw D Z;ﬂlztu D Z;ﬂntlz ]

ph11/l1y k11 ngl12 h12 Apl11 h12Al12
mo1til mo2ti2 miitol mizto2
® ([thmﬂn & thoz/\lm & th’ll/\"()l ® thn/\loz])’
~ 7N S1+Nn1So0 moitin mo1ti2 mo2ti1 mo2t12
Kl (Q[ ® %) =7 @ [th(n/\lu & th(n Aqgl12 & tho2/\p111 & th02/\112
mi1to1 mi1to2 mi2to1 mi1to2
D [thnﬂlm & thn Agto2 & thlz Aptol & thleloz]
mo1to1 mo2to2 miitin miztiz
& ([thmﬂm & thozﬂoz & thu/\’ru ® th12/\l12])7

where the last summands ([---]) correspond to the respective torsion products.

Proof. We compute the torsion product in the Kiinneth theorem for tensor products of
C*-algebras using several facts in homology theory as in [3]:

Torf (K;(2), Ki(B))
= Torf(Z" & 277 & L7 L & L, ® Zii7,)

_ijltkl @ij2tk2
T Tphiinte qhizMle2
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for j = 0,1 and k = 0,1. Note that Tor}(K; (), Kx(B)) appears in the split quotient of
K; +k+1(91 ® B). Therefore,

KO(Q*[ ® sB)/([metu o Zmoztlz ]

ho1Al11 qho2/Nti2
miitol mizto2 ])
[Z h11Alo1 ®ZL qh12/lo2

=~ [Ko(2%) ® Ko(B)] ® [K1 (%) © K1(B)]
_ [(Zno @ 7oL g Zmoz ) ® (ZSO Zt%l Zt%z )}

pho1 qho2
ni mi1 mi2 S1 ti1 ti
@KZ @Zhll@zh12)®<z @Zln@zlm)]
n0S0 mo1to1 mo1to2 mo2to1 mo2to2
[Z ®Z hm“m Z hm/\qloz Z qho2 Aplol Zq’b02/\102}
nisi mi1ti1 mii1ti2 mi2t11 mi1tiz
[Z DL phi1Al1y DL phi1 ngli2 SZL qh12 Aplil SZ h12N12]'
And also
mo1to1 mo2to2
Kl (Q[ ® %)/([Z pho1/lol ®ZL h02/\l02]
miitin mizti2
® [Z h11Al1y @Z hlz/\llz])

= [Ko(2) @ K1 (B)] @ [K1 () © Ko(B)]
=Z" e Zys o Z3) © (2 @ L, 9L,

qho2
® (2" e Zy, @ Zy2) © (2 © LR, L))

[Znosl ey Zmoltu metm Zmoztn Zm02t12 }

h01/\l11 pho1 /\qllz hoz/\plu qho2/l12
o) [anso o) Zmutm &) Zmutoz D metm e Zmutm ]

phi1/lol ph11 Aglo2 qh12 Aplol qh12/loz2 1*

O

Proposition 4.3. Let 2 and B be C*-algebras wlth Ql mn the category N. Suppose that

K;,)=2" & ZmJ1 ® Z",sz and K;(B) = 2% & Z L ® Z *, for some positive integers
1

nj,mj1, Mj2, Sj,ti1,1t52 wzth 7 =20,1 and pl,pg,qhqg pmme numbem mutually relatively
prime with hj1, hja > 1 and ;1,152 > 1. Then

K, (Ql ® %) o~ 7nosotnis: oy [metm o metoz o Zm02t01 D Zm02t02 ]

h 1 h l h l h l
pLOl/\q 01 LOl/\q 02 L02/\q 01 p"02/\q 02

[Zmutu P Zmutlz ey metn oy Zmutm }

phn/\ li1 h11 /\ql12 ’L12 /\qlu p’L12 /\qlm )
t mo1t mo2t mo2t
KA ®B) Zn031+n180 @ [z Mot @ gmoitiz @ Zmoztn @ g o2tz
1( ) [ h01 /\qlu h01 /\qlm p’L02 /\qln phoz /\qllz]
my1to1 mutoz m12t01 mi1to2
& [thu/\ lo1 ® Z hu/\ 102 ®Z hle 101 ®Z h12/\qlo2}7

where the torsion products are zero.

Proof. We compute the torsion product in the Kiinneth theorem for tensor products of
C*-algebras using several facts in homology theory as in [3]:

Tor (K; (%), Ki(B))
zmx(Z%@ZWI@Zsz%@Z%I

hio lkl

@Z%Q%O
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for j = 0,1 and k£ = 0,1. Therefore,

= [Ko () © Ko(B)] ® [K1 () ® K1(B)]
=@ ez, & L) © (L & 1'%

h01 h02 701

S Zt?&)]
o) [(an P Zmu P Z’m12 ) ® (Z€1 ® Ztlll @ Ztl12 )]

h11 h12

[Znoso P metm o) metoz &) Zmoztm D metoz ]

h 1 h, ! h, ! h i
phot pglor pho1 agloz phoz pglor phoz pgloz
n181 mi1til miitiz miztin miitiz
D [Z @Z hll/\ 111 692 hll/\ 112 @Z h12 111 @Z h12/\qll2]'

And also

K, (A ®B)
= [Ko(2) ® K1(B)] © [K1 () ® Ko(B)]
(Z™ ez e Zhn) ® (2 & 2, & 211, )]

h01 h02
@ Ztloz )]

[(an @ 7™ @ 72 ) (ZSO Ztm

h11 h12 101

[Znos1 o) Zmoﬂu @ Zm01t12 o) Zmoztn o Z’moztlz ]

h01 111 ’L01/\ 112 hoz/\ l11 hoz /\qllz
150 m11t01 mutoz m12t01 my1to2 ]
[Z ®Z h11 /\qlm ®Z h11 /\qlo2 ®Z h12 /\qlm thlz /\qloz .

5 The general case with torsion part finite products of cyclic groups

Theorem 5.1. Let A and B be C*-algebras with A in the bootstrap category M. Suppose
that

Kj()=2Z% 9L L @ © L,
K;(B) = Zsﬂ@ztﬂ @Zt” ~@Zt’ﬂ
pI
or some positive 1ntegers M, M1, Mjio,  ++ ,Miy, Si,ti1,t52, T4 with 3 = 0,1 and p a
tive int M1,y us Sttt tiw with j = 0,1 and

prime number with 1 < hjp < hjo < -+ < hjy and 1 < 1j1 <ljp < -+ <ljy, and for some
integer u > 2. Then

Ko(2®B) 22" @ [0}, 2000 10 (05, 20000, ]

0w Aloy
® (0% ym Zponats, ] © (05,1 20000, ),
Ki(2®®B) =20t g oy, 20 |6 (8], 20 N, ]
(8% ym1Z e i, | © (8% =1 20570, )
where the last summands ([---]® [---]) correspond to the respective torsion products.

Proof. We compute the torsion product in the Kiinneth theorem for tensor products of
C*-algebras using several facts in homology theory as in [3]:

Tory (K; (%), Ki(B))
= TOI'l (Z"J P ijl DD Z:Z’ZJ]Z , 7,5k P Ztkl

Pkl

L)

mwtky
- @zy 1 D hjaNly
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for j = 0,1 and k = 0,1. Note that Tor}(K; (), Kx(B)) appears in the split quotient of
KJ+;€+1(QL ® B). Therefore,

Ko(A® B) /(08,1 20ttt 1@ [0, 2t )
> [Ko(2) ® Ko(B)] @ [K1(A) @ K1(B)]

= (ST @ SLI) @ (20 BLY, - @ thou )
O (Zm L © - O L) ® (27 & Zﬂn BL,)]

o 7M0s0 D [ng — 1metOy ]

® LM © (@Y, 20N, ]
And also
Ki(A®B)/([®F = 1Z”ii,fffoy] @[5 = 1Z”?iit£}‘1y]>
>~ [Ko(A) ® K1(B)] & [K1(A) @ Ko(B))]

[(Zno @ ZW’LlOoll SRR Z%%t) ® (231 ® Ztlu D Ztllu )]
[(an D Z"lell iy me ) (Zso @ Ztlm s Ztl()u )}
o~ Znos1 @ [ = 1ZW}L10D;tAllyly]
® LM% @ [OF o 205N,
O
Theorem 5.2. Let A and B be C*-algebras with A in the category N. Suppose that
K;(A) =2 @Z’"ﬂ @Zmﬂ o - @Zm”
K;(B)=17% & Ztﬂ @ Zt” B Ztiju
2 u
for some positive integers nj,mj i, Mj2, -+ ,Mjyu, Sj,ti1,t52,  ,tju with j = 0,1 and p1,
D2, , Dy prime numbers mutually relatively prime with 1 < hji,1 < hjo,---,1 < hyy, and
1< 11,1 <o, -+ ,1 < lju, and for some integer u > 2. Then
+ mogzto Mgty
Ko(ﬂ ® %) Znosotnisy g [@x = 1th01: /\;loy] D [@;vyzlzphm/\;lly]
® (O3 2t ) © [BF 200, ),

Ki(A®B) = zmostmso g [@;,y=1Zmoztlylly] S [@;,y=1Zmlwtoy ]

1
Pa0% Apy PatE Apy

@([ r= 1Zm01f0$ ] [ r= 1Zm1zf1$ ])7

hOLNOJE thu
where the last summands ([---] @ [---]) correspond to the respective torsion products.

Proof. We compute the torsion product in the Kiinneth theorem for tensor products of
C*-algebras using several facts in homology theory as in [3]:

Tor (K (), K1(%B))

= Tor”(Z" & Zmﬂ DD Z:ZJ;; ALY AL s> Zt’f;‘u)

h J1 lk1
m77tk1
Jac/\lkm

_@z IZ
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for j = 0,1 and k = 0,1. Note that Tor}(K;(2), K;x(B)) appears in the split quotient of
Kj+k+1(21 ® B). Therefore,

Ko(A®B)/([@; 1Zm°”t“ J© @y 1Zm”t°1 )

hoa A1z Iz Alow

= [Ko(™A) ® Ko(B)] © [K1(A) @ K:1(B)]

=Z™ el & 8L, ® (L7 & Zt‘iél - Zt?“;u)]
elZm ez - eLll) o (2" e Zﬁ;l : Z“;;u)]

~ 77N S0 moztoy
=7 D [@z Y= 1th0w Apl0y]
x y

OL" O (07, T, )

e aplty
And also
Ki(%® B)/ (0512757, © 02700, )
= [Ko(A) @ K1(B)] & [K1(A) @ Ko(B)]
=[(Z™ & Z”?(; ©- L)@ (27 © Ztln @ Ztllu )l

o) [(an ) ZWZ1111 D---P Z;%lli;) ® (Z‘?o D Ztm

lo1

2]

AL ® [@m o 1Zm01tly ]

h L1y
P27 Apy

anso > [691 Y= 1Zmlzt0y ]

hi, Loy
ple: /\py Yy

O
Theorem 5.3. Let A and B be C*-algebras with A in the category M. Suppose that
K@) = 2% o 2 o 2 - S T,
K;(B)=27°% @Zl,l@ZL?@ @Z“
qu QQJ QU
for some positive integers nj, mji, mjo, -, Mju, Sj,ti1,t52, -+ ,tju with j = 0,1 and p1,
D2, 3 Pus q1, G2, s qu prime numbers mutually relatively prime with 1 < hj;,1 <

hjo, -, 1 < hjy and 1 < 11,1 <ljo, -+ ,1 < 1y, and for some integer u > 2. Then

Ko(A @ B) =zt g g 1Z’”°“Z:Loy]@[ea Y 1Z”Zﬁ“;t;:zly]

Ky(@®B) 220 g o), 2t o6, 2,

h h l I
0 Agy prlI/\qyOy
where the torsion products are zero.

Proof. We compute the torsion product in the Kiinneth theorem for tensor products of
C*-algebras using several facts in homology theory as in [3]:

Tor (K (%), Ki(B))
— TOI‘l (an D Zn}zj:l B ngu 7,5k ) Zt
Dy

Ju’ lkl

VAT

qu

=0
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for j = 0,1 and k£ = 0, 1. Therefore,

Ko(A @ B)

> [Ko(2A) @ Ko(B)] ® [K1 () © K (B)]

=[@r ey o oLy )0 LYo LY, & S L))
Oz QL & L) ® (27 © Z% @ L)

tO
oy 70850 ey [@ Z”M)z y ]
T 1 h !
Y= phow /\qyf)y

DLM @ (@Y, 2", ).

h 51
pzlm /\qy Y

And also
K, (2A®B)
~ [Ko(2) @ K1(B)] & [K1(A) ® Ko(B)]
=z ez e ey )o@ el & e
[(an @ Zn}tllll EB Zn}tllu ) (ZSO @ Ztlm @ Ztlou )]
~ 77N0S Mozt
o Znost gy [@xy 1th%x/l\:lly]

DLM @ [BY 2", ).

1
hlm /\qyOy
O

Remark. There are more general cases when both K;(2) and K;(B) (j = 0,1) are finitely
generated, abelian groups, but one can compute K;(2 ® B) combining the results in the
cases considered above. Indeed, it is a well known fact in the group theory that any finite
abelian group can be written as a finite product of cyclic groups with orders multiples of
prime numbers which may be mutually relatively prime or not, as: Zpifl X Zp;2 X ---szk
for some integer k£ > 1, so that finitely generated abelian groups have the torsion part as
this product and the free part as Z! for some integer [ > 0.
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