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A CHARACTERIZATION OF MINIMAL REAL HYPERSURFACES OF TYPE
(A2) IN A COMPLEX PROJECTIVE SPACE IN TERMS OF THEIR
GEODESICS
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ABSTRACT. We characterize minimal real hypersurfaces M2"~1 of type (A2) in a complex
projective space by observing some geodesics on M. Note that there do not exist minimal real
hypersurfaces M2~ of type (A2) in a complex hyperbolic space.

1. INTRODUCTION

We denote by CP™(c) a complex n-dimensional complex projective space of constant holomor-
phic sectional curvature ¢(> 0). In this paper we consider real hypersurfaces M?"~1 of CP"(c)
furnished with the canonical Kéahler structure J and the standard Riemannian metric g through
an isometric immersion.

Among real hypersurfaces in CP"(c) the following hypersurfaces are typical examples:

(A1) A geodesic sphere of radius r (0 < r < w/y/c ) in CP"(c);
(A2) A tube of radius r (0 < r < w/y/c) around a totally geodesic Kéhler submanifold
CP'c)(1 £¢<n—2)in CP"(c).
These real hypersurfaces are said to be of type (A1) and of type (As), respectively.
The following theorem shows the importance of these hypersurfaces.

Theorem A ([5]). For each real hypersurface M?"~! of CP"(c),n = 2, the length of the derivative
of the shape operator A of M satisfies |[VA|* = ¢*(n —1)/4. The equality holds on M if and only
if M is locally congruent to one of real hypersurfaces of type (A1) and type (As).

Real hypersurfaces of type (A1) have two distinct constant principal curvatures in CP™(c).
It is well-known that CP™(c) does not admit totally umbilic real hypersurfaces and that a real
hypersurface M?"~! of CP"(c),n = 3 is of type (A;) if and only if M has at most two distinct
principal curvatures at each point of M. These imply that real hypersurfaces of type (A;) are the
simplest examples of real hypersurfaces in CP™(¢) and that there exist no real hypersurfaces M
all of whose geodesics are mapped to circles in CP"(c).

Motivated by these facts, we characterize real hypersurfaces of type (A1) in CP™(c).

Theorem B ([4]). A connected real hypersurface M*"~1 of CP™(c),n = 2 is locally congruent to
a real hypersurface of type (A1) of radius r (0 < r < w/\/c ) if and only if there exist orthonormal
vectors vy, Vg, . . . , Uan—o perpendicular to the characteristic vector &, at each point x € M satisfying
the following two conditions:
(i) All geodesics v; = 7i(s) on M**~1 with v;(0) = x and %;(0) = v; (1 £ i < 2n — 2) are
mapped to circles of positive curvature in CP™(c);
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(i1) All geodesics ;= 7ij(s) on M?" =1 with v;;(0) = z and ;;(0) = (v; +v;)/V2
(1 £i<j < 2n—2) are mapped to circles of positive curvature in CP™(c).

The purpose of this paper is to characterize minimal real hypersurfaces of type (As) in CP™(c)
from the viewpoint of Theorem B (see Theorem).

2. PRELIMINARIES

Let M?"~! be a real hypersurface with a unit normal local vector field N of CP™(c) furnished
with the standard Riemannian metric g and the canonical Kéhler structure J. The Riemann-
ian connections V of CP™(c) and V of M are related by the following formulas of Gauss and
Weingarten:

(2.1) VxY = VxY + g(AX, V)N,

(2.2) VxN = —AX

for arbitrary vector fields X and Y on M, where g is the Riemannian metric of M induced from
the ambient space CP"(c) and A is the shape operator of M in CP"(c). An eigenvector of the
shape operator A is called a principal curvature vector of M in CP™(c) and an eigenvalue of A is
called a principal curvature of M in CP"(c). We set V) = {v € TM | Av = Av} which is called
the principal distribution associated to the principal curvature .

It is known that M admits an almost contact metric structure (¢,¢,7,g) induced from the
Kahler structure J of CP™(c¢). The characteristic vector field £ of M is defined as £ = —JN and
this structure satisfies

¢ =-IT+n®¢ nE) =1 and g(pX,¢Y)=g(X,Y)—n(X)n(Y),
where I denotes the identity map of the tangent bundle TM of M. Tt follows from (2.1), (2.2) and
VJ =0 that

(2.3) (Vx@)Y =n(Y)AX — g(AX,Y)S,

(2.4) Vx&=¢AX.

The following is the so-called equation of Codazzi:

(2.5) (VxA)Y — (VyA)X = (c/4) (n(X)pY —n(Y)$X —29(¢X,Y)E).

We usually call M a Hopf hypersurface if the characteristic vector £ of M is a principal curvature
vector at each point of M. The following is useful for Hopf hypersurfaces in CP"(c).

Proposition A ([5]). Suppose that € is a principal curvature vector at each point of M*"~1 in
CP™(c) and the corresponding principal curvature is 0. Then § is locally constant on M. In
addition, ApX = ((6A+ (¢c/2))/(2X — 6))¢X holds for any X € Vi which is perpendicular to &.

In Proposition A, we remark that 2A—¢ # 0, since ¢ > 0. Furthermore, every tube of sufficiently
small constant radius around each K&hler submanifold of CP"(c) is a Hopf hypersurface. This
fact means that the notion of Hopf hypersurfaces is natural in the theory of real hypersurfaces in
CP™(c).

In CP"(¢) (n 2 2), a Hopf hypersurface all of whose principal curvatures are constant is locally
congruent to one of the following (cf. [3, 6, 7]):

(A1) A geodesic sphere of radius r, where 0 < r < 7/4/c;

(As) A tube of radius r around a totally geodesic CP*(c) (1 £ ¢ < n—2), where 0 < r < 7/\/c;

(B) A tube of radius 7 around a complex hyperquadric CQ"~!, where 0 < r < 7/(2,/c );

(C) A tube of radius  around CP*(c) x CP"~1/2(c), where 0 < r < 7/(2y/c ) and n (= 5)

is odd;

(D) A tube of radius r around a complex Grassmann CGsy 5, where 0 < r < 7/(2y/c ) and
n=29;

(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5), where 0 < r <
w/(2¢/c) and n = 15.
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These real hypersurfaces are said to be of types (A1), (Az), (B), (C), (D) and (E). Summing up,
real hypersurfaces of types (A1) and (Asz), we call them hypersurfaces of type (A). The numbers
of distinct principal curvatures of these real hypersurfaces are 2,3, 3,5, 5, 5, respectively.

A direct calculation yields the following lemma.

Lemma 1. Every real hypersurface of types (A1), (A2),(B),(C), (D) and (E), which is a tube of
radius v, is minimal in the following cases:

(A1) cot(v/er/2)=1/y/2n—1;

(A2) cot(yecr/2)=+/(20+1)/(2n—20—1);
(B) cot(y/er/2)=yn +v/n—1;

(C) cot(y/Er/2) = (VT +vZ)/VA=T;
(D) cot(y@r/2) = V5 ;

() cot(ver/2) = (V15 +v6)/3.

At the end of this section we review the definition of circles in Riemannian geometry. A
real smooth curve 7 = ~(s) parametrized by its arclength s in a Riemannian manifold M with
Riemannian connection V is called a circle of curvature k if it satisfies the ordinary differential
equations Vi¥ = kY, and V4Y, = —k7, where k is a nonnegative constant and Y, is the unit
normal vector of v. A circle of null curvature is nothing but a geodesic. The definition of circles
is equivalent to the equation

(2.6) V4 (Vs59) + 9(Vad, Vi) = 0.
3. STATEMENTS OF RESULTS

Theorem. A connected minimal real hypersurface M?"~t of CP"™(c),n = 3 is locally congruent
to a tube of radius v = (2//c )eot™1\/(20+1)/(2n — 2 —1) (0 <r < 7/+/c) around a totally
geodesic CP*(c) with 1 < ¢ < n—2 if and only if there exist a function d : M — N and orthonormal
vectors vy, v, . . ., Van—o perpendicular to the characteristic vector &, at each point x € M satisfying
the following two conditions:
(i) All geodesics v; = i (s) on M*"~1 with v;(0) = x and #;(0) = v;
(124 < 2n—2) are mapped to circles of positive curvature in CP™(c);
(ii) All geodesics vi; = 7i;(s) on M*"~1 with ~;;(0) = z and 4;;(0) = av; + V1 —a?v; (1 <
i <dy <j < 2n—2) are mapped to geodesics in CP™(c), where a = /(204 1)/(2n) .
In this case, d is automatically expressed as d = 2¢.

Proof. We first investigate the “only if” part of our Theorem. It is known that a real hypersurface
M of type (Ag) with radius r (0 < r < m/+/c ) has three distinct constant principal curvatures
A1 = (= /2)tan(\/e r/2), s = (/¢ /2) cot(\/c r/2) and § = /c cot(y/cT) = A\ + A3. As our
real hypersurface M of type (A3) is minimal, the principal curvatures A; and A2 are expressed as
follows (see Lemma 1):

c [2n—20—1 c 2041
(3.1) AL = —£ — and Ay = £ —_— .

2 20+1 2 V2n—-20-1
Take orthonormal vectors vy, vs, ..., v9,_o orthogonal to £ at an arbitrary point x of M in such a
way that vy, vs,...,v90 and vapyq, ..., V2,2 are principal curvature vectors with principal curva-

tures A1 and \g, respectively. Then by virtue of Lemma in [4] we find that these vectors satisfy
Condition (i). That is, we have the following:
(i) All geodesics v; = 7;(s) on M with 7;(0) = x and 4;(0) = v; (1 < 4 £ 2¢) are circles of
positive curvature || in CP™(c);
(ii) All geodesics v; = vi(s) on M with v;(0) = x and 4;(0) = v; (20 +1 < ¢ < 2n — 2) are
circles of positive curvature Ao in CP"(c).
We next take the geodesic v;; = 7i;(s) on M?"~1 with ;;(0) = z and 4;;(0) = av;+v1 — a2 v; (1 £
i<dy =20<j<2n—2), where a = /(20 +1)/(2n). It is well-known that the shape operator
A of our real hypersurface M satisfies (cf. [5]):

(3.2) g((VxA)X,X)=0 foreach X € TM.
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It follows from (2.1), (3.1) and (3.2) that

9V, 915, N) = 9(A%i5(5), 415 (5)) = 9(A%45(0),45(0))
= 0,2/\1 + (1 — CLQ))\Q =0,
which yields Condition (ii).
We shall investigate the “if” part of our Theorem. We consider a connected real hypersurface
M*"~1 gsatisfying Conditions (i) and (ii). We explain the discussion in [1] in detail. We first
concentrate our attention on Condition (i). We study on an open dense subset

U= {x e M1

the multiplicity of each principal curvature of M??~! in
CP"™(c) is constant on some neighborhood V,(C U) of =

of M?"~1. We take the geodesic v; = 7;(s) (1 £ i < 2n — 2) on U with initial vector v; given by
Condition (i). Since the curve v;, considered as a curve in CP"(c), is a circle of positive curvature
(, say) ki, Equation (2.6) shows

(3.3) Vs, Vi = k2.
On the other hand, using (2.1) and (2.2), we see that
(3.4) Vi Vaidi = —g(Ad%, 4:) A% + 9((V 5, A) i, 7o) N-

Comparing the tangential components of Equations (3.3) and (3.4), we have

9( A%, ) A%s = k7.
This, together with k; # 0, shows that at s = 0 either Av; = k;v; or Av; = —k;v; holds for
i=1,2,...,2n — 2. This means that our real hypersurface M2"~! is a Hopf hypersurface with

A¢ = 6¢ and that the linear subspace TOM?"~! = {v € T,M*" v L &} of T,M*"71 is
decomposed as:

TIM* ' ={v e T)M | Av = —k; v} @ {v € TIM | Av = k;,v}
@ ®{veTIM | Av = —k;,v} & {v e TIM | Av = k; v},

where 0 < k;; < k;, < ... < k;, and g is the number of distinct positive k; (i = 1,...,2n — 2).
We decompose T2 M?"~1 in such a way at each point = € .

Note that each k;; is a smooth function on V, for each x € U. We shall show the constancy
of each k;,. It suffices to check the case of Av;; = k;;v;;. As k;, is a constant function along the
curve 7;, in the ambient space CP™(c), we have v;; k;, = 0. For any v, (1 = £ # i; < 2n — 2),
since A is symmetric, we have

(35) g((vmj A)Ug, Uij) = g(vg, (vvij A)vij )

In order to compute Equation (3.5) easily, we extend the vectors vy, v;; (€ TOM) on some suffi-
ciently small neighborhood W, (C V,) in the following manner.

We define a smooth vector field V; on W, satisfying that (V;), = v, and V4 is perpendicular to €.
Next we shall define V;,. First we define a smooth unit vector field W;, on some “sufficiently small”
neighborhood W,.(C V,.) by using parallel displacement for the vector v;; along each geodesic with
origin . We note that in general W;; is not principal on W,, but AW, = k; /W;, on the geodesic
Yi; = 7, (s) with 7;,(0) = x and ¥;,(0) = v;;. We here define the vector field U;; on W, as:
U;
M?7=1 except for the principal curvature ki;. We remark that U;, # 0 on the neighborhood
W, , because (Uj;), # 0. Moreover, the vector field U;, satisfies AU;; = ki, Uy, (L &) on W;,.
We define V;; by normalizing U;; in some sense. That is, when Ha;ékij (ki; —a)(z) > 0 (resp.
[Tosr, (ki; —a)(z) < 0), we define V;; = U, /||Us; || (resp. Vi, = =U;;/||U;;]]). Then we know
that AV;, = k;;V;, on W, and (V;;), = v;,. Furthermore, our construction shows that the integral
curve of V;, through the point x is a geodesic on M™, so that in particular ij Vi; = 0 at the
point x.

J

= (Ha i, (A —al ))I/V“7 where « runs over the set of all distinct principal curvatures of
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Since the Codazzi equation (2.5) yields that g((VxA)Y,Z) = g((Vy A)X, Z) for any X,Y, Z(L
£), at the point = we have

(the left-hand side of (3.5))

(Vo A)vi; i)
(Vv AV, Vi)
(
(

Vv, ( ')—AVVL;V”,V)
(‘/pk ) +(ki_7‘I7A)sz‘/lj7v )

Il
@Qtemb

and
(the right-hand side of (3.5)) = ¢g(V, (vvij AV,)
= 9(Vi, Vv, (ki,Vi,) — AV, Vi)
= g(ve, (vi, ki, )vi,) = 0.

Thus we can see that Xk;, = 0 for any X (L &) € T, M. Next, we shall show that &k;, = 0. It
follows from (2.4) and Proposition A that

(VeAW;, — (Vv A)E = Ve(AV;,) — AVeV;, — Vi, (36) + AV, €
= Ve(ki,Vi,) = AVeVi, — 66AVi, + AGAV,

_.(5_ Oki; + (6/2)>¢

5"

On the other hand, the Codazzi equation (2.5) implies

Hence, {k;; = 0. Therefore we can see that the differential dk;; of k;, vanishes at the point w,
which shows that every k;, (> 0) is constant on W, since we can take the point x as an arbitrarily
fixed point of W,. So the principal curvature function k;; is locally constant on the open dense
subset U of M?"~1. This, together with the continuity of k;, and the connectivity of M2"~1,
implies that k;; is constant on the hypersurface M 2n=1_ Hence all principal curvatures of M?2"—1
are constant if M7~ satisfies Condition (i).

Next, we consider Condition (ii). Since the above argument tells us that every v; (1 £ ¢ <
2n — 2) is principal, we can set Av; = p;v;. On the other hand, Condition (ii) shows that
g(A’y” (0), ’}/U (0)) = O7 so that
(3.6) a’pi+ (1 —a®)pu; =0 for 1 SVi<d, <Vj<2n—2.

This, combined with 0 < a? = (2¢ + 1)/(2n) < 1, implies that M is a Hopf hypersurface with
three distinct constant principal curvatures §, 4; and p; satisfying Equation (3.6). Hence M is of
either type (Az) or type (B). Needless to say, all minimal real hypersurfaces of type (Ag) satisfy
Equation (3.6) (see the “only if” part of the proof of our Theorem).

Finally we shall check the case of type (B). We know that a real hypersurface M of type
(B) with radius » (0 < r < w/(2y/c)) has three distinct constant principal curvatures A\; =
(Ve /2) cot((v/er)/2—m/4), X2 = (/¢ /2) cot((y/c ) /2+m/4) and § = \/c cot(y/c ). As our real
hypersurface M of type (B) is minimal, the principal curvatures A; and A2 are expressed as (see
Lemma 1):

(3.7) Al——f% and /\2—\25{2_;11.

The rest of the proof is to show that the principal curvatures A; and A\ in (3.7) satisfy neither
a’X + (1 —a®)X2 = 0 nor a®X2 + (1 — a®)A\; = 0. Suppose that a?XA; + (1 — a®)X2 = 0. Then
we have —(20+1)(14++vn )+ (2n — 20 —1)(y/n — 1) = 0, so that y/n =n — 2¢ — 1. Hence we
can set \/n = p for some p € N, which implies that p = p? — 2/ — 1. Thus we obtain the equality
p(p—1) = 20+ 1, which is a contradiction. We next suppose that a?Xs + (1 —a?)\; = 0. By easy
computation we get (20 +1)(v/n —1) — (2n — 20— 1)(1 4+ /n ) = 0, so that —y/n =n — 20— 1.
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Then by the same discussion as in the case of /n =n — 2¢ — 1 we also obtain a contradiction in
this case. g
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