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ABSTRACT. The Furuta inequality is known as an exquisite extension of the Léwner-
Heinz inequality. The grand Furuta inequality is its further extension including Ando-
Hiai inequality on log-majorization. We introduce two mean theoretic operator functions
defined for positive invertible operators X < A, for a given positive invertible operator
A and given t € [0,1] :

P(X)(=2(u,p; X)) = A" “fupn XP(S X) for u2>0,p>1
u+p

and
1
U(X)(=U(g, 5 X)) = (A" X) T-9a (< X) for g>1, 5>1.
We have the grand Furuta inequality by using their composition and also have its further
extension presented recently by Furuta, by using a successive composition of them.

1. INTRODUCTION

Throughout this note, we consider bounded linear operators on a Hilbert space H. An
operator A is positive, denoted by A > 0, if (Az,z) > 0 for all x € H and strictly positive,
denoted by A > 0 if A is positive invertible.

The Lowner-Heinz inequality is well-known as one of the most important inequalities:
(LH) A>DB implies AP > BP for 0<p<l1.

The Furuta inequality is an exquisite extension of the Lowner-Heinz inequality:

Theorem F (The Furuta inequality [6], [8]). If A > B > 0, then the following inequality
holds: , R
(F) (A2BPAz)=r < A" forp>1 and r > 0.
More precisely, define
f(r,p) = AT (A BPAR)r» AT
Then f(r,p) is a decreasing function for r >0 andp > 1.

Combining the above inequality with Ando-Hiai inequality on majorization [1], Furuta
presented the following generalization, which is called the grand Furuta inequality:

Theorem G (The Grand Furuta inequality [7]). If A > B > 0 with A > 0, then for
each t € [0,1] and p > 1,
(@) [A5(AF BPAZ S A5} it 0s < ATt
forr>t,s > 1.
More precisely, define

g(r,s) == A= {A3 (AT BPAZ ) A3} TG 7 A%,
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Then g(r,s) is a decreasing function forr >t and s > 1.

Recently, Furuta presented a further extension of the grand Furuta inequality as follows:
Theorem FG (Further extension of the grand Furuta inequality [9]). IfA > B >0
with A > 0, then for each t € [0,1], and for pl,pg,. ,pgn 1>1,

(FG) [A% (AT {AS. (AT {AS (AT BPr AT P2 A5} AT )Pa A% P2n-1 AT P2 A5 |7 rracm
< ArftJrl
forr > t,pa, > 1 with q(0) =1, q(2k) = {q(2k — 2) - pag—1 — t}per +¢ (k> 1).

More precisely, if we define
B, pan) = Ai[ A5 (A2 {A2. (A7 {A5(AZ BPP A2 P> A3}Ps A2 )Ps
><A }pzn 1A )erLA%]%:(—Ql‘n)A%

Then h(r,pan) is a decreasing function for r > t,pa, > 1.

Mean theoretic approach to the Furuta or the grand Furuta inequality was given by
several authors [2], [3], [4], [5], [10], [12], etc. The same approach to the above further
extension of the grand Furuta inequality has been presented by Ito and Kamei [11].

For operators A, B > 0, a-power mean Af, B for o € [0, 1] is introduced [13] as Af, B :=
A%(A_T1 BA_Tl)O‘A%. Then in terms of a power mean and extended power mean, that is,
a-power mean for a > 0, the Furuta inequality (F) and the grand Furuta inequality (G)
can be reformed as their satellite forms (F*) and (G*), respectively [12], [4], [5]:

Satellite forms of (F) and (G) ([12], [4]). If A> B >0, then

(F*) A~ jjr+1Bp <B(<A) forr>0, p>1.
(G") AT (AtﬁsBp) <B(<A) forr>t, s>1.

The left-hand side of (F*) is f(r,p). For the left-hand side of (G*), if we denote it by
g(r,s), then
gr,s) == AT (A'B) = Az g(r,s)A%,

so that we can see g( ) is, similarly to g(r,s), a decreasing function for r >t and s > 1.

Now we notice that with the same assumption on A, B,t above and for p,s > 1, the
following key inequality due to Fujii and Kamei [4, Theorem 2] holds:
(FK) (At§,BP)To7% < B.
Hence, related to (G*), if we put 7/ = r—t, p’ =t Vs p (= (1—s)t+sp) and By = (A4, Bp)i/
then since ' > 0,p’ > 1, and B; < B as above, we obtain, from (F*),
(G*) A%, BY <B, <B<A,

r’+p’
which is of same form as (F*) (and is, at the same time, more precise than (G*)).

Under the circumstances, we introduce, in Section 2, two mean theoretic operator func-
tions related to (F*) (or (G**)) and (FK), and by using their composition and successive
composition we express the grand Furuta inequality and its further extension.

2. MEAN THEORETIC FUNCTIONS FOR THE GRAND FURUTA INEQUALITY
Definition 2.1. Let A > 0, ¢ € [0,1]. Then for 0 < X < A, define
O(X)(=P(u,p; X)) = A7 "urs XP for u>0,p>1
u+p

and
U(X) (= U(q,s; X)) = (A4, X)) for ¢g>1, s> 1.
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Then as their composition we have

(H) o U(X) = B(u,p; U(g, 5 X)) = A" fups (A4 X9) Vo7,

Both of ®(X) and ¥(X) are contractive, so that ® o ¥(X) < ¥(X) < X. If we put

X =B(<A)and p=1tV, q in (H), then from ® o ¥(B) < ¥(B) < B, we have
AT o (A'.BY) (= u,5)) < (A'4,BY) ™7 < B,

PR v
an equivalent inequality with (G**).
Let
G(u,s) = o W(B)
as above. Putting u = r — t and replacing ¢ by p in §(u, s), we obtain the function g(r, s)
defined before (as the left-hand side of (G*)), a decreasing function for r > ¢, s > 1. Thus
g(u, s) is also a decreasing function for u > 0, s > 1.

Now we show as an equivalent inequality with (FG) by using operator means:

Lemma 2.2. With the same assumption as in Theorem FG, let Cy = B and for k > 1
Cop = A7 {A2. (A2 {A5(AT BP A2 P2 As}Ps Az )Pi A5 }P2-1 A2

Then as an equivalent inequality with (FG), we have

(FG*) AT (A2CH Az) < A.

The function h(r,pay) is expressed as follows:

() hrpan) = A7y O = A7H{ATY oy (AfCERAD AE,
Here
2) ASCE A% = A, (At - (Alty, (Alfy, BP)P o Jpon—s)P2r=t
Proof. First we can see Cogio = A%{A%Cg;kA%}p2k+lA%tv or (for k> 1)
Cop = AT {AFCR1 5 AT} AT
Hence
(3) ABCIFAS = A5(AZ {ABCUZ 2 AS)Poot AS Pk AS = Aly, (A5 D22 Ab YPos—t,

Hence for (2), we see

ASCP A = Alty, {ARCR 7 AT = A, {AMty,,  (ABCE AT )P s AT Jrons
= Ay, (A'pa, o (- (At BP1)P2 - )Pan=s) P20t
Now it is easy to see that (FG) can be rewritten as
() {azopr s} < g,
Multiplying A= from the both sides of (4), we have
AT [ABCE AF|=RaGm AT < AT,
Hence

A_Tﬁ r—t41 Cgfl" SA_t—H.

r—t+q(2n)
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Again, multiplying A% from the both sides, we have (by the transformer identity of the
geometric mean [13]) the desired inequality (FG*)

AT (ASCORAZ) < A

r—t+q(2n)

For h(r,pay), we can see that
_r - ” r—t41 o
h(r,pan) = AT (A5CP AD) PRI AT = A4 s OB
T—t+q(2n

=A: {A’”tﬁ rtt1 (A%CS;"A%)} A% (by the transformer identity).

r—t+q(2n)

Now in order to approach to (FG) or (FG*) with the functions ® and ¥, we need the
following:

Definition 2.3. With the assumption as in (FG), let for 0 < X < A, define

1
U (X) = W(qx, sx; X) (: (Atﬁstq’“)Ns’“q’“) with gx = pak—1-q(2k —2), s, = p2 (k > 1),
that is,

U(X) = (pap-t - 42k = 2),poi X) (= (A, X722 922700 )
(recall ¢(2k) = t Vp,, par—19(2k — 2)).
Further, if we put ¥(0(X) = X, ¥H(X) = ¥ o U2 (X), then we obtain
VOV (X) = W (par-i - 42k — 2), pais Y2 (X))

_1
= { Ay, (W2 (x) P a@hoD LIED

or,
PR (X)ak) = At (\I/(Qk—Z) (X)q(Qk—Q))p%—l .
Then, inductively,

W) (x)aen) = gty (wnfz)( X)q<2nf2>>
= At (Al (- Al (Al XP P2 s,
Hence if we put X = B < A, we have, from (2),
(5) w0 (B)aCn) — A3CP2 A3

P2n—1

Remark 2.4 ([11]). To define ¥ (X) above, it suffices to assume that g, > 1 < pap—1 >
1/q(2k — 2). Hence the condition pi,...,p2, > 1 in Theorem FG can be weaken such as

(6) pok—1 > 1/q(2k —2) and po, > 1 for k=1,...,n.

Now we have:
Proposition 2.5. Assume that A, X,t are the same as before and pi, ..., pan satisfy (6).
Define
D, (X) = D(u,q(2n); X) = A" _up X9CM,

u+q(2n)

Then
0 WED(X) = AT s (WE(X))7E0

utq(2n)

P2n—1-¢(2n—2)

— A wtt (Atﬁpz,” w2 (x ))

u+tVpg, Pan—1-9(2n—2)
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In particular, if we put X = B, then

Rt pan) = B, 0 WM (B) = A _uer (FCV(B)IW = A yur (A%, B,) "

u+q(2n) u+tVpy, Qn

with Qn = pan—1 - q(2n —2), B, = ¥Z"=2(B), both of them not depending on u and pay,.
Hence h(u,pan) possessing the same form with g(u,s) is a decreasing function for u > 0
and pa, > 1.

Corollary 2.6. Notice that from (5)
h(u,pon) = A" _wer  (WPD(B))IPW = A% 0 A3CE A,

utq(2n) utq(2n)

If we putu=1r—1t in ﬁ(u,pgn), then we obtain the left-hand side of (FG™) :

-T n n -Tr L n L
A =ty pan) = A7 ey (WOD(B))IED = Ay (ABCE AY)
Hence by (1), h(r —t,pan) = A2h(r,pan)AZ, or h(r,pen) = A" 2h(r — t,pgn)A*%7~ so that
monotone decrease of h(r,pay,) stated in Theorem FG can be obtained from that of h(r,payn)
given in Proposition 2.5.

Remark 2.7. We constructed the further extension (FG*) of the grand Furuta inequality by

n

. . o, . ﬂa . . .
using a successive composition of type ®oWo --- o ¥ . Similarly, we could construct various
extensions of the Furuta or the grand Furuta inequality by using successive compositions
of ® and W.

3. MONOTONICITY OF A GENERALIZED FURUTA-TYPE OPERATOR FUNCTION

By composing the contractive functions ®(X) and ¥(X), we introduce a parameterized
operator function:

Definition 3.1. In (H), put X =B < A, p=A(t Vs q)>1 (for A > 0), and define
x(u,s) :=®oW(B)=A""f_ w1 (A, B

u+X(tVsq)

We then see gx(u,s) < B, since ® o U is contractive for u > 0,s > 1. The grand Furuta
inequality is understood as the case A = 1.

Now as an extension of Ito-Kamei’s result [10] on monotonicity of the operator function
gx(u, s), we have the following result:

Theorem 3.2. Let ¢ > 1,t € [0,1] and gx(u, s) be defined as above. Then

(i) If% < A, then gx(u, s) is monotone decreasing for u > 0.

(ii) If% <A< 1, then (B =) §x(0,1) < ga(u,s) for =1 <u <0, )\l(;i‘z) <s<l1.

(iii) If% < A <1, then ga(u, s) is monotone decreasing for u > 0,s > 1.

Proof. First note that A(¢t V5 ¢ ) (=p) > 1 since A > % and t Vs q > q.
Now for (i), it is easy, since ®(u, p; ¥(B)) is monotone decreasing for v > 0.
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For(ii%wecanseethat()ﬁ%§1f0rl§)\§1.ByAZB>0andthe

Q

Lowner-Heinz inequality, we have
an(u,8) =A"" w1 (AM,BHY* > B . (B.BY)* =B = §\(0,1).

utA(tVsq) WFA(EVsa)
For (iii), it suffices to show that gx(u,ss1) < ga(u,s) for 1 < s; < 2. Since A'fs5, B =
Al (A5 B?), we see that

A, B = A4, BV for By = (A'#,B) 71 (< B) < A.

Now from [4, Lemma 1],

tVs tVs (tVSQ) tVss1 q
Ay, By < B =B,
A(tV s
or (Al BIV=1)\ < Bl( 19, Hence, we have

ga(u,s81) = A7 w1 (A'fs,, B

u+X(tVssyq)

= A7 w1 (AtﬂslBivsq>)\

u+X(tVssyq)
AMtVssy q)

—Uu _
<A ﬂWQZSmBl (= g(u, A(t Vss, q)))
— AtV ~
<A BT (= 4w (V. )
= gx(u, s).

The last inequality above is obtained from monotone decrease of §(u, s) (with respect s).

Remark 3.3. Is gy (u, s) monotone decreasing, if A > 1?7 To this question, we give a nega-
tive answer from the following numerical computation. Let
21 1.1 2 1
A{l.l 1.1},3{1 1]and)\1.3,t0.7,q2,u8.
Define D; ; = Gx(8,4) — 9(8, 7). Then we obtain (discarded less than 1075):
R R [ 0.3142  0.1805
D173 = g1.3(8, 1) — 91,3(8, 3) = i 0.1805 0.1389 :| and det D1}3 =0.0110 > 0.

. . [ 0.1653 0.0931
D375 = 91.3(8, 3) — 91.3(8, 5) = 0.0931  0.0709 :| and det D3,5 = 0.0030 > 0.

N N [ —0.0965 0.3633
D577 = 91.3(8, 5) — 91.3(8, 7) = 0.3633 —0.4328 :| and det D577 = —0.0902 < 0.
. . [ —1.0401  1.7586
D79=0§13(8,7) —§1.3(8,9) = L7586 —2.6498 ] and det D7 g = —0.3438 < 0.
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