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A NOTE ON LP ESTIMATES FOR SINGULAR INTEGRALS
SHUICHI SATO

Received January 26, 2010

ABSTRACT. In this note we introduce a function space, which is used to define kernels
of singular integrals. The space is useful in proving LP boundedness of certain singular
integrals via extrapolation arguments under a sharp condition on their kernels.

1. INTRODUCTION

Let Ag, s > 1, denote the family of measurable functions h on Ry = {t € R : ¢ > 0} such

that
2J+1

1/s
HhAszam</1 |Mﬂsﬁﬁ> < o0,
JEZ 27

where Z denotes the set of integers. We note that Ay C Ay if s > ¢t. Let P(y) =
(Pi(y), Pa(y), ..., Pis(y)) be a polynomial mapping, where each P; is a real-valued poly-
nomial on R™. We assume n > 2. Define the singular Radon transform T'(f) by

T(f)(x)=pv. [ flz—P(y)K(y) dy
(1.1) R
= lim f(z = P(y))K(y) dy,

=0 JyI>e

for an appropriate function f on R%, where K(y) = h(ly|)Q(y)|y|™", v/ = |y| " y, h € A4
and € is a function in L'(S™~!) satisfying

/ Q(0) do(6) = 0.
Sn—l

Here do denotes the Lebesgue surface measure on the unit sphere S"~! in R”. We denote

by L9(S™~1) the space of functions F' on S™! such that ||F|lg = ([g._: |F|? do) Y < oo
Also, we consider the maximal operator

(1.2) T (f)(z) = sup

/ f(& - P(y)K(y) dy]
e<|y|<N

where P and K are as in (1.1).
In what follows we assume that the polynomial mapping P in (1.1) satisfies P(—y) =
—P(y), P # 0. The following result is known (see [2]).

Theorem A. IfQ € LI(S" 1), g€ (1,2] and h € Ay, s € (1,2], then

IT(F)llrray < Cpla = 1)7Hs = D)7 HIQU gl Bl a1 f ] o ra)
for all p € (1,00), where the constant C, is independent of q,s,Q, h, and the polynomials
P; if each of them is of fized degree.
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We recall that L,, a > 0, is the space of functions h on R satisfying L,(h) < co, where
2J+1

L.,(h) = sup/2 |h(r)

J€Z J2i

(log(2 + [A(r)[))* dr/r,

and N, is defined to be the space of functions h on Ry such that N, (h) < oo, where
No(h) =Y m*2"dy, (),

m>1
with dy,, (k) = supgez 27 % E(k, m)|,
E(k,m) = {r e (2%, 28] . 2m71 < |n(r)| < 2™}, m>2,
E(k,1) = {r e (2%,2" 1.0 < |h(r)| < 2}.

It was observed in [2] that N,(h) < oo implies L, (h) < oo and that N, (h) < oo if Leyp(h) <
oo for some b > 1.
Let Llog L(S™™ ') be the Zygmund class of functions F on S"~! satisfying

/5w ) |F'(8)|1log(2 + |F(0)])do(0) < 0.
Theorem A implies the following result via an extrapolation argument (see [2] and also
[1, 3, 4, 5]).
Theorem B. If Q € Llog L(S™™ ') and h € Ny, then
IT(f)lLeray < Cpllfllrray for all p € (1,00),
where the constant C, is independent of the polynomials P; if they are of fized degree.
For a > 0, let M, be the collection of functions A on R such that there exist a sequence

{hi}32, of functions on R, and a sequence {ay};°; of non-negative real numbers satisfying
h= 21?;1 arhi, supg>q ||thA1+1/k <1 and E;O:I k%aj < co. For h € M, define

h = inf k%ag,
e, = jnf S K

where the infimum is taken over all sequences {ax} of non-negative real numbers such that
Yopey k*a < oo and h =377 aphy for some {hy} satisfying supy>, [|hella,,,, <1.

We note the following.
Proposition. For a > 0, let My, Ny, L, be as above. Then,

(1) I lIm, is a norm on the space Mg;
(2) if h € Ny, then h € My;
(3) if h € Ma, then h € L.

The space M; is useful in an extrapolation argument. Indeed, Theorem A and extrapo-
lation imply the following LP boundedness of the singular integral operator T.

Theorem 1. Let T be as in (1.1) with a kernel K(y) = h(ly|)Q)|y|~™. If h € My and
Q€ Llog L(S™™1), then

1T ()l Lrray < Cpll fllLrray  for all p € (1,00),
where the constant C, is independent of the polynomials P; if each of them is of fized degree.

Theorem B follows from Theorem 1 by Proposition (2).
Similarly, Theorem 3 of [2] implies the following.
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Theorem 2. Let T* be as in (1.2). Suppose that h € My and Q € Llog L(S™™'). Then

1T ()l e ray < Cpll fll Lrwey for all p € (1,00),
where the constant C), is independent of the polynomials Pj, as in Theorem 1.

Let {A;}¢~0 be a dilation group on R" defined by A; = t¥ = exp((logt)P), where P is
an n X n real matrix whose eigenvalues have positive real parts. Let r be a norm function
on R™ associated with {A;};~0 such that

(1) r is continuous on R™ and infinitely differentiable in R™ \ {0};
(2) r(Azx) =tr(z) for all ¢ > 0 and z € R™;

3) rlz+y) <C(r(x) +r(y ))forsomeC>0;

(4) dov =t~ do dt, that is,

F(w)dz = /O h /Z F(A0) 0 do(0) dt,

with do = wdoy, for an appropriate function f, where v = trace P, w is a strictly
positive C* function on ¥ = {z € R™ : r(z) = 1} and doy is the Lebesgue surface
measure on 3;

(5) ¥ ={0 € R" : (Bf,6) = 1} for a positive symmetric matrix B, where (-,-) denotes
the inner product in R™;

(6)

R™

alz|®t <r(z) < eolz|*  ifr(z) > 1,
cslz|? < r(x) < cqlx)? if r(x) <1,
for some positive constants cy, ca, c3, €4, a1, a2, 81 and [s.

Let €2 be locally integrable in R™ \ {0} and homogeneous of degree 0 with respect to the
dilation group {A;}, that is, Q(A:x) = Q(x) for  # 0, t > 0. We assume that

/ Q(0) do(6) =
b))

We consider a singular integral operator on R™ of the form
(1.3) S(@)=pv. | [fla—y)K(y)dy.
Rﬂ,

where K (y) = h(r(y))Qy )r(y) ™, y' = A1y, h € Ar.
Theorem 1.3 of [3] and an extrapolation argument similar to that for Theorem 1 imply
the following.

Theorem 3. Let S be as in (1.3) with the functions h and Q) satisfying h € My,

/Z 1Q(0)]1og(2 + [(0)]) do(8) < co.

Then
IS(Hlp < Cpllfllp for all p € (1,00).

Theorem 1.4 of [3] follows from this (see also Remark in Section 3 of [3]). We shall
prove Proposition in Section 2 and Theorem 1 in Section 3 by applying results of [2]. The
letter C' will be used to denote non-negative constants which may be different in different
occurrences.
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2. PROOF OF PROPOSITION

Proof of (1). We have to prove the following.

(ii) if h € M, and A is a complex number, then Ah € M, and ||[Ah]lae, = AR, ;
(i) if by € € M, then A+ £ € Mo and [+ €, < Inlac, + [/l

It is not difficult to prove these results. To prove (i), note that [|h||a, < >, ar < >, k%ax
if h = ), arhy as in the definition, since ||hglla, < [|hklla,,,,, < 1. This shows that
[Ih]la, = 0 and hence h = 0 if ||h||ac, = 0. The converse is obvious. We omit proofs of (ii)
and (iii).

Proof of (2). This follows from results in Section 3 of [2]. Let h € N, and Ey = {r €
Ry :0< |h(r)| <2}, By ={r € Ry : 21 < |h(r)] < 2™} for m > 2. Then

(2.1) ||h/XEm,||A1+1/"L < Qm(dm(h))m/(m+1)7

where s denotes the characteristic function of a set S. Define h,, = 27" (d,, (h))~™ ™+t hx g,
if dpy(R) # 0 and hy, = 0 if dp(h) = 0. Put a,, = 2™(dy(R))™ ™). Then, by (2.1)
[hmllayy,, < 1, and b = 3% | amhm. To show h € M,, it suffices to prove that

m=1
Yoo m%a, < oo. To see this we use Young’s inequality

(2.2) af<pla?+q¢'B%, «,3>0, 1<pg<oo, 1l/p+1/g=1.

Using (2.2) with « =1/3, f = (dm(h))m/(mﬂ), p=m+1and ¢ = (m+1)/m, we have
o0 o0
Z maam _ Z mazm(dm(h))m/(erl)
m=1 m=1

<3 i m*2"(m +1)"137" 1 + 3 i m*2™(m/(m + 1))d, (h)

< C(1+ Ny(h).

This completes the proof of part (2).
Proof of (3). The following elementary lemmas are useful.

Lemma 1. Suppose x > 2,1 < p < oo,a>0. Then
z(logz)* < Co(p—1)""a”,
where the constant C, depends only on a.
Lemma 2. If f(z) = z(logx)®, a >0, x > e'~%, then f"(z) > 0.

Let h € M, and h = Zk arhy as in the definition. To show that h € L,, we may assume
that >, ar, = 1. Since Lemma 2 implies that the function (e + z)(log(e + x))* is convex for
x>0,

(2.3) 1| (log (2 +1R[))* < (e + |h]) (log (e + [R]))*
<> ar (e+ [hi]) (log (e + )"
By Lemma 1 with p =1+ 1/k, we have

(24) (e + |hi]) (log (e + [hx]))* < Cak®(e + [hx])*+1/*
< Caka21/k(el+1/k + |hk|1+1/k) < Cka(GZ + |hk|1+1/k).
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By (2.3) and (2.4), we see that

2J+1

sup/ |h| (log (2 + |h]))* dr/r
jez Joi

< CZk‘“ak (62 + ||hk||1Ati/f/k) < CZk“ak < 00.

This completes the proof.

3. PROOF OF THEOREM 1

We prove Theorem 1 by applying Theorem A with extrapolation. By well-known argu-
ments we have the following (see [6, Chap. XII, pp. 119-120] for relevant results).

Lemma 3. Suppose F € L'(S"™1) and a > 0. Then, the following two statements are
equivalent:

(1) [gn-1 |F|(log(2 + |F]))" do < o0 and [g, , F do = 0;

(2) there exist a sequence {F,}55_, of functions on S"~1 and a sequence {b,}°_, of
non-negative real numbers such that F = Y% by Fo, supysy [Fnlligim < 1,
fsn,l Fodo =0, m,, < c.

Proof. First, we prove that (1) implies (2). Put
Un=1{0c 8" 12" < |F(0) <2™} form >2,
U ={0ecS" ' |F0) <2}
Then, we decompose F as F = 3.°°_| F,,, where F,,, = Fxy,, —o(S" 1)~} fU F do. Note
that fﬁ‘m do = 0. Set ey, = 0(Up), m > 1. Then

(3.1) [ Follig1ym < 22em/mH) for m > 1.

Define F,, = 2~ e, ™/ IR it e £0, Fy = 0if e = 0, and by, = 27+ e/ (M for
m > 1. Then, F = Y% by Fy, [ Fpdo =0, and (3.1) implies that sup,,,~; [[Fnll141/m <
1. Also, by (2.2) we have

(3.2) Z m®by, = Z m“2m+leﬁ/(m+1)
m=1 m=1
<23 (m/(m+ 1)me2m N e 9 N gl (n 4 1)
m=1 m=1
<C> m2me,+C<C |F| (log(2 + |F|))* do + C.
m=1 sn—t
Conversely, by the proof of Proposition (3) we can see that (2) implies (1). O

Fix p € (1,00) and a function f with ||f|l, < 1. Set S(h,Q) = ||T(f)|lp, where T'(f)
is as in (1.1). Let h € My and Q € LlogL(S™!). Write h = Y ;- axhi as in the
definition of M. We may assume > -, kap < 2||hlja,. Also, we have Q = >~ by
by applying Lemma 3 with a = 1, where sup,,,>1 [|Qml[111/m < 1, fS"—l Qndo =0, b, >0,

Yooy Mby, < 00. We may assume that Y~ mby, < C [q,_, [Qlog(2 + [|Q[)do + C by
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(3.2). Now, the subadditivity of S and Theorem A imply

S(h,Q) < i i b S (B, Q)

k=1m=1

= CZ Z kakmbm”hk”AHl/k”Qm”l-i-l/m

k=1m=1
< Clhfo, <1+/ |Q|log(2+|Q|)da).
S?L*l

The conclusion of Theorem 1 follows from this.
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