Scientiae Mathematicae Japonicae Online, e-2009, 621-635 621

GIAMBELLI’'S FORMULA AND THE BEST CONSTANT OF SOBOLEV
INEQUALITY IN ONE DIMENSIONAL EUCLIDEAN SPACE

YOSHINORI KAMETAKA* ATSUSHI NAGAIT, KOHTARO WATANABE?,
Kazuo TAKEMURAS AND HIROYUKI YAMAGISHIT

Received March 14, 2008; revised April 20, 2009

ABSTRACT. The best constant of Sobolev inequality associated with 2N-th order
Hurwitz-type differential operator is computed. Giambelli’s formula which appears in
representation theory of finite groups plays an important role.

1 Conclusion

For N =1,2,3,---, we introduce the following characteristic polynomial with real coef-
ficients.
N—-1 N
Q) = [[(z+a;) => g2 (1.1)
=0 J=0

We impose the following three equivalent assumptions.

Assumption 1.1  Q(z) is Hurwitz polynomial with distinct characteristic roots.
Assumption 1.2 Suppose that N =L +2M (L,M =0,1,2,---)

a; #a; (i#j), a; >0 (0<j<L-1)
ar+j = Gr+Mm+j, Rearpy; >0, Imapy; >0 (O <j<M-— 1)

Assumption 1.3

>0 (k=1,2,---,N)
0<i,j<k—1

G.CD.(Q(2),Q'(2)) = 1,

q—i+2j5+1

where ¢y =0 (k<0 or k> N).

In relation to Q(z), we introduce another polynomial P(z) defined by
N-1 N ‘
P(z) = [[(z+4a}) =D p; 27 (1.2)
=0 J=0

which satisfies P(—2%) = Q(—2)Q(z). The following relations hold

2k

pe =Y (=D"giq;  (0<E<N)
j=0

2000 Mathematics Subject Classification. 46E35, 41A44, 34B27.
Key words and phrases. Green function, Sobolev inequality, Giambelli’s formula, Hurwitz polynomial,
Schur polynomial .
*He has retired at March 2004, and now he is an emeritus professor of Osaka University.



622 Y. KAMETAKA, A. NAGAI K. WATANABE, K. TAKEMURA AND H. YAMAGISHI

where ¢g; =0 (N +1 < j < 00). From Assumption 1.3 we have ¢; >0 (0 < j < N—1). We
N-1
also have pp =1, py = H a? > 0 from (1.2).
3=0
We introduce Sobolev space

H = H(N) = {u(m)

u(z) € L}(—00,00) (0<i< N)} (1.3)

equipped with Sobolev inner product

ol = [ (QUD)u(@) (@D) v(a))ds (1.4)
In section 4, (-, )y is shown to be an inner product of H and rewritten as
o N . . 1 [ _

ol = [ S pu I @e Nwyde = o [ PE@EOTOA 19

where D = d/dx and u(&) is Fourier transform of u(x),
) = / e VI y(z) da (—o0 < € < 0).
We also introduce Sobolev energy

2
’da::

lulfy = (e = [ @D)ute)
* 5 (N-i)( N a
/Oojzopj}u (x) dx——/ P(£2) |a(e) | de. (1.6)

The purpose of this paper is to find the supremum of Sobolev functional given by

2
s = (_sw_1uw1) Jlulk (17)
—oco<LYy< oo
In our previous paper [1], we have obtained the supremum of S(u) under the assumption
N
that P(z Z Dj 2N=7 is factorized as follows.
7=0

N—
Hz—kaj O<apy<ar <---<an-1

We extend the above result in the case P(z) is given by (1.2), where not all the coefficients
pj (0 <j < N —1) are positive.
We introduce a function G(z,y) = G(x — y) defined by

G(z) = %/_OO VTR GE)dE (=00 < 1 < o) (1.8)
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=~ 1
G(8) = W

As is shown later in section 2, the above function G(z—y) is Green function of the boundary
value problem for 2N-th order differential operator P(—D?). We remark that the inequality

(—00 <€ < o0) (1.9)

S(EN+1)T < GO <o (EN +1) (1.10)

holds for suitable number ¢ > 0, which follows from

M—-1

11 [ (€ +Tmagy;)® + (Reapy;)” r

J=0

L1
P(&?) —|Q\/_§ H€2+a

(o0 < € <)
Our conclusion is as follows.
Theorem 1.1 (1) C(N)= sup S(u) is given by C(N) = G(0). For any real number

ueH, u#0
y and complex number ¢, we have S(cG(x — y)) = C(N).

(2) ueé{lfqls_tOS(u) =0 (1.11)

The above theorem (1) is equivalently rewritten as follows.

Theorem 1.2 For any function u(x) € H, there exists a positive constant C' which is
independent of u(x) such that the following Sobolev inequality holds.

( sup |u<y>|)2<c /Zim}u“”(x)fdx (1.12)

—oco<y<oo

Among such C the best constant C(N) is the same as that in Theorem 1.1(1). If we replace
C by C(N) in (1.12), the equality holds for

u(z) = cG(x —vy) (—o0 <z < 0) (1.13)
where y s an arbitrary real number and c is an arbitrary complex number.

The engineering meaning of Sobolev inequality is that the square of the maximum bending
of a string [2] (N = 1) or a beam (N = 2) is estimated from above by the constant multiple
of the potential energy.

Theorem 1.3  The best constant C'(N) of Sobolev inequality is expressed in the following
two ways.

1
1) o =g
__(=pN*? b1 /
C(N)_2a0_..aN71 aj a?i (N:273’47)

(1.14)
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In the numerator of the right hand side of (1.14), we have 0 < i< N -2, 0<j< N —1
and in the denominator 0 <1i,7 < N — 1.

1
2 c1l) = —
@ CO) =5
1

Cc(2) = —

@ 2q1G2
1

C(N) = San qN —2—2i+j / GN—1-2i+j (N =3,4,5,--+) (1.15)
aqN

In the numerator of the right hand side of (1.15), we have 0 < 4,5 < N — 3 and in the
denominator 0 < i,j < N — 2.

We here list explicit forms of C(N) (N =1,2,3,4,5).

1 1
o) = — = —
1) 2a0 2q1
1 ag a1 1 1 1 1
0(2) = — 1 1 2 2 = e
2a0a1 ap aj 2apa1(ao + ay) 2q1q2
1 apg a1 a2 1 1 1 =
c3) = —
®) 2aparas | ay a} a3 az a? a3
1 1 1 ay ai a3
ao + a1 + as 1 q/‘QQ %‘_ N
= —q . | S
2apa1a2(ap + a1)(ao + az)(a1 +az2)  2q3 9o ¢ 2¢3(q192 — g3)
1 ap a1 a2 as 1 1 1 1
cC4) = - ——— =
aj af a3 a3 ag af a3 aj
11 1 1 ad a$ aS ad§
0
1 q2 g3 4 - q192 — q3
2 | @0 @ i 2¢1(q19293 — 3 — 43qa)
0 g ¢ 3 A
c(5) =
1
27 ap a1 a2 a3 a4 1 1 1 1 1 =
aj af a3 af af ag af a3 a3 aj
aj af aj af af ag af a af af
1 1 1 1 1 a8 a§ a§ df df
g g5 0 0

igigzgz/%%%%:

2
ERIGLE B ¥

419293 — Q§ - (J%Q4 +q195
2¢5(q1929391 — G394 — 6343 — Q14305 + 424395 + 2419495 — ¢2)
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This paper is organized as follows. In section 2, we consider the 2N-th order boundary
value problem and find its Green function G(z). In section 3, we give expressions of G(0),
where Giambelli’s formula [3, 4] plays an important role. In section 4, it is shown that
Green function is a reproducing kernel for H and (-,)gy. The section 5 and 6 are devoted to
proofs of the main Theorems 1.2 and 1.1(2), respectively. Finally, in section 7, we consider
the special case of Theorem 1.2(N = 1,2, 3).

2 Green function
We consider the following boundary value problem for a 2/N-th order linear ordinary
differential operator P(—D?) = Q(—D)Q(D).
BVP(N)
{ P(=D*u = f(x) (—o0o <z < 0) (2.1)
u(z) € L*(—o00,0) (0 <i<2N)

Concerning the uniqueness and existence of the solution to BVP(V), we have the following
theorem.

Theorem 2.1  For any function f(z) € L?(—oc,00), BVP(N) has a unique solution u(x)
expressed as

ww) = [ G f)dy (oo <w <o) (2.3)

where G(z,y) = G(x — y) (—oo < x,y < o0) is Green function given by (1.8). It also has
the following equivalent expressions.

N-1 1
1) G => m@(x) (2.4)
§=0 j
Gj(z) = %e*“ﬂ""’”‘ 0<j<N-1, —oo<z<x)

(2.5)

@ C@ =0 /.
Gj(x) J

In the numerator of the right hand side of (2.5), we have 0 <i < N -2, 0<j< N -1
and in the denominator 0 <i,j7 < N — 1.

where * denotes the convolution operator defined by

re9e) = [ T fe-yew)dy  (—oo <z <oo). (27)

From (3), in the case of a; >0 (0 <j < N —1), we have G(z) > 0.

In order to prove Theorem 2.1(2), we prepare the following well-known fact.
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Lemma 2.1  For any N x N regular matriz A and N x 1 matrices b and ¢, we have the
following equality.

thA e = —

Proof of Theorem 2.1 (2.3) is obtained by considering Fourier transform of (2.1). We
here show (1), (2) and (3). From the partial fraction expansion

N-1

1 1 _
P - 2 e G
we have
R 1 N-1 1 R
G(g) = P(§2) = par m Gj(f) (—OO <éE< OO)

where G;(£) = (€2 + a?)™' (=00 < £ < 00, 0 < j < N—1). This shows (1). Using
well-known fact

—1

0
1 - .
Pea) LR
we have
GO =( G© ) \ (0 -
(—a3) 6
1
_ 0 —
(ol / (~a2)
1
G (8) ‘0
(—1)N+1 a21 /
J a?i
G;(8)

This shows (2). (3) follows immediately from
GE) = [1G©O  (ro<e<oo)
=0

which completes the proof of Theorem 2.1. ]
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Theorem 2.2 Green function G(z,y) = G(N;z,y) satisfies the following properties.

(1) P(_ai) G('T7y) = Q(_aw) Q(aa:) G('T7y) =0 (_OO <r,y<oo, I 7& y) (28)

(2) £G() € L®(—00,00) (0 <i<2N) (2.9)
(3) %0y)| o0y = L I

(2.10)
R e e (A L

(2.11)

The condition (2) assures that for every f(z) € L?(—o00,00) we have 0%(G * f)(x)
L?(—00,00) (0 <i < 2N).

Proof of Theorem 2.2 If x # y, we have

N—-1 N—-1
P(=02) G(a,y) = ] (~02+a}) }y Gjlw —y) =
k=0 7=0 J

N—-1 N—-1

e 7y [1 (024 ad) Gyl =) =
7=0 k=0
N-1 1 N-1

2 2 —aj|r— _

2a;P'(—a?) [ (=aj +af) el = o,

j=0 7 I/ k=0

which proves (1). (2) is obvious from (1.9). Next we show (3), the left-hand side of which
is written as

OhGy)| = Gy =
y=x—0 y=z+0
(~)NH aj’ /
a2
kv (o Ok (g — /
kG —y)| oG-y
(0<k<2N -1, —0<z<).
Employing the fact
1
ROy (g oG — ke =
Oy —v)| oG-y =5 (- ()Y
0 (k = 21)
_a?l (k=201+1) (0<I<N-1) (-0 <z < 0),

we have (3). (4) follows from (3). This completes the proof of Theorem 2.2. [ |

3 The best constant of Sobolev inequality
In this section, we prove the equivalence between (1.14) and (1.15) in Theorem 1.3.
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Putting = 0 in (2.5) and employing G,(0) = (2a;)~! (0 < j < N — 1), we have

— (_1\N+1 =
o= ]
J
(2a;)~"
e ,
2@0"'CLN_1 J Cl?l
1

from which we obtain (1.14). Changing the row of the above determinant, we have

1 ,
G) = — 2N—3—21 i
© 2qn i @21 (3.1)

J
1

where qy = ap---an—_1.
Here we introduce two partitions of natural numbers

>\ - ()\07)\1a"'7)\N71) a'nd /1’ - (/4”07#17"',/‘]\771)
where \; and p; are given as follows.
N =N-1—1 (0<i<N-1)

Hi = >\i_]— (0§Z§N—2)
0 (i=N-1)

By using the above A and p, (3.1) is rewritten as follows.

/

In the above expression, Sy (a) denotes Schur polynomial associated with a partition ¥ =
(YQ,Yl, ce ,YNfl) (YQ Z Yl Z Z YN,1 Z O), which is defined by

/

The following statement is the most important lemma in this paper.

_ 1
2qn

1

N —1-itu -
2qn

; CLN_ 1—i+X;

J

G(0)

Su(a) / Sx(a) (3.2)

N—-1—i4Y;
J

aN—l—i

Sy(a) = Sy(aog, -+ ,an-1) = | a z

Lemma 3.1 (Giambelli [4]) For a partition

Y = (Yo, Y1, ,YN_1) Yo>Y1 > >Yn_1 >0) (3.3)
of a natural number, let Y bea conjugate of Y defined by

V= Yo,Yi, o ¥va) Yi=#{j|Vi>i+1} (0<i<N-1) (3.4)

Then we have

Sy(a) = (3.5)

9-itv;

0<i,j<N—1

where q; (1 < j < N) is the j-th fundamental symmetric polynomial of a = (ag,--- ,an—1).
We also assume that go =1 and g; =0 for j <0 or j > N.
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Applying Giambelli’s formula to (3.2) and considering that X = \; and i = g, we
have the following equality.

1
(0) = 2N qj—i+7; / it =
0<i,j<N-—1 0<i,j<N-—1
gN—-2 gN-1 *rr @2N—-4 (2N-3
1 gN—4 gN-3 " (g2N-6 (2N-5
2N : : : : /
q—-N+2 G-N+3 " q0 q1
q—-N+1 G—-N+2 - q-1 qo
gN-1 Ny *tr Q2N-3 Q2N-2
gN-3 gN-2 ' g2N-5 ({2N-4
q-N+3 (4-N+4 - q1 q2
q-N+1 4-N+2 q-1 qo0
gN—-2 gN—-1 Q2N -5 gN-1 N *tr (g2N-3
1 gN—4 gN-3 " ({2N-7 gN-3 gN—-2 " ({2N-5
2qn : : :
q—-N+4 G—-N+5 =" q1 q—-N+3 4G—N+4 - q1

where we have used the fact g = 1 and ¢_; = 0 (j > 1). Thus we proved that (1.14) is
equivalent to (1.15).

4 Reproducing kernel

In this section, we show that Green function G(z,y) is a reproducing kernel for a set of
Hilbert space H and its inner product (-,-)y introduced in section 1.

We first show that (-,-)g is positive definite. Applying Parseval equality to (1.4), we
have

<w>H:/< o) (@i -

=/ (@ (é))(@(\/_f) 29)dt = 5 [ 1Q(vTY a3 de.
(4.1)

Sobolev energy (u,u)q is calculated as

lullt = (= 5= [ 1Q(VTe) Place) P

By the inequality (1.10) we have

llly = 50 [ @+ 0)la) e

from which it is concluded that (-,-)y is positive definite.
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Moreover, the right-hand side of (4.1) is expanded as follows.

_1°°P2A;d_1°°N AN-1) (e 5(E) dé —
o) = 5= | PEROTE) de = %/m;m& 2 7(€) e =
o N . -
o [ S (V19" ) (V) 0e))ae =
>

~ N
/ ij u N () TN () de
N

Theorem 4.1 (1) For any u(x) € H, we have the following reproducing relation.
u(y) = (w(@),G(z,y))un (—00 <y < oo) (4.2)

This means that Green function G(z,y) = G(x — y) is a reproducing kernel for H with the
inner product (-, ).

(2) G(0) = G(y,y) = (G(z,9),G(z,y) )z (—o0 <y < o0) (4.3)
Proof of Theorem 4.1 We note that

o~

Gz —vy) — efﬁygé(f)

Using Parseval equality, we have

(u(o). Gla) = 5= [ PE)ale) VG =

o [ e s = utw)

where we have used the fact
P(E)GE) =1 (o< E< o)

(2) is shown by putting u(x) = G(z,y) in (4.2). This completes the proof of Theorem 4.1.
|

5 Sobolev inequality and the best constant
In this section, we prove Theorem 1.2.
Proof of Theorem 1.2 Applying Schwarz inequality to (4.2) and using (4.3), we have

luy) | < Nulf |Gl y) 1 = GO) ||l
Taking the supremum with respect to y (—oo < y < 00), we have
2
(Lsw_lul) < GOl
—oco<LYy<oo

Hence, we can take a positive constant C' such that the following Sobolev inequality holds
for any function u(z) € H.

( sup |u<y>|) < Cllul. (5.1)

—oo<y<oo
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The best constant C'(IN) among such C' obviously satisfies
C(N) < G(0). (5.2)

In the second place, for any fixed yo (—00 < yo < o0), we apply this inequality (5.1) to
u(z) = G(x,yo) € H and have

(sw mmmw < O(N) | Glaao) [ = C(N)G(0)

—oco<y<o0

Combining this and trivial inequality

G@“ﬂﬂw@?é(sw mmwo

—oo<y<oo

we have G(0) < C(N). Together with (5.2), it is concluded that C(N) = G(0) and that
G(z,yo) is a best function for arbitrarily fixed yo, that is,

(sw|mwm):amm@w%

—oo<y<oo
This proved Theorem 1.2. |

6 Infimum of Sobolev functional

In this section, we prove Theorem 1.1(2) concerning the infimum of Sobolev functional
S(u).
Proof of Theorem 1.1(2) Let h(x,t) be a heat kernel given as follows.

h(z,t) = exp (—2”/(4t)) (—o<zx<oo, 0<t<o0)

1
VAant
It is easy to see that

sup | h(y, 1) | = h(0,1) =

—oo<y<oo

=] =
3‘
~

holds. Since Fourier transform of h(z,t

~

is given by
h(&t) = e & (oo <é<oo, 0<t<oo)

its Sobolev energy is calculated as

N
1 & 1 > )
I t) = 5 [ PE)etds = oo [ Sy @ ag -
. o>
N

1 Y 1 \N e 1 1
- N 2% g0 N
QWZpJ( 2@) / 2 g 2\@;@( Qat)

7=0 -

12,

Hence we have

N—j

S(h(z,t)) = (4%)/ ﬁfjpj (—%@) Y% R

=0
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which completes the proof of Theorem 1.1(2). |
Another proof of Theorem 1.1(2) For A > 0, we introduce a function

u(A;z) = % /_OO VI G(A;6)de (o0 < & < 00)

where
a(4;€) = {&@ (€] > A)
0 (€l < A4)
It is easy to see
1 ~
7oosilg)<oo|u(A,y)| = u(4;0) = %~/|§|>A G(&)d¢

On the other hand, we have

1

21 Jig>a

1

lu(d;z) |3 = memmW%:—/ G(&)de = u(4;0).
[£[>A

2w

Considering that G(¢) € L'(—o0, 00), we conclude that

S(u(4;z)) = u(4;0) — 0 (A — o0).

7 Explicit forms of best constants and functions

In this section, we find explicit forms the best constants C(N) and best functions in
simple cases N = 1,2,3. Although some of the results, where all the characteristic roots
a; are real, are obtained in our previous paper [1], we also list them for the sake of self-
containedness.

In the simplest case N = 1, or equivalently (L, M) = (1,0), Sobolev space is given as
follows.

H=H1) = {u(a:)

u(z), u'(z) € LQ(—oo,oo)} (7.1)
Corresponding Sobolev inner product is
(u, 0) 5 = / (@)% @) + prule) o) do (7.2)

where p; = a%. Moreover we note that ¢ = ag. We here rewrite ap = a (0 < a < o0) for
the sake of simplicity.
As a special case of Theorem 1.2 we have the next theorem.

Theorem 7.1  For any function u(x) € H(1), there exists a positive constant C which is
independent of u(x) such that the following Sobolev inequality holds.

( wp|u@02sc/2hwmﬁ+pumwfdx (73

—oo<y<oo
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Among such C' the best constant is

1 1
C(l) = — = — 7.4
D=5 =3 o (7.4)
If we replace C' by C(1) in (7.3), the equality holds for u(z) = cG(z —y) (—o0 < z < 00)
where y is an arbitrary real number and c is an arbitrary complexr number.
Green function G(z) is given by the following formula.

1
G(z) = % el (—o0 <z < 00) (7.5)
a
In the second place, we treat the case N = 2, or equivalently (L, M) = (2,0) or (0,1).
In these cases, we consider Sobolev space

H = H(2) = {u(m) u(z), u'(x), u’(z) € L*(—oo0, oo)} (7.6)
Sobolev inner product
(u,0)ir = / N [0 (@)7"(2) + p1/ (@) (2) + pru(e) o(x)| do (7.7)

where p1 = a2 + a3, p2 = ada?. We note that ¢1 = ag + a1, g2 = apas.
In the case (L, M) = (2,0), we put ag =a, a1 =b (0 < a <b), then we have

pr=a’+b% pr=d’?, q=a+b, g =ab

In the case (L, M) = (0,1), we put ap =a++—1b, a1 =a—+/—1b (0 < a,b), then we
have

b1 = 2(0’2 - b2)a D2 = (a2 + b2)25 q1 = 2@, q2 = CL2 + b2
As a special case of Theorem 1.2 we have the next theorem.

Theorem 7.2 For any function u(x) € H(2), there exists a positive constant C which is
independent of u(x) such that the following Sobolev inequality holds.

2 0o
( sup[u(y) |) <o [W@P+plw@l +lu@Pld @)
—oco<y<oo — o0
Among such C' the best constant is
1 1
C 2 — = =
@) 2apa1(ao +a1)  2q1ge
1
%ab(a +0) (L, M) = (2,0) o
L wmy=1 |
da(a? + b?) B

If we replace C by C(2) in (7.8), the equality holds for u(x) = cG(x —y) (—o0 < & < )
where y is an arbitrary real number and c is an arbitrary complexr number.
Green function G(z) is given by the following formula.
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1 1 1
- — = | —emaolxl _ = pmarlm| |
@ ai —ag { 2ag ¢ 2a; © }
1 1 1
- & _—alz| _ — _—blz| _
b2 — a2 {%e 2% ° ] (L, M) = (2,0)
1 —alz| .
T [ asin(bla]) + beos(blal) | (L, M) = (0,1)
(—o00 <z < ) (7.10)

Finally, we treat the case N = 3, or equivalently (L, M) = (3,0) or (1, 1). In these cases,
we consider Sobolev space

H = H(3) = {u(m)

u(z), u'(x), v'(z), v"'(z) € L*(~o0, oo)} (7.11)
Sobolev inner product

odn = [ [ @) + 51 @ (@) + 2@ @) + s le) )| o
(7.12)

2 2 2 22 2.2 2.2 2.2 2
where p; = ag + ai + a3, p2 = agaj + ajas + asaf, ps = agaias.

In the case (L, M) = (3,0), we put ag = a, a1 = b, ag = ¢ (0 < a < b < ¢), then we
have
pr=a’+ b2+ po=ab? + 022+ Pad®,  ps = a’b P
In the case (L, M) = (1,1), we put ap = a, app =b+ vV=1c¢ (0 < a,b,c), then we have
pr=a’+20% —2¢%,  py=b* + 420707 + 20%% — 2762, p3 = a*(b? + P)?
As a special case of Theorem 1.2 we have the next theorem.

Theorem 7.3  For any function u(x) € H(3), there exists a positive constant C which is
independent of u(x) such that the following Sobolev inequality holds.

(LswJut) |)2 <
¢ [ [ @F +p @+ pa 0@ + pa o) ] do (713)

Among such C' the best constant is

ag +ay + as

c@) = 2a0a1as(ag + a1) (a1 + a2)(az + ag)
a+b+c
2abe(a +b)(b+c)(c + a) AN = 60 (7.14)
at2 (L, M) = (1,1)

4ab(b? + c¢?)(a? + b2 + 2 + 2ab)
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If we replace C by C(3) in (7.13), the equality holds for u(x) = cG(z —y) (—oo < x < 00)
where y 18 an arbitrary real number and c is an arbitrary complex number.
If (L, M) = (3,0), Green function G(x) is given by

_ 1

~ 2a(a? — b?)(a2 — 62)6
1 ot

20(b% — a?)(b? — ¢2) 2¢(c? —a?)(c® - b?)

G(x)

el (—o0 < 2 < ) (7.15)

and if (L, M) = (1,1)

1
G _ — ,—alz]
() (a? + b2 + 2 + 2ab)(a? + b% + ¢ — 2ad) | 2a ¢ +

W e {e(a? — 36 + &) cos(cle]) + ba® — b + 3¢*)sin(cle])}
(—o0 < 2 < 00)

(7.16)
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