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ABSTRACT. We study Fredholmness of nonlocal boundary value problems for fourth or-
der elliptic differential-operator equations in UMD Banach spaces. The main condition
is given in terms of R-boundedness of some families of bounded operators generated
by inverse of the characteristic operator pencil of the equation. Then we prove an
isomorphism of the problem on the semi-axis, for some special boundary conditions,
in appropriate L, spaces. This implies maximal L,-regularity for the problem. We
also present some relevant application of obtained abstract results to boundary value
problems for fourth order elliptic and quasi-elliptic partial differential equations.

1 Introduction. In our previous studies, [4], [6], we have considered regular and irregular
boundary value problems for second order elliptic differential-operator equations with the
spectral parameter A in the equation in UMD Banach spaces. By regularity we mean
the following classical notion which originates from scalar ordinary differential problems.
When considering a boundary value problem for homogeneous equations, we expand the
determinant of a system, for finding two unknown constants of a solution, with respect to \.
Then, regularity means that the main coefficient of the expansion with respect to A is not
equal to zero. Otherwise, the problem is irregular. We have realized maximal L,-regularity
for regular problems and we have not succeeded to get maximal L,-regularity for irregular
problems, one should claim more smoothness from the right-hand known function f of the
equation than just to be in L,((0,1); E). Moreover, we have showed a counterexample
which proves that there is no maximal L,-regularity for irregular problems.

In this paper, we continue our investigation for regular boundary value problems for
fourth order elliptic differential-operator equations. We get, in particular, maximal L,-
regularity (it follows from Theorem 2). The main condition of theorems is given in terms of
R-boundedness of some families of bounded operators generated by inverse of the polynomial
characteristic operator pencil of the equation (see condition (4) of Theorem 1). In fact, this
condition is the most difficult for checking from application point of view. There are many
studies (see, e. g., books by R. Denk, M. Hieber, and J. Priiss [3] and P. C. Kunstmann
and L. Weis [10] and various papers) of R-boundedness for very general elliptic partial
differential operators but not for elliptic partial differential operator pencils in Banach
spaces polynomially depended on the spectral parameter X\. On the other hand, condition
(4) of Theorem 1 is very natural. When studying the problem in a Hilbert space then R-
boundedness is replaced by norm-boundedness of the same sets in condition (4) of Theorem
1. And for norm-boundedness there are many results in application for such pencils. In early
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60s, S. Agmon and L. Nirenberg [1] and M. S. Agranovich and M. I. Vishik [2] intensively
studied norm-bounded estimates for various sets generated by inverse of the polynomial
characteristic operator pencil of differential equations. The study has been continued by
various mathematicians (see [12] for a relevant bibliography on the subject). So, the study of
R-boundedness of various sets generated by inverse of the polynomial characteristic operator
pencil of differential equation is actual today from application point of view.

In section 4, we give the first result of such a kind. In section 5, with the help of section
4, we present some application of the obtained abstract result to elliptic PDEs. In sections
6 and 7, some application is shown for some other classes of elliptic and quasi-elliptic PDEs.

We have decided do not include in the paper, at this time, some introductory material,
i.e., some comments about importance of the subject, some comparison of our results with
others known, about stimulating reasons of the investigation. We have presented all these,
in a detail, in our previous papers [5], [4], [6], but we each time remind the reader the same
definitions and notations which are necessary in order to understand all calculations in the
paper.

If E and F are Banach spaces, B(F,F) denotes the Banach space of all bounded,
linear operators from FE into F with the norm equal to the operator norm; moreover,
B(E) := B(E,FE). The spectrum of a linear operator A in F is denoted by o(A4), its
resolvent set by p(A). The domain and range of an operator A is denoted by D(A) and
R(A), respectively. The resolvent of an operator A is denoted by R(\, A) := (A — A)~1.

We use the notation F'f or f for the Fourier transform of a function f belonging to a
vector-valued L,-space, i.e., L,(R; E)

o~

1 o )
Ffi= (FI)0) = Flo) = —= [ e p(wyie
and the inverse Fourier transform
Pl (P f) (@) = \/%/7 €9 () do.

A Banach space FE is said to be of class HT, if the Hilbert transform is bounded on
L,(R; E) for some (and then all) p > 1. Here the Hilbert transform H of a function
f € S(R; E), the Schwartz space of rapidly decreasing E-valued functions, is defined by

Hf = %PV(%) * f,

T or T

ie, (Hf)(t) = 2 hH(l)f\T\>s I=7) gr. These spaces are often also called UMD Banach
E—
spaces, where the UMD stands for the property of unconditional martingale differences. We

prefer the notion UMD in the framework of this paper.

Definition. Let E be a complex Banach space, and A is a closed linear operator in E. The
operator A is called sectorial if the following conditions are satisfied:

1. D(A)=E, R(A) = E, (-00,0) C p(A);
2. AN+ A7 < M for all X > 0, and some M < oo.

Definition. Let E and F be Banach spaces. A family of operators T C B(E, F) is called
R-bounded, if there is a constant C > 0 and p > 1 such that for each natural number n,
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T; € T, uj € E and for all independent, symmetric, {—1, 1}-valued random variables €; on
[0,1] (e.g., the Rademacher functions €;(t) = sign sin(2nt) ) the inequality

n n

is valid. The smallest such C is called R-bound of T and is denoted by R{7T }p—p. If
E =F, the R-bound will be denoted by R{T } k.

Remark 1. From the definition of R-boundedness it follows that every R-bounded family
of operators is (uniformly) bounded (it is enough to take n = 1). On the other hand, in
a Hilbert space H every bounded set is R-bounded (see, e.g., [10, p.75]). Therefore, in
a Hilbert space, the notion of R-boundedness is equivalent to boundedness of a family of
operators (see also [3, p.26]).

Lp((0,1);E)

Definition. A sectorial operator A is called R-sectorial if
RA(0) ;== RIAMA+A)™! © A >0} < oo
The number
% :=inf{f € (0,7) : Ra(m —0) < oo},
where Ra(0) .= R{IAN\+ A)~1 : |arg\| < 0}, is called an R-angle of the operator A.
For convenience, sometimes we write A + A instead of Al + A.

For the operator A closed in FE, the domain of definition D(A™) of the operator A™ is
turned into a Banach space F(A™) with respect to the norm

n 1

2

lullcan = (D I145)?) ™.
k=0

The operator A™ from E(A™) into E is bounded.
Introduce the space Wp1 (R; E(A),E), 1 < p < o0, of functions with the norm

oo oo 1
lullwy sy = ([ Tu@)lade+ [l @)dz)"
— 00 — 00

In a similar way, one can define the space WZ}((O,T); E(A), E) and, generally, W' ((0,T);
En,En_1,...,Ep) for natural numbers n and Banach spaces E;, j = 0,...,n. If E and
F are Banach spaces with continuous embedding F' C FE, we also consider the space
Wy ((0,T); F, E) of functions with the norm

lullwyo.0m.5) = lullz, 0,1 + 4™ |, 07y

Similarly, one can define W' (R; F, E).

By saying that an operator A has the Fredholm property, we mean that the range of
A is closed and the dim KerA = dim CokerA < oc.

Let Ey and F; be two Banach spaces continuously embedded into the Banach space
E: Ey C E, E; C E. Two such spaces are called an interpolation couple {Fy, E1}.
Consider the Banach space

Eo+Ei:={u : vweE, Ju; € E;, j=0,1, where u =g + us,

lullmotr e, = _inf (fJuollz, + luallz,)}-
u=ug+u1
u; EE;
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Due to H. Triebel [11, section 1.3.1], the functional

K(t,u) := _inf (HUOIIEO + tllUlIlEl), u € Eo + B,
u=uo+u1
UjEEj

is continuous on (0, 00) in ¢, and the following estimate holds:
min{1, t}|u|l gy 5, < K(t u) < max{L, t}|ul| gotp, -

An interpolation space for {Ey, 1} by the K-method is defined as follows:

(Bo, B)op = {u : we Bo+ By, |ullmm,
1

oo
::(/ EURP (L) dt) < oof, 0<B<1,1<p< o,
0

(Bo, B1)oce = {u : w€ Bo+ By, [ull(s,m),.

= sup t UK (t,u) < oo}, 0<6<1
te(0,00)

2 Coerciveness on the space variable and Fredholmness. Consider, in a UMD
Banach space F, a boundary value problem in [0,1] for the fourth order elliptic equation

(21)  L(D)u:=u""(x) + Ayu” (x) + Agu(zx +ZBk u® (z) = f(x),
mip— 1NkJ

(22) Lku = aku(m’“)( )+ 5ku mk) Z ZTkJSu xkjs) = Pk, k= ]., . ,4,
j=0 s=1

where 0 < mq,mo < 1 m3 =m1 + 2, mg = mo + 2, and o and G are complex numbers,
zrjs € [0,1], D := dr, Ay, Ay, Bk( ) for x € [0,1] and T}j, are, generally speaking,
unbounded operators in E.

Theorem 1. Let the following conditions be satisfied:

1. an operator Ay is closed, densely defined and invertible in o« UMD Banach space E
and R{AR()\, Ay) : arg\ =7} < oo;!

2. the embedding E(A4) C E is compact;
8. an operator As from Es into E is bounded, where Ey := E(A%);

4. for X=1io, 0 €R, and |o| > og (for some oy > 0), the characteristic operator pencil
L(A) := M1 + N2 Ay + Ay is invertible in E and

R{c*L(ic)™" : |o| > 00}p < o0; R{A4L(ic)™" : |o| > o0}r < o0;
R{c*L(ic)™" : |o| > 0o}m, < 00; R{A4L(ic)™* : |o| > o0}m, < 00;

Hn fact, this is equivalent to that A4 is an invertible R-sectorial operator in E with the R-angle ¢>§4 <m
and, therefore, in particular, there exist fractional powers of A4 (see, e.g., [3, Theorem 2.3]).
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9.
ar(=1)"™ 0 B 0
0 ag(=1)™ 0 O3
# 0;
az(—1)"2 0 B2 0
0 ag(=1)™ 0 Jon

formy #ma, ap =iy, B = B2, k=1,2;

6. for any € > 0 and for almost all x € [0,1], k=0,...,3,

_k
|Be@ulle < elull, 1y +CElulle, we BAT);
4

)

_k
4

forue E(AAI1 ) the function B(x)u is measurable on [0,1] in E;

7. operators Tyjs from (E(A4),E);, 1  into (E(A4),E)%+% , are compact, where
i+, o
p € (1,00).
Then, the operator L : u — Lu := (L(D)u, Lqu, Lou, L3u, L4u) from W;((O, 1); E(Ay4),

4

E) into Ly((0,1); E) + (E(A4), E)mx 1, is bounded and Fredholm?®.
k=1 1T

Proof. Consider the principal part of problem (2.1)—(2.2), i.e.,

(2.3) Lo(D)u : =u""(z) + Agu” (z) + Agu(z) = f(x), =€ (0,1),
(2.4) Liou : = apu™)(0) 4+ Bru™) (1) = pp, k=1,...,4.
By the substitution
v1 () u(x)
v(z) = =
va(x) u”(x)

problem (2.3)—(2.4) is reduced to the equivalent problem

v'(x) = Av(x) + F(z), x€(0,1),

2.5

(25) arv ™) (0) 4+ bpo ™ (1) = By, k=1,2,

where,

0 I OékI 0 Bkl 0
A= , Q= ) bk = ’
-Ay —A 0  opyol 0 Bryol
0 Pk
F(x):= , Dy =
f(z) Pk+2

1
2By virtue of [5, Theorem 7 and Corollary 8], the embedding W,}((0,1); E(A4), E) C W2((0,1); E(A2))
is continuous. Then, by virtue of condition (3), Asu” € Ly((0,1); E).
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We consider the operator A in the space £ := Ex+E. Let D(A) := E(A4)+E> and F :=
(f1, f2) € & = Ex+E. From the first equation of the system

(2.6) (NI —-Aw=F

we find
Vo = )\21)1 — f1~

Substituting this expression into the second equation of system (2.6) we have
N (Vo — f1) = —Agvr — Ao (Vo1 — fi) + fo.

Hence,
LANvr =N fi+ Ao fi + fa,

i.e., by condition (4), for A =io, o € R, and |o| > oy,

(2.7) v = XL\ i + LN Ao fi + L) 7 fo.
Consequently,
(2.8) Vg = /\4L()\)_1f1 =+ /\QL()\)_lAQfl — f1 =+ /\QL()\)_lfg.

Since (2.7) and (2.8) define (\2I — A)~! then one can get that

A A
2.9 ANT—-A) = (1 2
(2.9) oer-ayt = (4 e,

where

Ay = ML) P+ N0\ Ay — 1,

Ay = ML)

Agp = —N2A4L(N) 7 — AyL(N) " Ag — AT ARL(N) T = A2 A L(A\) Tt A + Ao,
Agy = —A4L(N) 71 = N2A,L(N) L

From Venni’s proposition (see [5, p.500, under X =Y = E, a =0, § = %, v =1,
f(o) =02, B(o) = L(ic)~!]) and two first inequalities in condition (4), we get that

1
(2.10) R{c*A; L(io)™" : |o| > 00}E < 0.
Similarly, from two last inequalities in condition (4), we get

1
(2.11) R{c%A; L(io)™" : |o| > 00}, < 00.

Using now the definition of R-boundedness, conditions (3) and (4), and formulas (2.10) and
(2.11) we obtain, from (2.9), that

R{AN’ T —A)™ :X=io, 0 €R, |o]| > 0g}e < .
From this and from the identity

NI —A) T =ANT —A) 4T,
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we have, using, e.g., [3, Proposition 3.4,

R{NNT—-A)" . N=io, 0 €R, |o] > 00}e < o0,
i.e., for some M > 0,
(2.12) RIAMAM =A™ 0 A< —M}e < .

From condition (5), for m; # ma, it follows that (—1)™ay8; — (=1)™2azf # 0 and
apv ™) (0) + bk (1) = agv(™ ) (0) 4 Bro(™) (1) in (2.5). Then, by virtue of [4, Theorem
5 and Remark 4 (only for m; = mg)], the operator

Py : v — Pov == ((D? — A)w(x), a0 (0) + bio™ (1), agu™2)(0) + byv(™2) (1))

is bounded

from W2((0,1); £(A),£) into Lp((O,1);5)—5—(5(&),5)721+2;p,p—i—(5(A),€)mTz+%7p
and Fredholm. From (2.12), it follows that the operator A is closed. Consequently, £(A) =
E(A4)+Es.

We have (£(A),E)op = (E(A4)+E2, Ex+E)op = (E(As), E2)pp+(E2, E)gp.  Since
E5 := E(A}) then, by virtue of [11, Theorem 1.3.3 and formula 1.15.4/(2)],
%7? = (E7E(A4))1_%_‘%p7p

k=1,2.

(E(A4),E(Af))%+2%’p — (B(A}), B(A1)),_ s _
= (E(A4), E)

et
Since myg42 = my + 2, k = 1,2, then, by calculations similar to the previous ones, using

also, e.g., [11, Theorem 1.15.2], one can get

(B(AZ) E)rye oy = (B, E(AD))y e 1, = (B, E(A4))y

2p P

= (E(A4),E)%+%+ﬁ’p = (E(A4),E)’"lk%+%p,p7

Hence, the operator that corresponds to problem (2.3)—(2.4),
Lo U — Lou = (Lo(D)u7 Llou, Lgou, Lgou, L40u),

4
from W;((O, 1); E(A4), E) into L,((0,1); E) + (B(A4), E)me 1
k=1 1 Tap

holm. It is enough now to note that the oper;tor L has the form

is bounded and Fred-

P’

(2.13) L=Lo+T,
where s
T:u— Tu:= (Z Bk(m)u(k) (z), Thu, Tou, T5u, T4u)
k=0
mp—1 Nij )
and Tpu = 3 Trjsu) (z145). By condition (6), [12, Lemma 5.2.1/2], and the bound-
j=0 s=1

_k _

edness of the embeddings W, ~*((0, 1); E(A‘l1 1), E) c W, ((0,1); E(Aél1 ),E), k=0,..,3,
_k

the operator By : wu(x) — Biuly = Bi(z)u(z) from W;l_k((o,l);E(Aél1 1), E) into

L,((0,1); E) is compact. Using [5, Theorem 7 and Corollary 8] about intermediate deriva-

k
-7

tives, the operator u(z) — u®)(z) from W ((0,1); E(A4), E) into W, %((0,1); E(A, *), E)

k
4
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3
is bounded. Hence, the operator B : u(x) — Bul, := 5. Br(z)u® (z) from W ((0,1);

k=0
E(A4), E) into L,((0,1); E) is compact.
In view of [11, Theorem 1.8.2] (see also [12, Theorem 1.7.7/1]), the operator u(x) —
w9 (xo) from W3((0,1); E(A4), E) into (E(A4),E)zy 1, is bounded. Thus, condition

(7) implies that operators T, from W}((0,1); E(A4), E) into (E(A4), E>%+ﬁ,p are com-
4
pact. Consequently, the operator T from W,}((0,1); E(A4), E) into L,((0,1); E) + (E(A4),
k=1

E)% Yl is compact. Now, it is enough to apply the perturbation theorem of Fredholm
rt

operators (see, e.g., [12, Theorem 1.2.8]) to operator (2.13). O

3 Isomorphism of problems on the semi-axis. In a UMD Banach space E, consider
a boundary value problem in [0, c0) for the fourth order elliptic equation

(3.1) L(D)u :=u""(z) + Agu” (z) + Agu(z) = f(x), x>0,
(3.2) Liu:= aul(/O) + 5u'(/(l)/) = 1,

Lou : = au”(0) 4+ pu""(0) = 2,
where a and (8 are complex numbers.

Theorem 2. Let the following conditions be satisfied:

1. an operator Ay is closed, densely defined and invertible in o« UMD Banach space E
and R{AR(\, Ay) : arg\ =7}p < 00;3

1
2. an operator Ay from Ey into E is bounded, where Eo := E(AZ);
3. at least one of two numbers o and 3 is not equal to zero; RaB~t <0 if B#0;

4. for X = io, o € R, the characteristic operator pencil L(\) := X + XAy + Ay is
invertible in E and
R{c*L(ic)™" : 0 € R}p <o0; R{A4L(ic)™' : 0 €R}p < o0;
R{c*L(ic)™" : 0 €R}g, <o0; R{A4L(ic)™' : 0 € R}g, < oo;

Then, the operator L : v — Lu := (L(D)u, Lyu, Lau) from W;((O,oo);E(A4),E) into
Ly((0,00); E)H(E (A1), B)my 1 (E(A4), E)mp= where m =0 if =0 and m =1
if 6#0, pe(l,00), is an isomorphism.

1
ip:P’

Proof. By [11, Theorem 1.8.2] (see also [12, Theorem 1.7.7/1]) and condition (3), the opera-
tor L acts continuously from W ((0, 00); E(A4), E) into Ly ((0, 00); E)+(E(A4), E>%+ﬁ,p+
(E(A4),E)M,T+2+ﬁ7p. Prove that for any f € L,((0,00);E), ¢1 € (E(A4),E)%+%p’p,
and @y € (E(A4),E)#+ﬁ’p, problem (3.1)—(3.2) has a unique solution that belongs to
W, ((0,00); E(A4), E).

Let us show that a solution of problem (3.1)—(3,2) is represented in the form u(x) =
u1(x) + ug(z), where up(z) is the restriction on [0, 00) of a solution @ (z) of the equation

(3.3) @ () + A (x) + Agtia(z) = f(z), = €R,

3See the corresponding footnote of Theorem 1.
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where f(z) := f(z) if z € [0,00) and f(z) := 0 if # € (—00,0), and ug(z) is a solution of
the problem

(3.4) uy(x) + Aguy (z) + Aguz(z) =0, x>0,
auz(0) + Buy(0) = —Liug + 1,

3.5

& Qu(0) + Bl (0) = ~Low + s

Apply [5, Theorem 1] to equation (3.3). Conditions (1) and (2) of [FY1, Theorem 1]

are obvious. Condition (3) of [5, Theorem 1] follows from two first inequalities in con-

dition (4). Hence, by virtue of [5, Theorem 1], equation (3.3) has a unique solution
3 1 1

i € WAR: B(Ay), E(A}), B(AD), B(A}), E). Then, uy € W((0,50); B(Ay), E).

Let us now prove that for any ¢; € (E(A4),E)%+i’p, P9 € (E(A4),E)#+i’p prob-
lem (3.4)-(3.5) has a unique solution ug(x) that belongs to W,}((0,00); E(A4), E). By the
substitution

v1(z) ug(z)
v(x) := =
va() uy ()

problem (3.4)—(3.5) is reduced to the equivalent problem

(3.6) v (x) = Av(z), x>0,
(3.7) av(0) + B’ (0) = @y,
where
0 I —Liuy + 1
A= , @0 =
—Ay —As —Lauy + 2

We consider the operator A in the space £ := Fa+E. Let D(A) := E(A4)+F>. Like to
(2.12) in the proof of Theorem 1, we get here the estimate

R{MM —A)™!: arg\ = m}e < 0.

1
Hence, by virtue of, e.g., [12, Theorem 1.5.3] and Remark 1, there exists an operator e~ #4?

and for some w > 0 )
e A2 || < Ce™v*, x> 0.

Repeating the beginning of the proof of [4, Theorem 2] (just take ¢ = 0), one can show
that an arbitrary solution of (3.6) that belongs to W2((0,00); £(A), &) has the form

(3.8) o(z) = et g,

where g € (£(A),€) L . To this end, one should use S. G. Krein [8, Theorem 3.2.11].
Function (3.8) satisfies boundary condition (3.7) if

(3.9) ag — BA2g = .

Since u; € W,((0,00); E(A4), E), by virtue of [11, Theorem 1.8.2] (see also [12, Theorem
1.7.7/1)),

Liuy € (E(A4),E)%+ﬁ7p, Louy € (E(A4),E)#+$’p.
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Obviously, we have
(E(A),E)qp = (E(A2)+Ez, B2+ E)gp = (E(A4), B2)qp+H(E2, E)qp-
Since Fy := F (A ) then, in a similar way as in the proof of Theorem 1, we get
(B(Aa), Bo) gyt p = (E(Ad), B) sy 1)
(B2 E)w = (E(A4), E)myz 0.

4p

Consequently, ®q € (E(A),E)%_F%W.

For 8 = 0, a unique solution of problem (3.6)—(3.7) has the form (using (3.8) and (3.9))

'l
v(z) = a e A2 .

Since ®o € (£(A),€) 1, (remind that m = 0 when 8 = 0) then v € W2((0,00); E(A), E).
Therefore, a unique solution uy of problem (3.4)-(3.5) belongs to W, ((0,00); E(A4), E).

For 8 # 0, by condition (5), a unique solution of problem (3.6)—(3.7) has the form (using
(3.8) and (3.9))

v(z) = e " (al — b’A%)_l@o.
By [11, Theorem 1.15.2], the operator Az from (E(A),E) 1, onto (E(A),E)pt1  is an
2p? 2p P

isomorphism. Since @y € (E(A),S)p%,p (remind that m = 1 when § = 1) then (al —
BAz) 1D, € (E(A), &) 1 psle, v € W2((0,00); E(A),E). Therefore, a unique solution us;
of problem (3.4)-(3.5) belongs to W,}((0,00); E(A4), E).

The uniqueness of a solution of problem (3.1)—(3.2) follows from the uniqueness of a
solution of problem (3.4)-(3.5). Indeed, if problem (3.1)-(3.2) has two solutions, u(x),
a(z), then functions uz(x) := u(x) — ui(z) and Ua(x () — ug(x), where uy(z) is the

) =1a
restriction on [0, 00) of the solution @;(x) of equation (3.3), are two different solutions of
problem (3.4)—(3.5), which is a contradiction. O

4 R-boundedness of various sets constructed by the polynomial ordinary differ-
ential pencil on the whole axis. In order to give some relevant application of obtained
abstract results to PDEs, let us derive some new results about R-bounded sets.

A system of numbers wq, ..., w,, is called p-separated if there exists a straight line P
passing through 0 such that no value of the numbers w; lies on it, and wy,...,w, are on
one side of P while wp41,...,ws,, are on the other.

Consider an ordinary differential equation with constant coefficients on the whole axis
(4.1) Lo\ := AN™u(y) + X" Layw (y) + -+ amu™ (y) = f(y), y€ER,

where aj, are complex numbers.
Let us enumerate the roots of the equation

(4.2) W™ + AW+ 1 =0
by wj, 7 =1,...,m. Let numbers w; be p-separated.
Denote
W := min { argwi, ..., argWp, argWp+1 + m,...,argwmy + W},
(4.3)
W = max { argwi, ..., argwWp, ArgWp41 + m,...,argwy, + 7T},

and the value argw; is chosen up to a multiple of 27, so that @ —w < 7.
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Theorem 3. Let m > 1, a,,, # 0 and the roots of equation (4.2) be p-separated.

Then, for any € > 0 and for all complex numbers X # 0 satisfying 5 —w +¢& < argA <
3% —w—e, the operator Lo(A) : u — Lo(A)u := Lo(A)u from WS(R) onto W™ (R), where
an integer £ > m and a real ¢ € (1,00), is an isomorphism, and for these X, the following
estimates hold:

kdk
dy*
(4.4) k=0,....m, s=0,....,0—m.

R{)\m —Lo(\) 7t g—g+e<arg)\<3§—w—e} < C(e) < o0,

Proof. The isomorphism part of the theorem follows from [12, Theorem 3.2.1]. Let us show
(4.4). From (4.1) we obtain

(Am F AL (i) 4+ 4 am(io)m)Fu ~ Ff,
where F' is the Fourier transform. It is obvious that

m
(4.5) A"+ N ay (io) + -+ am(io) H (ic — wjA

Since, for § —w +¢e <argA < %’T —w—¢,0€R, we have
(4.6) lic —wiA| > C(e)(lo| +|A]), j=1,...,m,
then, for 2 —w+¢e <argA < 3f —w—¢, 0 € R\{0},
Fu= (/\m + A"y (io) 4+ am(ia)m>71Ff.

Hence, for k=10,...,m

uM(y) = F~(io)* Fu
(4.7) = PN (i) (X" 4 XNy (i0) 4 4 a(i0)™) F.
where F~! is the inverse Fourier transform. From (4.5) and (4.6), it follows that functions

—1
Tia(0) :=Am-k<z’o>k(w+w-1a1<z'o>+---+am<w>m) C k=0,...,m,

71'

for T —w+¢e <arg\ < 3 — @ — ¢, are continuously differentiable in o on R\{0}, and

Tk A(0)] < Cle) < oo, o \(%Tk,k(a)} <C(e) <00, oeR\{0},

s 3T —

uniformly on A in the angle § —w +¢ <argA < 5 —w —¢.
On the other hand, from (4.7) it follows that

—— - -
(4.8) A kd =Lo(N) ' f = F 'Tia(0)Ff, k=0,...,m,
and from [10, section 5.2, item a)], for k = 0,...,m, it follows that R{F lTk A()F
§—w—|—5<arg)\<——w—€}Lq(R)SC() 0o or, by(48) for k=0,.
d* 3
RIN™F— Lo\t E—g+e<arg)\<—ﬁ—w—e < C(e) < o0,
dy* 2 2 Ly(R)
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i.e., (4.4) has been proved for s = 0.
Observe now, that

kors
dykJrs

L
dy*

_ o s mok A%
Lo(A\) 71 f = ARy () = xmh (9 () = A

)\mfk
dy*

Lo(\) 1),

Then, using the definition of R-boundedness (see the Introduction), one can get (4.4) also
fors=1,...,¢0 —m. O

Let us now formulate an analog of Theorem 3 for the equation

(4.9) Li(Vu = Auly) + Y A" Faul™(y) = f(y), yeR,
k=1
where aj, = 0 if dk is a non-integer number, weight d := =, and a, # 0, i.e., Li()\) is a

polynomial operator pencil of order n and an ordinary differential operator of order m.
Theorem 4. Letn > 1, m > 1, a, # 0 and let the roots of the equation
(4.10) @™ 4 @™ 4 4 1=0

be p-separated.
Then, for any e > 0 and for all complex numbers X # 0 satisfying (g —w— 277()d+z—: <

arg\ < (37” —w - 277{)(1—5—: for some ( = 0,...,n — 1, where w and W are defined in

(4.3) and w; are roots of equation (4.10), the operator Li(X) : u — Li(A)u := Li(A)u from
Wf(R) onto Wf’m(R), where an integer £ > m and a real ¢ € (1,00), is an isomorphism,
and for these X, the following estimates hold:

R{A z 7Ll(A)—1 : (g—g—27rg‘)d+6<arg)\< (%—w—%g)d—a}w

(4.11) <C)<oo, k=0,....m, s=0,...,£—m.

Proof. After substituting A = u? into the equation L1 (A\)u = f(y) it is transformed into the
equation

pru(y) + Y e (y) = f(y), yER,
k=1

to which we apply Theorem 3. O

Remark 2. Using, e.g., [3, Proposition 3.4] and the definition of R-boundedness (see the
Introduction), one can get from (4.4) the following inequalities:

s 3T
R{/\m"“L N7 o - A< —w-s [Al2A O}W w
o) g TetesagA< g mwoe Az > s (R)—WETH(®R)

<C(e,N) <0, k=0,....,m, s=0,....£—m.

The corresponding estimates follow from (4.11), too.
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5 Application of abstract results to elliptic equations of the fourth order. In
the domain  := [0, 1] x R, let us consider a boundary value problem for elliptic equations
of the fourth order

L(D)u := Dgu(z,y) + (aDj — 2y*) Diu(z,y) + bDyu(z,y) — ey’ Dyu(z,y)
(5.1) +tu(z,y) = fry), (z,y) €Q,

L1U = Oé’LL(O, y) + ﬂDxu(Oa y) = 801(?/)» Yy e ]Ra

(5.2) o, 5 B
Lou := OéDI’U/(O,y) + BDxU’(Oa y) - 502(y)v ye Ra

where a,b, a, § are complex numbers; v € R; f and ¢y are given functions; D,
D, := 8%' By B; ,(R) we denote the standard Besov space, see, e.g., [11, section 2.3.1].

s

Theorem 5. Let the following conditions be satisfied:
1.0£~v€eR, 0£beC, argh # 7;
2. if o := (01,00) ER2 0 #0, then of + ac?c? + by # 0;
3. at least one of two numbers o and B3 is not equal to zero; RaB~' < 0 if B # 0.

Then, there exists 6 > 0 sufficiently small such that, for |a| < ¢, the operator L : v —
Lu := (L(D)u, Lyu, Lyu) from W,}((0,00); W (R), Lq(R)) into

1 2—m—1

. 4—m— = . -
Lp((0,00); Lg(R))+Bqp  "(R)+Bgp " (R),
wherem=01if f=0andm=1if#0, g€ (1,00), p € (1,00), is an isomorphism.

Proof. Let us denote E := L,(R). Consider in L,(R) operators As and A4 which are defined
by the equalities

D(Ag) := WA(R), Agu:=au”(y) — 2v*u(y),
D(Ay) := WAR), Agu:=bu""(y) — av*u” (y) + v u(y).

Then, problem (5.1)—(5.2) can be rewritten in the operator form

u" (z) + Agu” (z) + Agqu(x) = f(z), = €[0,1],
(5.3) ( ) + Bu’(0) = ¢1,
u”(0) + Bu" (0) = 2,

where u(z) := u(z,-), f(z) := f(z,) are functions with values in the Banach space F :=
L,(R) and ¢i = @i (-).

Let us apply Theorem 2 to problem (5.3). In fact, we have to check conditions (1), (2),
and (4) of Theorem 2.

By virtue of condition (1), from, e.g., [3, Theorem 5.5] it follows that the operator bd T,
with the domain W (R), has a bounded Hw—calculus in E = Ly(R). Then, by, e.g., [3,

Proposition 2.11, (iv)], the operator A4 = bd : + 7, 0 # v € R, also has a bounded
H*®-calculus and, therefore, has bounded imaginary powers, BIP (see, e.g., [3, pp.50-51]),

and, therefore, A4 is R-sectorial. Moreover, the operator A4 is also an isomorphism from
W(f( ) into qu 4(R), ¢ > 4 (see Theorem 3, where m = 4, a; = az = ag = 0, ag = b,
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A =iy # 0, v € R - for this A see the below considerations). Then, using a well-known
interpolation inequality (see, e.g., [2, formula (1.9)]), we get, for ¢ = 4,

lay*u|lz, @) = laly? W]z, @) < Clal(y*|lull 2, @) + llullws)

(5.4) < Clally*u + b s = Clall Astlz ), Vu € WAR) = E(Ay),
i.e., for small enough a, by [3, Proposition 4.2], the operator A, is also R-sectorial in E.
Moreover, Ay = Lo(i7), v # 0 (see formula (5.6) below), i.e., A4 is invertible in E (see the

below considerations for Lo (i0)). So, condition (1) of Theorem 2 is satisfied.
Taking now ¢ = 6, we get

||a72u//||W3(R) = |a|72||U"||W3(R) < |a|72||u||wq4(R)
<alC(y°|lull L, =) + lullws )
< la|Cmax{~y* 1} (v![ullwz @) + llullwe )
(5.5) < Ol + bu" e = CllAgullwaey, Vu € WO(R).

- Sk
It was mentioned above that A4 has BIP. Then, by [11, Theorem 1.15.3], E(A}1 1) =

[LQ(R),W;(R)]l_% k = 1,2,3. On the other hand, by virtue of [11, formula 2.4.2/(11)],
[Lo(R), WAR)],_» = WA F(R), k = 1,2,3. Hence, B(A} ¥) = Wi(R), k = 0,...,3.

_k q
In particular, E(/L%) = WqQ(R). On the other hand, by the above isomorphism, A, is also
invertible in F. Then,
= [lullwzw), Vue WZ2(R).

~1
A2 -
A ulz,m = Il 3.

Hence, from (5.5), we get

~1 ~
A2 (av*u")| L, @) = lav*u" w2 ) < CllAsullwzw)

~3 3
(5.6) = O A ullpym), Vue WER) = B(AD).

Since A4 has a bounded H>-calculus then, from inequalities (5.4) and (5.6), by virtue of N.
Kalton, P. Kunstmann, and L. Weis [7, Corollary 6.5, for § = 4], we get that the operator
Ay, for small enough a, also has a bounded H°-calculus in E. Therefore, A4 has BIP in E

and, as above, E(A%) = WZ(R). This, in turn, implies condition (2) of Theorem 2.
In order to check condition (4) of Theorem 2, denote by

d? d*
. Lo(\) := M T+ Na— + b—.
(5.7) 0(A) + ady2 + iy

Then, the operator pencil corresponding to the equation in (5.3), has the form

2
L(\) := AT+ N2 Ag + Ay = M + N2 <aj—y2 - 2721)

d d? d2 d4
b— —ay’—— + 7 =X+ Na— +b—
+ " ary dy2+'y + ady2+ "
2,2 » & 4 2,2 » & 4
—2X°y°] — avy d—yQ—l—fy I =Lo(A) —2X°4°T — avy d—y2—|-fy I.
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From this, it can be easily seen that for A = io, 0 € R,
(5.8) L(ic) = Lo(in/ 0% + v?).

Further, by virtue of condition (2), the equation
(5.9) 1+ aw® +bw* =0

does not have real roots. Therefore, if roots of (5.9), wy and ws, are situated in the upper-
half complex plane (including the case wi = ws), then roots w3 = —w; and wy = —wy are
situated in the lower-half complex plane. Therefore, from (4.3), 0 < w < @ < 7, i.e., the
angle of Theorem 3 contains A = io, 0 > 0. Changing the numeration of the roots of (5.9)
in such a way that w; and ws are now in the lower-half complex plane and ws,w, are in the
upper-half complex plane, we get, from (4.3), 7 < w < @ < 27. So, the angle of Theorem
3 contains also A = io, o < 0. Hence, the angle of Theorem 3 contains A = ig, o € R\{0}
and, by Theorem 3, we get that Lo (io), which is defined by (5.7), is invertible for 0 # o € R
and, for integers s > 0,

k
(5.10) R{a‘**’cd—Lo(z'a)*1 L o€ R\{O}} <C<oo, k=0,...,4.

First, it means that L(io) (see (5.8)) is invertible for o € R (remind that 0 # v € R). Using
now (5.8), (5.10), [3, Proposition 3.4], and the contraction principle of Kahane (see, e.g.,
[3, Lemma 3.5]), we get, for integers s > 0,

R{U4_kd—kL(io)_l :o0€eR
dy* '
4—k

_ g / ag dF S RN A

= R{(— m( 0'2+’)/2) d—ykLo(l o2 +72) o0eR
<R{LI- €R} R{( / 2+ 2)47kd_k
=2y Wi (®) Ty

(5.11)U€R} <1.C<oo, k=0,...,4.
W (R)

}w; (R)

}W; (R)

Lo(i\/ o + ’)/2)71 :

Therefore, the first and the third inequalities in condition (4) of Theorem 2 follow from

(5.11) under k = s =0and k = 0, s = 2 (remind that F; := E(Af) = W2(R)), respectively.
In order to get the second and the fourth inequalities in condition (4) of Theorem 2, let us
observe that again, by (5.8), (5.10), [3, Proposition 3.4], and [3, Lemma 3.5], we get, for
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integers s > 0,

4 2

L(io)™' — ay? j—yzL(ia)_l

R{A4L(w)_1 PO R}WS(IR) - R{b‘j—:‘ﬁ

d4
415V 1 - 1 2 2)—1.

+~*Lio)"" : o ER}W:(R) < |b|R{dy4L0(l\/U +92) " o ER}

d? _ _
+ |a|R{72d—y2L0(2\/02 N = R}

Ap (o /5 2\-1.

+R{'y Lo(in/o?24+~2)"": o€ R}W;(R)

o )
< |b|R{d—y4Lo(z\/02 +92) 7 o€ R}

2

W (R)

q

Wg(R)

Wi (R)

Lo(iv/o2 +42) 71 : 0 €R
+R{774(02+ H2Lo(in/ 02 +~2) 7t UéR} < o0
(0_2 2 'Y 0 Py * *

+72) W (R)

q

2
d
+lalR{ 51— (0* +7?)

o2 + 42 dy? }W;(R)

Finally, interpolation spaces of Theorem 2 are equal, by, e.g., [11, formula 2.4.2/(16)],
to Besov spaces, (W (R), Ly(R))g,, = B;{(Z}_a)(R). O

6 Application of abstract results to elliptic and quasi-elliptic equations. A
case of the whole space R" for y-variable. In the domain Q := [0,00) x R", n > 1,
consider a boundary value problem for elliptic (m = 2) and quasi-elliptic (m # 2 is natural)
equations

(6.1)  L(Dyu:=D3u(z,y)+ Y aaly)Dyulz,y) +vulz,y) = fz,y), (r,y) €,

|a|=2m

Lyu := au(0,y) + 8D,u(0,y) = ¢1(y), y € R™,

(6.2) ) 3 N
Lou = aDzu(0,y) + BD;u(0,y) = ¢2(y), y €R™,
where v > 0, a and [ are complex numbers, f and ¢ are given functions, D, := 8%,
DY = D := D ... Dgn, Dj = _ia%w lo| = a1+ -+ ap.
Let Au(y) == >, aa(y)D%u(y) be an (M, wp)-elliptic operator (see, e.g., [7, p.790])

|| =2m
with complex-valued Holder continuous coefficients a, € C7(R™), |a| = 2m, for some v > 0.
By B; ,(R") we denote the standard Besov space, see, e.g., [11, section 2.3.1].

Theorem 6. Let at least one of two numbers o and 3 be not equal to zero; RaB~! < 0 if
B#0.

Then, there exists v > 0 sufficiently large such that the operator L : u — Lu :=
(L(D)u, Lyu, Lou) from W((0,00); W2™(R™), Ly(R™)) into

me_m me _ m

PR R LBy, ¢ (RY),

2m—

Lp((())OO);Lq(Rn))‘i‘Bq,p

where L =0 if =0and L =11if 8#0, q € (1,00), p € (1,00), is an isomorphism.
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Proof. Let us denote E := Ly(R™). Consider in E an operator A4 which is defined by the
equalities
D(Ay) == W2 (R, Agu:= Au(y) + vuly),

where v > 0 is sufficiently large. Then, problem (6.1)—(6.2) can be rewritten in the operator
form

u"(z) + Agu(z) = f(z), z€]0,00),
(6.3) au(0) + Bu’(0) = ¢,
au’ (0) + Bu”' (0) = pa,

where u(x) := u(z,-), f(x) = f(z,-) are functions with values in the Banach space F :=
Lq¢(G) and @r := @i(").

Let us apply Theorem 2 to problem (6.3). We have to check conditions (1), (2), and (4)
of Theorem 2. From [7, Proposition 9.5] it follows, for some v > 0 sufficiently large, that
the operator A4 is invertible and has a bounded H°-calculus in L,(R™). Hence, A4 has
BIP and, therefore, is an R-sectorial operator in L4(R™), since L4(R™) is a UMD Banach
space (see, e.g., [3, pp.50-51]). Therefore, condition (1) of Theorem 2 is satisfied. Condition
(2) of Theorem 2 is obvious since A; = 0. Let us now check condition (4) of Theorem 2.

Since A4 has BIP in Ly (R™), then, by virtue of [11, Theorem 1.15.3], E(A}[ﬁ) =
[Lq(R™), Wqu(R")hf%, k=1,...,2m—1. On the other hand, by [11, formula 2.4.2/(11)],
[Lo(R™), W2 (R™)],_ = W2mK(R™), k = 1,...,2m — 1. Therefore, E(A} *7) =
Wqu_k(]R”), k=1,...,2m — 1. In particular, Fy := E(A%) = W (R").

Further, if L(\) = M1 + A4 then L(io)™! = —R(—0*, A4), 0 € R, and for A4 we have
already checked condition (1) of Theorem 2. Therefore,

(6.4) R{c'L(ic) ™" : 0 € R}y (&n) < 00.
Since A4L(ioc)~t = I — o*L(ic)~! then, using, e.g., [3, Proposition 3.4], we get
(6.5) R{A4L(ic)™" : 0 € R} (gn) < 0.

So, (6.4) and (6.5) are two first inequalities in condition (4) of Theorem 2.

By [7, Proposition 9.5], for some v > 0 sufficiently large, the operator A4 is invertible
and has a bounded H*°-calculus in W;"(R"). Hence, A4 has BIP in W;*(R") and, therefore,
is an R-sectorial operator in W, (R"™), since W;"(R") is a UMD Banach space (see, e.g., [3,
pp.50-51]). So, taking into account that L(ic)~! = —R(—0o*, Ay), we get

(6.6) R{o*L(ioc) ! : 0 € R}y (zn) < 0.
As above, from (6.6) we get
(6.7) R{A4L(ic) ' :0 € R}wmmn) < c0.

Inequalities (6.6) and (6.7) are two last inequalities in condition (4) of Theorem 2.
It remains only to observe that, by virtue of, e.g., [11, formula 2.4.2/(16)], (W2™(R™),
_mé__m
Lo(®")op = Byp " (R"). Then, (WZ™(R"),Ly(R") 1,y , = Byp ©  (R") and

me m
(W™ (R™), Lg(R™)) e42

m—mL__m
1
74"1’*417

£ 1
at4,P

p =DBgp * 7(R"). O
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Remark 3. Using standard perturbation arguments (see the arguments in the resolvent
decomposition in, e.g., [3, Propositions 4.2 and 4.3]), [9, Lemma 10], [7, Proposition 9.5],
and the calculations in the proof of Theorem 6, one can prove Theorem 6 for more general
equations than (6.1), namely, for

L(D)u = Diu(z,y) + > ba(y)D2DSu(z,y) + Y aaly)Dou(z,y)

la|<m la|<2m

+vulz,y) = flz,y), (v.y) €,

where b, € BUC™(R™), sup,cgn nga(y)\, for all |al,|8] < m, are sufficiently small, and
v > 0 is, as previous, sufficiently large, even maybe larger than v in (6.1).

7 Application of abstract results to elliptic and quasi-elliptic equations. A case
of a bounded domain G for y-variable. In the cylindrical domain € := [0, 1] x G, where
G C R", n > 2, is a bounded domain with an (n — 1)-dimensional boundary 0G € C?™,
which locally admits rectification, let us consider a principally non-local boundary value
problem for elliptic (m = 2) and quasi-elliptic (m # 2 is natural) equations

3

LDy = Diulr,y) + Y aalp)Dju(zy) + Y Bul@)Dhu(z, )y

|a|=2m k=0
(7.1) = f(z,y), (z,y) €Q,
mp—1 Ngj ‘
Ly = D7 u(0,y) + 6. D7 u(l,y) + > > Trje Diu(args, )y
j=0 s=1
(7.2) =or(y), veG, k=1,....4,
(7.3) Bpu:= Y bp(y)Dju(z,y) =0, (2.9/)€[0,1] x G, £=1,...,m

|B1<pe

where 0 < mq,mo < 1, m3 = mp +2, mg = mo+ 2, ppr < 2m — 1; v and &, are
complex numbers, zy;s € [0,1]; f and ¢ are given functions; Bj(z), for any x € [0, ]
and T};s are, generally speaking, unbounded operators in L,(G), 1 < ¢ < 00; D, := 8—
D;’::D"::Dfl' Do, Dj = zay,|a|fa1+ -+ o,

Let Au(y) :== Y. aa(y)D%u(y) be an (M, wp)-elliptic operator (see, e.g., [7, p.790])

|| =2m

with complex-valued coefficients a, € C?(G), |a| = 2m, and complex-valued coefficients
of the boundary conditions By, byg € C?™~Pit7(G), where v € (0,1) (the continuation of
the coefficients from G into G is possible without loss of generality). We assume that
(A, By,...,By,) satisfies the Lopatinskii-Shapiro condition (see, e.g., [3, p.100]) at every
point y’' € 0G.

By B; ,(G) we denote the standard Besov space and by H;(G) - the standard Bessel
potential space, see, e.g., [11, section 4.2.1]. If s = 0,1,2,..., then H;(G) coincides with
Sobolev spaces W7 (G).

Theorem 7. Let, in addition to the above, the following conditions be satisfied:
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1.
Y (=1)™ 0 51 0
0 y3(=1)™ 0 3
#0;
'72(_1)m2 0 02 0
0 Y(=1)™2 0 04

formi #ma, Yk = Yit2, Ok = Opto, k=1,2;

2. for any € > 0 and for almost all x € [0,1], k=0,...,3,

2m—
1Be(@ulzc < ellull an-sp  +CEul, @ we H™ (@)

foru € Hgmf%k(G), the function x — By(x)u from [0,1] into Ly(G) is measurable
for some 1 < g < oo;

jim _ m .
2 2

. m m 1 .
P G,Bgu = 0,pz < 2m—37 — __E)’ Zf
mym

. o TE™_m
allpp # 2m— 10 —m 1 4 jppo g2 (G;Bou=0,py < 2m—m —m 1)

2 —
3. 1 <p < oo; operators Tyjs from Bq::

2 2p  q’ 2p  q
if all pg # 2m — =E= — % — %(a similar footnote as above takes place), are compact.

Then, the operator L : u — Lu := (L(D)u, Lyu, Lou, Lau, L4u) from W;}((O, 1); Wqu(G;

mE™ _ m

4 PR . N
Bou = 0,0 = 1,...,m), Ly(G)) into L,((0,1); Ly(G)) + Bom ™~ * (G Byu = 0,p <
k=1

2m — B — 5L — %) is bounded and Fredholm.

Proof. Let us denote E := L,(G). Consider in E an operator A4 which is defined by the
equalities

D(A4) = Wqu(G; Biu=0,0=1,...,m), Asu:= Au(y)+vu(y),

where v > 0 is sufficiently large. Then, problem (7.1)—(7.3) can be rewritten in the operator
form

3
" (@) + Agu(e) + Y Mi(a)u® (@) = f(z), x€0,1],
k=0
(7.4) 1 Nag
ARl (0) + u ™) (1) + Z ZTkjsu(j)(xkjs) =K, k=1,...,4,
j=0 s=1

where My(x) = Bo(x) — vI, Mp(x) = Bg(z), k = 1,2,3; u(x) := u(z,-), f(z) = f(z,-) are
functions with values in the Banach space E := Ly(G) and ¢, := ¢ ().

Let us apply Theorem 1 to problem (7.4). The operator Ay is an isomorphism from
W H(G) into Wi (G), for any integer s > 0 (see, e.g., [12, Theorem 4.2.2/1]). R-sectoriality
of A4 follows from [3, Theorem 8.2]. Therefore, condition (1) of Theorem 1 is satisfied.

4If p = ¢ and there exists £ such that p, = 2m — % -5 = L then one should take, for this £,
P q

1 ~
Byu € By p(G) instead of Byu = 0 (see, e.g., [11, formula 4.3.3/(8)]), where B (G) = {u | u € B; ,(R"),
supp(u) C G}.
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Condition (2) of Theorem 1 follows from, e.g., [11, Theorem 3.2.5]. Condition (3) of Theorem
1 is obvious since A; = 0.

Let us now check condition (4) of Theorem 1. From [7, Proposition 9.8] it follows that the
operator A4 has a bounded H*-calculus in Ly(G), therefore, A4 has BIP in L,(G). Then,

ok
by [11, Theorem 1.15.3], B(A; ") = [Ly(G), W2™(G; Byu = 0,0 = 1,...,m)|,_, k =
1,...,2m — 1. On the other hand, by virtue of [11, Theorem 4.3.3], [L (G) VV2m (G Bgu =
0,271,..., )]172#:ng MG Bou = 0,pp < 2m — k), k = 1,.. 2m—1 Hence,
E(A};ﬁ) WQm*k(G Boyu =0,pe < 2m —k), k=0,...,2m — 1. In particular, Fy :=

E(A ) = W7(G; Byu = 0,p; < m).
Further, 1f Lo(\) = M1 + Ay then Lo(io) ™! = —R(—0*, Ay), 0 € R, and for A4 we have
already checked condition (1) of Theorem 1. Therefore,

(7.5) R{c*Lo(ic)™ 0 € R}z, (@) < 0.
Since AyLo(ic)~t =1 — 0*Lo(ic)~! then, using, e.g., [3, Proposition 3.4], we get
(7.6) R{A4Lo(ic) ™" 10 € R}y (q) < 0.

So, (7.5) and (7.6) are two first inequalities in condition (4) of Theorem 1.
It was mentioned above that the operator A4 has a bounded H*-calculus in L4(G),
therefore, A4 has also a bounded H“-calculus in the domain of fractional powers of Ay,

ie., in E(A};%) = qum’k(G; Bou=0,py <2m—k), k=1,...,2m— 1. In particular, A4
has a bounded H *°-calculus in E; := E(Af) = W, (G; Bpu = 0,p, < m). This implies that

Ay is an R-sectorial operator in Fy. So, taking into account that Lo(io) ™! = —R(—0o*, Ay),
we get
(7.7) R{o*Lo(io)™' : 0 € R}g, < 0.

As above, from (7.7) we get
(7.8) R{A4Lo(io)" " : 0 € R}p, < co.

Inequalities (7.7) and (7.8) are two last inequalities in condition (4) of Theorem 1.
Condition (5) of Theorem 1 is just condition (1). Condition (6) of Theorem 1 follows

from condition (2) since, as above, using [11, Theorems 1.15.3 and 4.3.3], one can see that

—k m— 1k . ..
E(A‘l1 ) C H(? 2 (G), k=0,...,3. Condition (7) of Theorem 1 follows from condition

(3), in view of [11, Theorem 4.3.3]. O

Consider now, in the domain € := [0, 00) x G, the following boundary value problem

L(D)u = chlu(x’y)"' Z aa(y)DgO;u(x?y):f('r7y)7 (x,y)EQ,

|a|=2m

Liu := au(0,y) + BD,u(0,y) = ¢1(y), y € G,
Lou := aD2u(0,y) + BD3u(0,y) = 2(y), y € G,

Bou = wa )Dou(z,y') =0, (x,y) €[0,00) x OG, £=1,...,m
1B1<pe

where «, § are complex numbers and all other data as previously.
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Theorem 8. Let at least one of two numbers o and 3 be not equal to zero; RaB~! < 0 if
B+0.

Then, the operator L : u — Lu := (L(D)u, L1u Lou) fr’om W, ((0,00); W2™(G; Beu =
0.0=1,....m), Ly(G)) into Ly((0,00); Ly(G) 4By~ = % (G Bou = 0,py < 2m — 32 —
)—l—qu 2 (G Bou=0,py <m—%—m——), if all pp # 2m — %—ﬂ—% and
#m—%—ﬂ—— where s =0 if 3=0and s=1if 8 #0, g € (1,00), p € (1,00), is

2p q’
an isomorphism.

Proof. The proof is the same as that of Theorem 7. We only apply Theorem 2 instead of
Theorem 1. |

Examples of the operators Bj, and T}, satisfying conditions of Theorem 7.

One can take for Bjy(z) some differential-integral operators in Ly(G), where the dif-
ferential part is of order < 2m — mTk — 1 and the integral part Contains integrals of the
function and its derivatives with respect to y € G up to order < 2m — 2% — 1. Indeed, in

_mk
this case, the operators By(z) are bounded from Hgm 2 1(G) into Lq(G). On the other
ik m—mk _ .
hand, the embedding H§m7 2 (G) C H2 2 1(G) is compact (see, e.g., [11, Theorem
_mk
4.10.2]). Therefore, the operators By (z) are compact from H(?m 2 (G) into Ly(G), i.e., by

[12, Lemma 1.2.7/3], condition (2) of Theorem 7 is satisfied.
The first simple example of Tyjs is (Thjsw)(y) = Yrjsu(y), where y4;s € C. Indeed,

im_ m Cmpm o

since the embeddings Bsz_T *(@Q) C B?Z 2 (@), j=0,...,my — 1, are compact
(see, e.g., [11, Theorem 4.10.2]) then condition (3) of Theorem 7 is satisfied.

Let us now take another model example of (Tkjsu) = [o Trjs(z, y)u(z)dz, where
Tijs(2,y) € Ly (G x G), # + 1 =1, t =min{q, ¢}, 3 7t 5 = 1 and Tyjs(z,y) are 2m-times
continuously differentiable Wlth respect to y € G and all these derivatives also belong

_im _mm
to Ly (G x G). Since the operators Ty from H2m 2 (G) into H2m 2 (G) and from
Hgni% (G) into Hgmi%(G), j=0,.. —1, are bounded then, by virtue of [11, Theo-
rem 1.3.3/(a)], the operators T} from (H(?mf%(G), H(;nf% (G))L into (Hgm %(G),
H;m_JQ_(G))%’p are also bounded. On the other hand, by [11, Theorem 4.3.1, for-
_im _ m mypm

mula 2.4.2/(14), (H" 5 (@) H] (@) L, = By T P(G) and (H;"TTE(G),

H;m_JQ_(G)) L p = B(f“,?‘g (G). Therefore, the operators T}j, from Bq7p_%_%(G)
into Bq,p "2 (@) are bounded. Taking into account that the embedding B(?ZT ER (G) C
B;ZL - 2”( ) is compact (see [11, Theorem 4.10.2]), we get that the operators Ty;s
from Bq,pi%ii(G) into B;Zﬁy 2 (G) are compact, i.e., condition (3) of Theorem 7

is satisfied.
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