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ABSTRACT. Using the Luthar—Passi method, we investigate the Zassenhaus and Kim-
merle conjectures for normalized unit groups of integral group rings of the Held and
O’Nan sporadic simple groups. We confirm the Kimmerle conjecture for the Held sim-
ple group and also derive for both groups some extra information relevant to the classical
Zassenhaus conjecture.
Let U(ZG) be the unit group of the integral group ring ZG of a finite group G. It is well
known that U(ZG) = U(Z) x V(ZG), where

V(ZG):{ Y g eUZa) | Y ag=1, agez}.
g9eq@ 9€G
is the normalized unit group of U(ZG). Throughout the paper (unless stated otherwise)
the unit is always normalized and not equal to the identity element of G.

One of most interesting conjectures in the theory of integral group ring is the conjec-
ture (ZC) of H. Zassenhaus [27], saying that every normalized torsion unit u € V(ZG) is
conjugate to an element in G within the rational group algebra QG.

For finite simple groups, the main tool of the investigation of the Zassenhaus conjecture
(ZC) is the Luthar—Passi method, introduced in [21] to solve this conjecture for the alter-
nating group As. Later in [18] M. Hertweck applied it for some other groups using p-Brauer
characters, and then extended the previous result by M. Salim [25] to confirm (ZC) for
the alternating group Ag in [17] (note that for larger alternating groups the problem is
still open). The method also proved to be useful for groups containing non-trivial normal
subgroups as well (see related results in [1, 15, 16, 18, 20, 22]).

One of the variations of (ZC) was formulated by W. Kimmerle in [20]. Denote by #(G)
the set of all primes dividing the order of G. The Gruenberg—Kegel graph (or the prime
graph) of G is the graph m(G) with vertices labelled by the primes in #(G) and there is
an edge from p to ¢ if and only if there is an element of order pg in the group G. Then
W. Kimmerle asked the following:

Conjecture (KC): Is it true that 7(G) = n(V(ZG)) for any finite group G?

It is easy to see that the Zassenhaus conjecture (ZC) implies the Kimmerle conjecture
(KC). In [20] W. Kimmerle confirmed (KC) for finite Frobenius and solvable groups.
Recently (KC) was confirmed for some simple groups (see [17, 18]), including 12 of 26
sporadic simple groups (see [2, 3, 4, 5, 6, 7, 8, 10]).
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In the present paper we confirm (KC) for the Held sporadic simple group He [14, 26],
using the Luthar—Passi method as the main tool. We also study the same problem for the
O’Nan sporadic simple group ON [24], and prove the non-existence of torsion units of all
orders relevant to (KC) except orders 33 and 57. Additionally, we derive certain information
about possible torsion units in V(Z[He]) and V(Z[0ON]) and their partial augmentations,
which will be useful for further investigation of (ZC) for these groups. The development
version of the GAP package LAGUNA [9] was very helpful to speed up computational work
and derive purely theoretical arguments for the proof.

First we introduce some notation. Let G be a group. Let C = {C1,... ,Chpt,...} be
the collection of all conjugacy classes of G, where the first index denotes the order of the
elements of this conjugacy class and C; = {1}. Suppose u = >_ay9 € V(ZG) be a non-
trivial unit of finite order k. Denote by

Unt = Vnt(u) =ECu (u) = Z Qg,
g€Cnt
the partial augmentation of u with respect to the conjugacy class Cy,;. From the Berman—
Higman Theorem (see [1]) one knows that vy = a3 = 0, so the sum of remaining partial
augmentations for non-trivial conjugacy classes is equal to one:

(1) Z Unt = 1.

Cnt€C
Cnt#C1

Clearly, for any character x of G, we get that x(u) = > vnix(hnt), where hy; is a represen-
tative of a conjugacy class C;.
The main results are the following.

Theorem 1. Let G be the Held sporadic simple group He. Let P(u) be the tuple of partial
augmentations of a torsion unit u € V(ZG) of order |u|, corresponding to all non-central
conjugacy classes of the group G, that is
P(u) = (V2a, V2b, V3as V3b, Vaas Vibs Vies Vsas Vea, Vobs Vias Vibs Vies
V7d, Vie; V8ay V10ay V12a; V12b, Vida; V14b, Vide, Vi1dd,
Visas V17as V17bs V2la, V21bs V2le, V21d, V28a, V2sh) € z>.
The following properties hold.

(i) There is no elements of orders 34, 35, 51, 85 and 119 in V(ZG). FEquivalently, if
|u| & {20, 24, 30,40, 42, 56, 60, 84, 120, 168}, then |u| coincides with the order of some
geaq.

(i) If |u] = 2, the tuple of the partial augmentations of u belongs to the set

{Bu) | =6 <v2q <6, vog+vay =1, vy =0, kz & {2a,2b} }.
(iil) If |u| =5, then u is rationally conjugate to some g € G.
(iv) If |u| = 3, the tuple of the partial augmentations of u belongs to the set
{Pu) | “4<v3a <5, v3a+vsp =1, v =0, kx & {3a,3b} }.
(v) If |u| = 17, the tuple of the partial augmentations of u belongs to the set
{ ‘I?(u) | —-14 < U7a < 157 Vi7a + Vi7p = 1, Vix = 07 kx g {17&, 17b} }
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Corollary. If G is the Held sporadic simple group, then w(G) = n(V(ZG)).

Theorem 2. Let G be the O’Nan sporadic simple group ON. Let PB(u) be the tuple of partial
augmentations of a torsion unit u € V(ZG) of order |u|, corresponding to all non-central
conjugacy classes of the group G, that is

m(u) - (1/20,7 V3ay Viay, V4b, Vsay V6ay V7ay V7by V8as V8b; V10as
Vila, Vi2a;, Vida, V15a, V15by V16a; V16b, Vi6e, V16d,
29
V19as V19by V19cs; V20as V20b, V28a, V28b, V3la, V31b) S/

The following properties hold.

(i) There is no elements of orders 21, 22, 35, 38, 55, 62, 77, 93, 95, 133, 155, 209, 217,
341 and 589 in V(ZG). Equivalently, if

lu| & {24, 30, 33, 40, 48, 56, 57, 60, 80, 112, 120, 240},

then |u| coincides with the order of some g € G.
(i1) If |u| € {2,3,5,11}, then u is rationally conjugate to some g € G.
(iii) If |u| = 7, the tuple of the partial augmentations of u belongs to the set

{PBw) | -3<v7a <22, vig+v =1, v =0, kx & {7a,7b} }.
(iv) If |u| = 31, the tuple of the partial augmentations of u belongs to the set
{PB(u) | =39 <ws14 <40, v310 +v315 =1, v =0, kz & {31a, 31b} }.

(v) If |u| = 33, the tuple of the partial augmentations of u belongs to the set
{ B(u) | (V30,v110) = (12, —11), vie =0, kx & {3a, 11a} }
(vi) If |u| = 57, then tuple of the partial augmentations of u belongs to the set

{ B(u) | vza =-18, viga + v1gp + v19c = 19,
Vg =0, kz & {3a,19a,19b,19¢} }

For the proof we will need the following results. The first one relates the solution of the
Zassenhaus conjecture to vanishing of partial augmentations of torsion units.

Proposition 1 (see [21] and Theorem 2.5 in [23]). Let u € V(ZG) be of order k. Then u
is conjugate in QG to an element g € G if and only if for each d dividing k there is precisely
one conjugacy class C with partial augmentation ec(u) # 0.

The next result yields that several partial augmentations are zero.

Proposition 2 (see [15], Proposition 3.1; [18], Proposition 2.2). Let G be a finite group and
let uw be a torsion unit in V(ZG). If x € G and its p-part, for some prime p, has order
strictly greater than the order of the p-part of u, then e, (u) = 0.

The main restriction on the partial augmentations is given by the following result.

Proposition 3 (see [18, 21]). Let either p = 0 or p is a prime divisor of |G|. Suppose that
u € V(ZG) has finite order k and assume that k and p are coprime when p # 0. If z is
a complex primitive k-th root of unity and x is either a classical character or a p-Brauer
character of G then, for every integer l, the number

(2) (X, 1) = % Zap Troee o ix (w24}
is an integer such that 0 < p;(u,x,p) < deg(x).
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Note that if p = 0, we will use the notation g (w, x, *) for u;(u, x,0).

When p and ¢ are two primes such that G contains no element of order pq, and w is a
normalized torsion unit of order pg, Proposition 3 may be reformulated for as follows. Let
v be the sum of partial augmentations of u with respect all conjugacy classes of elements
of order k in G, i.e. vo = 19, + vop, etc. Then by (1) and Proposition 2 we obtain that
vp+vy =1and v, =0 for k ¢ {p,q}. For each character x of G (an ordinary character
or a Brauer character in characteristic not dividing pq) that is constant on all elements of
orders p and on all elements of order ¢, we have x(u) = vpx(Cp) + vgx(Cy), where x(Cy)
denote the value of the character x on any element of order ¢ from G.

From the Proposition 3 we obtain that the values

p(u, X) = 2= ( X(1) + Troery ofx(w?)z"}

+ Trgzay o ix(u?)z= "} + Trge) joix(u)z '} )
are nonnegative integers. It follows that if y has the specified property, then

3)

(4) u(u, x) = i (m1 + vpmyp + vgmyg) ,

where

(5) my = x(1) + X(C)Trgery (2 7) + X(Cp) Trgae) o (2~ ),

mp = X(Cp)TTQ(Z)/Q(zil)v Mg = X(Cq)TTQ(Z)/Q(zil)'
Finally, we shall use the well-known bound for orders of torsion units.

Proposition 4 (see [11]). The order of a torsion element u € V(ZG) is a divisor of the
exponent of G.

Proof of Theorem 1. Throughout the proof we denote by G the Held sporadic simple group
He. It is well known [12, 13] that |G| = 2!0-.33.52.73.17 and ezp(G) = 2%-3-5-7-17. The
character table of G, as well as the Brauer character tables for p € {2,3,5,7,17} can be
found by the computational algebra system GAP [13], which derives its data from [12, 19].
Throughout the paper we will use the notation of GAP Character Table Library for the
characters and conjugacy classes of the group He.

It is known that He possesses elements of orders 2, 3, 4, 5, 6, 7, 8, 10, 12, 14, 15, 17,
21 and 28. From this we can derive that to deal with (KC), we need to show that V(ZG)
has no units of orders 34, 35, 51, 85 and 119. Therefore, there are also no units of orders
divisible by any number from this list. Since by Proposition 4, the order of each torsion
unit divides the exponent of G, the only remaining opportunities for the order are 20, 24,
30, 40, 42, 56, 60, 84, 120 and 168, explaining formulation of part (i) of Theorem 1.

We will begin with orders that do not appear in GG, and will give a detailed proof for
the order 35. The proof for the other cases can be derived similarly from the table below,
which contains the data describing the constraints on partial augmentations v, and v, for
possible orders pg (including the order 35 as well) accordingly to (3)—(5).

If w is a unit of order 35, then v5 + v; = 1. Consider 2-Brauer characters £ = x1 + x2 +
X3+ X6+ xs and 7 = x6+ X7+ X8 + Xo, which are encoded in the table as £ = (1,2,3,6,8)(y
and 7 = (6,7,8,9)[2) respectively. These characters are constant of elements of order 5 and
elements of order 7: £(C5) =4, £(C7) =0, 7(Cs) = —8 and 7(C7) = 5. Now we obtain the
system of inequalities

po(u,&,2) = 3=(96v5 + 1045) > 0;  pr(u, €, 2) = 3= (—24ws + 1025) > 0;
pio(u, 7,2) = 2= (—192v5 + 12007 + 3090) > 0,

which has no nonnegative integral solution (5, v7) such that all p;(u, x;,2) are non-negative
integers.
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The data for orders 34, 51, 85 and 119 are given in the following table.

lul |p]| g & 7 §(Cp) [ €(Cq) | 1 mi Mp | My
0 5322 | 1104 | O
34 | 2|17 | £€=(7,8,9,12)3 69 0 2 | 5322 | -69 0
17 | 5184 | -1104 | O
£=(1,2,3,6,8)[ 4 0 0 | 1045 | 96 0
35 | 5| 7 |£&£=1(1,23,6,8)4 4 0 711025 | -24 0
7=1(6,7,8,9) -8 5 0 | 3090 | -192 | 120
£=1(2,4,5)[ 6 0 0] 369 | 192 0
51 | 3|17 £=1(2,4,5)[4 6 0 17| 351 -96 0
T = (24,28, 33) 4 -7 0 15299 | -7 0
85 | 5|17 E=(2) 1 0 0 55 64 0
17| 50 -16 0
119 | 7 (17| £€=(1,9,15) 2 0 0 | 7560 | 192 0
T =1(2,3,14) -5 0 0 | 4424 | -480 | O

Therefore, part (i) of Theorem 1 is proved. Now it remains to consider elements of orders
covered by parts (ii)—(v) of Theorem 1.

e Let |u| = 5. Since there is only one conjugacy class in G consisting of elements or order
5, the Proposition 2 yields immediately that for units of order 5 that there is precisely
one conjugacy class with non-zero partial augmentation and by Proposition 1 part (iii) of
Theorem 1 is proved.

e Let u be an involution. By (1) and Proposition 2 we get vo, + v9p = 1. Applying
Proposition 3 to the character y2 with x2(2a) = 11, x2(2b) = 3, we obtain

pio(u, X2, %) = 5 (11v2e + 3vap + 51) > 0;

p1(u, x2, %) = 3(—11vaq — 3vap + 51) > 0.
From the requirement that all y;(u, x;, *) must be non-negative integers it can be deduced
that (va4, vep) satisfies the conditions of part (ii) of Theorem 1.
e Let u has order 3. By (1) and Proposition 2 we obtain that v3, + v3, = 1. Then using
Proposition 3 for the character 2, we get the system

po(u, X2, %) = dv3q + 17 > 0; pa(u, X2, %) = —2v3, + 17 > 0;
tio(u, x4,2) = 3(—14vsq + 4vzp, + 101) > 0,
that has only 10 integer solutions (v, v3p) listed in the part (iv) of Theorem 1, such that
all p1;(u, x;,*) are non-negative integers.
e Let u of order 17. By (1) and Proposition 2 we get v17, + v175 = 1. Applying (2) to the
ordinary character x7 with x7(17a) = I*T‘/ﬁ and x7(17b) = %ﬁ, and to the 2-Brauer
character xg with xg(17a) = _H'T‘/ﬁ and ye(17b) = A_T‘/ﬁ, and putting t = 917, — Sv17s,
we obtain the system of inequalities
pa (u, X7, %) = 12 (=t +1029) > 0; 1 (u, x6,2) = 1=(t + 246) > 0;
13 (u, X6, 2) = 17 (—8v170 + iz, + 246) > 0,

that has 30 integer solutions (v174,v175) listed in part (v) of Theorem 1, such that all
i (u, X, %) are non-negative integers. O

Proof of Theorem 2. Throughout the proof we denote by G the O’Nan sporadic simple
group ON of order |G| =29-3%.5-73.11-19-31 and exp(G) =2*-3-5-7-11-19 - 31.
Besides ordinary character tables, for G also Brauer characters tables are known for p €
{2,3,5,7,11,19,31} (see [12, 13, 19]). As before, we use the GAP notation for the characters
and conjugacy classes of G.
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It is known that G possesses elements of orders 1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 14, 15,
16, 19, 20, 28 and 31. The Kimmerle conjecture requires us to consider possible units of
orders 21, 22, 33, 35, 38, 55, 57, 62, 77, 93, 95, 133, 155, 209, 217, 341 and 589. As in the
proof of Theorem 1, below we give the table containing the data describing the constraints
on partial augmentations v, and v, accordingly to (3)—(5) for all these orders, except order
22. From this table parts (i), (v) and (vi) of Theorem 2 are derived in the same way as in
the proof of Theorem 1, except orders 22 and 35 which will be treated separately. Since
we are not able to prove the non-existence of units of orders 33 and 57, and also do not
consider orders with more than two prime factors, the condition exp(G) =0 (mod |u|) (see
Proposition 4) results in listing orders 24, 30, 33, 40, 48, 56, 57, 60, 80, 112, 120 and 240 in
the “exclusive” part (i) of Theorem 2.

lul [P | g § T §(Cp) | E(Cy) | 1 mi mp Mg
0 | 98493 312 0
21 (3| 7 (1,3,9,10)5 26 0 1 | 98415 26 0
7 | 98415 | -156 0
E=0O)m 6 0 0 1233 120 0
33 13|11 E=(3)m 6 0 11| 1215 -60 0
T = (23)[9 4 0 0 | 143382 80 0
3515| 7 & =(1,3)3 -2 0 0 335 -48 0
7 345 12 0
0 | 70358 | 4806 0
3812|119 £€=(2,7,8)14 267 0 1 | 69824 267 0
19 | 69824 | -4806 | O
0 415 80 0
55 | 5| 11 &= (1,2) 2 0 5 415 -8 0
11 405 -20 0
£=1(1,2,8,9)n 18 0 0 | 21924 648 0
57 13119 &= (1,2,8,9) 18 0 0 | 36369 | -972 0
T = (23)[9 4 0 1 | 143370 4 0
0 150 -150 0
62 | 2] 31 &= (1,2)3 -5 0 2 150 5 0
31 160 150 0
7T 7|11 &= (1,3)3 0 2 0 363 0 120
11 363 0 -20
0 | 26799 | -1380 | O
93 3|31 £=(1,4,5)y 23 0 3 | 26799 -46 0
31| 26730 | -690 0
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lul | p| g & T E(Ch) [ &(Cq) | L | mu | mp | myg
95 | 5 | 19| £ =(1,2)3 0 3 0 | 209 0 216
19 | 209 0 -54
133 7 | 19|&=(1,3)5 0 1 0 | 361 0 108
19 | 361 0 -18
0 480 | -480 | O
155 | 5 | 31 | £=(2,3)3 -4 0 5 480 | 16 0
31| 500 | 120 0
209 |11 | 19 | £ =(2,5)3 0 3 0 | 703 0 540
19 | 703 0 -54
217 | 7 |31 | £=(1,3)3 0 2 0 | 403 0 360
31 | 403 0 -60
341 | 11| 31 | £ =(1,2)3 1 0 0 | 165 | 300 0
311|154 | -30 0
589 |19 | 31 | £ =(1,2)3 3 0 0 (2091620 | O
311|152 | -90 0

e Let u be a torsion unit of order 22. By (1) and Proposition 2 we have that v, + 111, = 1.
Then using Proposition 3 for the ordinary character x2 and 3-Brauer character x» and
putting ¢ = 64vo, — 114, We obtain the system

po(u, X2,3) = 55 (—60v2q + 148) > 0; 11 (u, X2, 3) = 55(60v24 + 160) > 0;
p1(u, x2,%) = 2 (t + 10881) > 0; pi11(u, x2, %) = 2(—t + 1087) > 0;
1o (u, X2, %) = 55 (10t + 10998) > 0,

which has no integral solutions such that all u;(u, x;, *) are non-negative integers.

e Let |u| = 35. By (1) and Proposition 2, vs, + v74 + vz = 1. Also, from the table above
we have that vs, = —20. This restriction greatly facilitates the next step, when using
Proposition 3 for the ordinary character xo with x2(7a) = 17, x2(7b) = 3 and putting
t = 17v74 + 3v7p, we obtain two incompatible constraints

MO(U7X27*) = %(2415—’_051) > 07 /1/7(’&, XQ;*) = 3—15(—6t+062) >0,

where the values of a; and ay parametrised by x(u®) = k1x(7a) + k2x(7b) are given in the
following table.

(K1, k2) (0, o2) (K1, k2) (01, 2)
(1,0) (11522,10927) (11,-10) (12362,11767)
0.,1) (11438,10843) (10,-9) (12278,11683)

(22,21) (13286, 12691) 9,-8) (12194,11599)

(21,-20) (13202,12607) (8,7) (12110,11515)

(20,-19) (13118,12523) (7,-6) (12026,11431)

(19,-18) (13034,12439) (6,5) (11942,11347)

(18,-17) (12950,12355) (5,-4) (11858,11263)

(17,-16) (12866,12271) (4,3) (11774,11179)

(16,-15) (12782,12187) (3,2) (11690,11095)

(15,-14) (12698,12103) 2-1) (11606,11011)

(14,-13) (12614,12019) ((1,2) (11354,10759)

(13,12) (12530,11935) (2,3) (11270,10675)

(12,-11) (12446, 11851) (-3.4) (11186, 10591)

Now it remains to consider elements of orders that appear in the group G.
e Let |u| € {2,3,5,11}. Since there is only one conjugacy class in G consisting of elements
or each of these orders, the Proposition 2 yields immediately that for such units there is
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precisely one conjugacy class with non-zero partial augmentation and by Proposition 1 part
(ii) of Theorem 2 is proved.
e Let u has order 7. By (1) and Proposition 2 we obtain that v7,+vs, = 1. Putt = —17v7,—
3vz,. Then using Proposition 3 for the ordinary character yo with values x2(7a) = 17,
Xx2(7b) = 3 and 3-Brauer character y2 with x2(7a) = 7, x2(7b) = 0 we get the system of
inequalities

pio(u, x2,%) = +(—6t + 10944) > 0; pi1(u, X2, %) = 2(t +10944) > 0;

po(u, x2,3) = 3 (42070 +154) 2 0 pua(u, x2,3) = 3 (=Twza +154) > 0,
that has 26 integer solutions (v74,v7p) listed in the part (iii) of Theorem 2, such that all
wi(u, X4, %) are non-negative integers.
e Let |u| = 31. By (1) and Proposition 2 we obtain that 31, = 1 — v31,. Proposition 3 for

the 7-Brauer character x3 with x3(31la) = x3(31b) = 77% y=31

1 (uy X3, 7) = 2 (31ug1a + 1209) > 05 pua(u, x3,7) = 2 (—31va1a + 1240) > 0.

yields

This system of inequalities has 80 integer solutions (v514,v315) listed in the part (iv) of
Theorem 2, such that all p;(u, x;, *) are non-negative integers. O
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