Scientiae Mathematicae Japonicae Online, e-2007, 663670 663

THE SHANNON FIELD OF NON-NEGATIVE INFORMATION FUNCTIONS
E. GSELMANN AND GY. MAKSA
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ABSTRACT. Motivating the known result that there are non-negative information functions different
from the Shannon information function, we investigate how large the set is on which every non-negative
information function coincides with the Shannon’s one. The structure of this set is also discussed.

1. INTRODUCTION

The characterizations of the Shannon entropy

n n
H, (Pl; s 7pn) = - Zpk 1Og2pk7 (pla <o yPn € [Oa 1]azpk = 11010g2 0= O)
k=1 k=1
based upon its recursive and symmetric (or just semisymmetric) properties lead to the so-called funda-
mental equation of information

(1.1) f(x)+(1—a:)f<1fx>=f(y)+(1—y>f<1fy)

where f :[0,1] — R (the reals) and (1.1) holds for all z,y € [0,1], = +y < 1. The solutions f of (1.1)
satisfying f(0) = f(1) and f (3) = 1 are the information functions. The basic reference concerning
the characterization problems of information measures (like the Shannon entropy) and the fundamental
equation of information is the monograph of Aczél and Dardezy [2]. In this book several results on (1.1)
are collected which state that f = S on [0, 1] if f satisfies one of the following conditions: (i) continuous,
(ii) continuous at 0, (iii) increasing on [0, 1/2], (iv) Lebesgue integrable, (v) measurable, (iv) non-negative
and bounded from above, where

S(x) = —xzloggxr — (1 —x)logy(1 —z) (z €10,1])

is the Shannon information function. Furthermore, the general form of the information functions is
determined there, as well, by proving that f is an information function if, and only if,

(1.2) fl@)=op@)+e1—-z) (ze][0,1])
with some function ¢ : [0, +oo[— R satisfying the functional equation
(1.3) p(zy) = zo(y) +ye(z) (2,y € [0, +00[)

and ¢ (1) = 1. Obviously, if p(z) = —zlog, z, z € [0, +00] then ¢ (3) = %, ¢ satisfies (1.3), and (1.2)
implies that f = S. However, as it was pointed out in [1], f does not determine ¢ unambiguously by
(1.2). Indeed, if d : R — R is a real derivation, that is, d satisfies both functional equations

d(z +y) =d(z) +d(y) and d(zy) = zd(y) + yd(z)
for all z,y € R and d is not identically zero (such a function does exist, see e.g. Kuczma [6], pp. 352,

Theorem 2.) then (1.2) implies that f = S also with the choice p(x) = —zlog, z + d(x), z € [0, +00].
This is the main difficulty in deriving the particular solutions of (1.1) from the general one.
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The non-negativity property of an information function is very natural also from information theoretical
point of view, since f(x) is the measure of information belonging to the probability distribution {z,1 — x}.

Throughout the paper IF will denote the set of all non-negative information functions. In [4], Daréczy
and Kétai proved that f(r) = S(r) for all f € IF; and r € [0,1] N Q (Q denotes the set of the rational
numbers), and they showed that f = .S on [0, 1] under the additional supposition that f is bounded from
above. In [5], Dar6czy and Maksa proved that f(z) > S(z) for all IF; and for all x € [0,1] (the same
was proved independently also in Lawrence-Mess—Zorzitto [8]) but there exists fy € IF, different from
S, namely

z(l—zx)’

_ [ S@+ 8 it aeo
(1.4) fo(x)—{ 0, if ze{0,1}

defines such a function, where d is a not identically zero real derivation.
In [7], Lawrence introduced the concept of the Shannon kernel for f € IF as

Ky ={z€[0,1]|f(z) = S(x)},

formulating the conjecture that a subset K C [0, 1] is the Shannon kernel of some f € IF if, and only
if, K = LNJ0,1], where L C R is a subfield of R, algebraically closed in R (real closed ), and discussed
what progress had been made towards proving this conjecture.

In this paper we show that, for all f € IF, the Shannon kernel K has the form [0, 1] N L where Ly is
a subfield of R containing the square roots of its non-negative elements. We should remark that, in [7] it
was announced, without proof and references, that this statement had been proved by K. Davidson and
G. Maksa (independently)’. However, to the best of our knowledge, the proof has not been published till
now.

In the present paper we also prove that all elements of K = (| {Ky|f € IF } are algebraic over Q and
K contains all the algebraic elements of [0, 1] of degree at most 3. Throughout the paper, by algebraic
number, we mean a real number algebraic over Q.

2. PRELIMINARY RESULTS

One of our tools is the following result which is a consequence of Theorem 1. in [5] that describes the
general form of the non-negative information functions, Theorem 2. in the same paper about the minimal
property of the Shannon information function and the mentioned Dardezy—Katai’s result in [4]. See also
Theorem 1. and its proof in [8].

Theorem 2.1. f € IF, if, and only if, there exists a function ¢ : [0, +o0o[— R satisfying (1.3) such that

(2.1) p(+y) <) +e(y), (z,y€](0,+0c])
(2.2) o(r)=0, (rel0,+00[NQ)

and

(2.3) F() = )+ ola) + 91 —2). (z € [0,1)

Proof. Due to Theorem 1. in [5], f € IF, if, and only if, there exists a function ¢ : [0, +oo[— R with
0 (%) = % such that

(2.4) Y(zy) = 2y(y) +y(z) and ¢(z+y) <¢(@)+¥(y) (2,9 €[0,+00])
and
(2.5) fl@)=v@)+v(1—-2). (z€][0,1])

First suppose that f € IF and define the function ¢ on [0, +oo[ by
(2. o) = wlogy @ + ().
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Then 1 satisfies (1.3) and (2.5) implies (2.3). Furthermore, by Theorem 2. in [5] and by [4], f > S on
[0,1] and f = S on [0,1] NQ, respectively. Thus it follows from (2.5) and (2.6) that ¢(z) + ¢(1 —z) > 0,
x € [0,1] and ¢(r) + (1 —r) =0, r € [0,1] N Q. On the other hand, (1.3) yields that

x T 1
(7)o (1- 75 ) = s @ e et ] @€ 0tocl o4y >0)

whence (2.1) and the equation

o +y)=¢@) +oy) (z,y€0,+00[NQ)

follow. Therefore p(r) =ry(1) =0 for all r € [0, +00[NQ, i.e., (2.2) holds true, as well.

Conversely, if ¢ is a function with the properties listed in Theorem 2.1. and f is defined by (2.3), then
we have (2.4) for the function ¢ defined by ¥ (x) = ¢(z) — zlog, x, x € [0, +o0[. Since ¢ (1/2) =1/2 we
obtain that f € IF,. O

The function —¢, where ¢ : [0,400[— R has the properties (1.3), (2.1) and (2.2) is called near-
derivation in [8]. In [9], we gave a representation of the near-derivations (See Theorems 1. and 2. ). The
following theorem is an easy consequence of this result and Theorem 2.1.

Theorem 2.2. f € IF, if, and only if, there exists a function A : R? — R satisfying the conditions

(27) A(m,y) = A(yax)7 (x,y € R)

(2.8) Alz+y,2) = Az, 2) + Ay, 2), (z,y,z € R)

(2.9) A(z,z) >0, (z€R)

(2.10) A(zy, z) + zA(x,y) = A(x,yz) + ¢A(y, 2), (z,y,z € R)
(2.11) A(x,é) <0 (0#=zeR)

such that the series Y. 2" 1a1=27" A (a:T",xTn) is convergent for all z > 0 (with the convention 0° = 0)
and

(212) @)= S@)+ 32 512 A () + (1A (-0 (-]
n=1
holds for all x € [0, 1].

3. THE MAIN RESULTS
First we prove the following

Lemma 3.1. Suppose that the function A : R? — R has the properties (2.7)~(2.11). Then the set
F ={z € R|A(z,z) = 0} is a subfield of R containing the square roots of its non-negative elements.

Proof. Inequalities (2.9) and (2.11) imply that 1 € F. Since A is a symmetric, positive semi-definite
bilinear form on the Q-vector space R x R, we have that Q C F and A satisfies the Cauchy-Schwarz
inequality

(3.1) [A(z,y)| < VA(z, )V A(y,y).  (z,y €R)
Therefore x € F implies that A(z,y) = A(y,x) = 0 for all y € R. Thus, it follows from the identity
Al —y,z —y) = Az, z) = 2A(z,y) + A(y,y) (2,5 €R)
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that x —y € F if z,y € F. Furthermore, if z,y € F, y # 0 then substituting ;—2 instead of z and %
instead of z, respectively into (2.10) we have that

G )15 56
vy Y ) Y ) Y

whence A (%, %) =0, i.e., % € F follows. Thus we have proved that F' is a field. Finally, let 0 < z € F,

Y= % and z = /z. Then by (2.9), (2.10), (2.7) and (2.11),
0< A(VE V3) :A(x\/ii,\/i) T VEA @%) — A(e1) + 24 <%\/§) — 24 (ﬁi> <0,
hence /z € F. O

One of our main results is the following

Theorem 3.2. Let f € IF. Then there exists a unique subfield Ly of R containing the square roots of
its non-negative elements such that [0,1] N Ly is the Shannon kernel of f.

Proof. Theorem 2.2. implies that there exists a function A : R? — R satisfying (2.7)—(2.11) such that
(2.12) holds for all = € [0,1]. Let Ly = {z € R|A(z,x) = 0}. Then, by Lemma 3.1., Ly is a subfield of
R containing the square roots of its elements. Therefore, if x is an element of the Shannon kernel K of
f then, by (2.12), \/x € Ly thus € Ly. On the other hand, if z € [0,1] N Ly then 1 —z € [0,1] N Ly,
moreover 2, (1 —x)2"" € [0,1] N Ly for each positive integer n. Hence = € K follows from (2.12).
The uniqueness in obvious. O

For f € IF the field Fy will be called the Shannon field of f. So, Theorem 3.2. can be formulated
as follows: The Shannon kernel of any non-negative information function is the closed unit interval of its
Shannon field.

The Shannon field of the Shannon information function is, of course, R itself. However, the Shannon
field of fy € IFy defined in (1.4) with a non identically zero derivation d, is a proper subfield of R. The
following theorem shows that some more is true.

Theorem 3.3. Let Ly be the Shannon field of f € IF_. Then all the elements of the field L =
N {Lys|f € IFL} are algebraic.

Proof. Suppose, in the contrary, that there is a transcendental element « in L. We may (and do) suppose
that « €]0,1[. It follows from [6] (pp. 352, Theorem 1. ) that there is a derivation d so that d(a) = 1.
Define fo € IF} by (1.4). Then o ¢ Ly, and so a ¢ L which is a contradiction. O

In the remaining part of the paper we show that the intersection of all the Shannon fields in not too
small since it contains the algebraic numbers of degree at most three. To do this, we need a consequence
of a Hahn—Banach type theorem and the aid of the computer algebra package Maple V Release 9.

First we prove the following

Lemma 3.4. Let n > 1 be a fized integer, suppose that the function A : R?> — R has the properties
(2.7)—(2.11), and A(1,1) = 0. Furthermore, let a« € R be an algebraic number of degree n and F = Q(«)
be the smallest subfield of R containing «. Then there exist functions ay,... ,an_1 : F' — R such that ag
is additive, i.e.,

ar(x +y) = ax(x) + ar(y), (z,y € F)

(3.2) ar(a?) =0
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forallk=1,... , n—1;7=0,... ,k—1, and
n—1

(3.3) Alw,y) =Y ar(@)ak(y).  (z,y € F)
k=1

Proof. Due to the Cauchy—Schwarz inequality (3.1) the function p : F' — R defined by p(z) = \/A(z, z),
x € F is sublinear in the sense of Definition 1.1. in Berz [3] (see also Remark 2.1. there), that is,
p(z+y) < p(z)+p(y) and p(mzx) = mp(x) hold for all z,y € F and non-negative integers m. Therefore,
by Lemma 1.3. in [3], there exists an additive function a7 : F — R such that

(3.4) a1(a)? = A(a, a)
and a1(x) < \/A(z,z) for all z € F. Since a; is odd and z — /A(x,z), x € F is even function, this
inequality implies that a;(z)? < A(z,z), z € F. Obviously, a;(1) = 0.

This argument can be repeated also for the function (z,y) — A(x,y) — a1(x)ai(y) (z,y € L) and for
o? instead of a.. We obtain that there exists an additive function as : F' — R such that

a1(®)? + az(a?)? = A(a?,a?)
and
ay(z)? + az(2)* < A(z,x). (v € F)
Obviously, a1 (1) = 0 and, by (3.4), as(a) = 0.

Repeating the argument again and again, finally we find additive functions ay,... ,a,—1 : F — R such
that
(3.5) a1 (@) + . 4 ap(@®)? = A, 0F), (k=1,...,n—1)

a1 (z)? 4 ... +ap(z)®* < A(z,z), (r€F)
and
(3.6) ar(a?)=0. (k=1,...,n—1;=0,...  k—1)
Now we show that (3.3) holds. Indeed, define the function B on F' x F by

Be,y) = A(r,y) — 3 an(@)an(y).
k=1

Then B is a symmetric, positive semi-definite bilinear form on the n-dimensional Q-vector space F' X F,
furthermore it follows from (3.5), (3.6) and the Cauchy-Schwarz inequality for B that B(a‘,a’) = 0 for
all 4,7 € {0,... ,n—1}. Since {1,04, e ,a”fl} is a base for F' as a QQ-linear vector space we get that
B =0on F x F, consequently (3.3) holds. O

Now we are ready to prove the following

Theorem 3.5. The intersection of all the Shannon fields contains the algebraic numbers of degree at
most three.

Proof. The statement follows from Theorem 3.2. for algebraic numbers of degree at most two. Let @ € R
be algebraic of degree three. Then there exist unique rational numbers Ry, R, Re such that 0 # Ry,

(3.7) o+ Raa® + Ria+ Ry = 0,
and {1, a, ozg} forms a base for the field L = Q(«a) as a Q-vector space. Since L is a field 0 # = € L
implies that % € L. To apply the property

(3.8) A (x i) <0, (0#£zcl)
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firstly we look for % in the form

1 2
E = Sox” + S1¢¢ + S,
with certain sg, 1, s2 € Q. However, before this, let us observe that
a® = —Rsa® — Ria — Ry
and
o' = (R3 — Ry) &® + (R2Ry — Ro)a + RaRo.

Let 0 # = € L, then x = rya? + ra + 19, with certain ro, 71,72 € Q, therefore

(39 1= a:% = (rya® 4+ ria +19)(s20% + s10 + 50)
= 12800 + (ras1 + r182)a” + (raso + 1181 + 19s2)a” + (r150 + rosi)a + roso
= [TQSQ(Rg — R1) — Ra(ras1 +r182) + (r2so + 151 + 7"052)} o?
+ [ras2(RaR1 — Ro) — R1(ras1 + r182) + (r180 + ros1)] «
+ [r2s2RaRo — Ro(r2s1 + r152) 4 7050) -
Thus the following system of equations has to hold.

TQSQ(R% . Rl) . RQ(TQSl + 7”182) + (7"280 +1r181 + 7’082) =0
TgSQ(RQRl — Ro) — Ry (T281 + 7"182) + (Tlso + 7’081) =0
1959 Ro Ry — Ro(’/‘gsl + 7“152) +7rpsg = 1.

To solve this we use the computer algebra package Maple V Release 9. Therefore, first we give the system
of equations that will be solved

> eq_1:=((R_272-R_1)*r_2-R_2*r_1+r_0)*s_2+(r_1-R_2*r_2)*s_1+r_2*s_0=0;

> eq_2:=((R_2*¥R_1-R_0)*r_2-R_1x*r_1+r_0)*s_2+(r_O-R_1xr_2)*s_1+r_1*s_0=0;

> eq_3:=(R_2*#R_0*r_2-R_0*r_1)*s_2-R_O*r_2xs_1+r_0xs_0=1;

Then we determine its solutions by the help of the command

> solve({eq_1, eq_2, eq_3}, {s_0, s_1, s_2});

This produces

2 2 2
S = — (—T1R07"2 + RoRore” — 1o~ — roRarg — roraRa

+2roR172 + roRary — Ri’re® — 2Ry + rory + rireReRy) N7,

S1 (—RQ’I“S + T%RgRl “+ rore — TQR%Tl + T%RQ — 7“07“1) N1

and
so (rf — Rarary —rora + Ry) N7,
where
N = —2r2Ryry + 1o Roro + 1219 R — ror1imaRo Ry — 1o Rors + roR2r3 + 3roraRor1
— 2T0R2R0r§ + rorle + 7“8 + T%RQROTQ — T?Ro + RST% — rgRgrl — 7“(2)7“1 — Rorgerl.
Due to (3.8),

0> A(x,1/x)A (7“2042 +ria+ 1o, s00? + s1a + 50)

= 79589 [al(a2)2 + ag(az)z} + rlslal(a)z + (res1 + rlsg)al(a)al(a2).
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Therefore,

(3.10) 0> A(x, %)
= (roriB? + roriC? — Ror3ri B® — Ror3r C? — ror3 B* — ror3C? + Rir3 B* + Ryr3 C?
— rlAZRorg + r1A2r§R2R1 + 1 A%rgrg — T%AzrgRg + rfAQRg — T%AQTQ — ABRorg
+ABRor Ry + ABror3 — ABR3r3ry — 2ABrirgra + ABrS + ABriRir3) N~*
holds for all o, r1, 70 € Q, where we used the notations
A=uai(a), B=ua1(c?) and C =ay(a?).

Let us observe that the denominator of A (z,1/z) is a polynomial of ry of degree 3 (It can be checked
by using the command > degree(denom(A(x, 1/x)), r_0);). Thus the denominator of A (z,1/x) has
at least one root having odd multiplicity, say xg. Taking the limit 79 — z¢ one can observe that the
denominator of A (z,1/z) changes sign, nevertheless A (z,1/x) < 0. This implies that the numerator of
A(z,1/x) has to be zero, if we take the limit g — ¢, that is,

(3.11)
(—r%C2 —riA% 4+ A%ry —13B% — 2ABri7o + AB?"%) xo + ror? B2 + 1912 C? — Rorir; B® — Rorar C?
— ABR2r2r; + 1 A*raRoRy + Rirs B? + RirsC? — 1 A2Ror2 — ABRyrs — 12 A*ryR2
r3A?Ry + ABRyr3 Ry + ABriRi73 + ABr? =0

holds for all r1,72 € Q. Since Q is everywhere dense in R, the same holds for all 1,7, € R.

Let us observe that (3.11) is a polynomial of r; of degree at most 3, and it can also be considered
as a polynomial of ro. Furthermore, (3.11) yields that this polynomial is zero for all 71,72 € R. Thus
its partial derivatives with respect to 1 and ro have to be zero, as well. If we differentiate (3.11) with
respect to r; three times, we get that

6AB + 6A*Ry = 0,
the third order partial derivative of (3.11) with respect to ro has to be also zero, that is,
6R1B? + 6R1C* — 6ABRy + 6ABRyR; = 0,

finally, for instance, differentiate (3.11) two times with respect to r1, then with respect to rs, then we
obtain that

2B? +2C?% — 2A’R3 = 0.
Therefore A, B and C' have to satisfy the system of equations
A’Ry +AB = 0
R1B2 + R1C2 + ABRyR1 — ABRy
B?+ (0% - R2A% = 0.
After solving this system of equations we obtain that
A=0, B=0 and C =0,
in case Ry # 0. If Ro = 0 then the third equation of the system implies that B = C =0 and A = 0
follows from (3.11) with r; = ro = 1, that is,
ai(a) =0, ai(e®)=0 and as(a®)=0.
This means that the function A : L x L — R is identically zero on the base. The biadditivity of the

function A : L x L — R implies however, that A is identically zero on L x L. Therefore the field L = Q(«)
is contained in [ {K¢|f € IF} indeed. O

Il
o
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Similarly to that of Lawrence [7], our conjecture is that this argument will work also for algebraic
numbers of degree greater than three and, in spite of technical difficulties, it will be possible to prove
that the intersection of all the Shannon fields is just the field of the algebraic numbers.
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