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COMMUTATION OF GEOMETRIC REALIZATION FUNCTOR AND
FINITE LIMITS
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ABSTRACT. The classic geometric realization functor | — | : SA°Y > KTop , where
S is the category of sets, S2° s the category of simplicial sets, and KTop is the cate-
gory of compactly generated Hausdorff topological spaces, is generalized to the functor
| — |y : SO — = A, where A is a category geometric over S via f and Y forms a

discrete fibration over f*A°P, in Cat(A), via g. It is shown that, under certain assump-
tions on A, f and g, this generalized functor commutes with finite limits if the collection
of the inclusions of the boundary Yon of Yo into Yo, is strongly initial. It is further
shown, for certain geometric categories A over sets, in particular for the categories F'co,
ConsFco, Con, Lim, PsT, Born, and PreOrd, that initiality of the inclusion of the
boundary Yon of Ypn into Yo, guarantees commutation of the geometric realization
functor and finite limits.

1. PRELIMINARIES

Let A be a category with finite limits and coequalizers of reflexive pairsand f: A ——= §
be a geometric morphism. The direct and inverse images of the geometric morphism
f:A——= G aredenoted by f.: A——= 8 and f*: S ——= A, respectively, see [4] p 26.
Let g : Y —— f*/A° be a discrete fibration in Cat(A), see [4] p 50, where Y is an internal
category in A, and A is the category of finite ordinals regarded as an internal category in
S. Let S2”" denote the category of simplicial sets which we regard as discrete opfibrations
over A°P see [4] p50. Similarly Af "A™ denotes the category of discrete opfibrations over
[XA°P etc.

The functor f*:S ——= A induces a functor, which is still denoted by f*, from the
category S2”" to the category Af 2", The discrete fibration g: Y —— f x AP yields
the pullback functor along g, which we denote by ¢*, from the category A7 2" to the
category AY. Let Colimy : AY — A be the Lim.,, defined in [4], p 51, and define:

1.1. Definition: The geometric realization functor, denoted by | — |y is defined to be the
composition:
gaer fr AT A g" ns Colimy A
In this paper we assume | — |y preserves colimits. Conditions that guarantee | — |y has

a right adjoint, see [5], and therefore preserves colimits are given in [6] p 5, Theorem 2.4.

1.2. Definition:
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(i) A discrete fibration v : G —— f*C is said to be f-flat if f.G is filtered and the pullback

ofdg : Kg —— Gy x Gy along any map of the form (y9Xx~)* f*(k), where k € S/(CoxCp)
is an extremal epi.
(ii) By a simplex structure in A is meant an f-flat discrete fibration over f*/A°P.

1.3. Lemma: If for each a € A, @ x — : A —— A preserves extremal epis, f, preserves

reflexive coequalizers, and reflects monos and terminals, and g : Y —— f*A° is a simplex
structure, then | — |y preserves finite products and terminals.

Proof: Since f, preserves pullbacks and reflexive coequalizers, it follows that f. of the
i-map of « is the é-map of f, of «, for any morphism « in A, see [3] p 1. On the other hand
in the category S, the i-maps are monos, see [4] p 40, and f, reflects monos by hypothesis.
Thus in A the i-maps are monos. So A is an admissible category, see [3] p 3, and therefore
in A a map is an e.e. if and only if it is a coequalizer, see [3] Lemma 2.1. The proof now
follows from Theorem 2.4 of [6], p 5.

O

2. THE STANDARD n-SIMPLEX

Let n: 1>—= N be a natural number. Form the following pullbacks to get A1(—,n)
and Ag(—,n):

Aq(=,n) 1 Na(—,n) = ANTEE)
z‘lnl pb n m,l pb lz‘ln
AN @ N A = AN

l ob ldo
VAN & N
Diagram I

Define the internal category A[n] in S as Alnjg = A1(—,n),Aln]; = Aa(—,n) and let
A[n]lT—())A[n]o be the morphisms Ag(—,n)T—%;Al(—,n) respectively, where m,, =
1 bn,
(migpn,!) is induced by the multiplication m : Ay —— Ay , and the unique morphism
' Alnjy ——=1.
A straightforward computation shows that the diagrams:

AN [TL] 1 @do A [TL] 0

dy
71'11'2nl ldoiln
dy

Al @N
do

commute, and the diagram with the upper maps is in fact a pullback diagram. This
shows that A[n] : ——= A°P is a discrete opfibration.

2.1. Definition: The discrete opfibration : A[n] —= A°P | in 2" is called standard

n-simplex. Note that this is just the standard n-simplex defined in [1], p25, regarded as a
discrete opfibration over A°P.
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2.2. Lemma: |Alnl]ly = Yy, where Yy, is the pullback of f*(n):1—— f*N along
qgo : YO —_— f*N .
Proof: Since | — |y = Colimy o g* o f*, apply f* to Aln] and pullback along g to get the
Tin
pair YQ”T; Y1, as the following diagram shows:

g2n

Yon J[*Do(—=,n)
Tin frman
mn frmn
i2n Yln gin F f*Al(_7n)
Y, PR ¥y Fritn
st frme
m frm
2 Y, ik o JAWAN
Yi et 7 f*Al f*do
do frda
d1 f*dO
Yo ® f*N
Diagram II

Tin

So |Aln]ly=Coeq(Y2r,—=Y1,).

Mn

™

On the other hand Y2$Y1$Yo is a coequalizer, since dom, = dom, and if a
morphism h is given such that hmry = hm, then h = hm(i x 1) = hmy(i x 1) = hidyg. Thus
h factors through dy uniquely.

The map dy : Y1 ——= Y induces a map dy,, : Y1, — Yy, such that the diagram:

Yln don YOn
i1n l pb li()n
Yy ¥

Diagram III

is a pullback diagram.

Let i: Yy ——= Y7 be the inclusion of identities. Since dpi = 1, and Diagram III is a
pullback diagram, it follows that there is a unique map i, : Yy, — Y7, such that (1)
donin = 1, and i1y, = ii9,- The squares f*i1, 0 f*m, = f*mo f*iay,, ffio, 0092, = g20i9n,
and f*i1, 0 g1, = g1 © 91, of Diagram II are pullbacks, therefore so is the square:

Mn

Yén Yln
Y, Y1
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Diagram IV

Since m(i x 1) = 1, Diagram IV yields a unique map =, : Y1, — Y3,, such that (2)
ionYn = (¢ X 1)i1p, and myvy, = 1. Equations (1) and (2), and Diagrams IT and III, imply
(3) T1n¥n = indon. From Diagrams IT and III, it follows that do, 71, = donm,. Equations
(2) and (3) imply that any map h that coequalizes m1,, and m, factors uniquely through

Tin

don . . .
don. Hence Yz, —=Y7,—> Y, is a coequalizer, which proves |A[n]ly = Yop.
Mn
]

2.3. Definition:
(i) The boundary of the standard n-simplex, A[n], is defined to be A[n] = Sk"~1A[n], see
[1] p 29.
(ii) The boundary of Yp,, is defined to be Yo, = |A[n]|y-.

2.4. Remark: For any simplicial set X, and for each n in N, there is an inclusion
i SK"X>—— X of Sk™X into X, see [1] p 30. It follows by Definition 2.3 that there

is an inclusion i, : A[n]>——= A[n] of the boundary of A[n] into Aln].

2.5. Lemma: If f, : A—— § preserves reflexive coequalizers, and f,Y is filtered, then
fol = |y : 82" ——=§ preserves equalizers.

Proof: f, preserves finite limits and reflexive coequalizers. It follows that all the squares
in the following diagram commute.

SAUP 4f> Af*Aop 9 A Colimy

AN oY — 5
S [fx(9)]" S Colimy, y s

Diagram V

Since f.f*:S ——§ preserves equalizers, so does f,f*: S8 —— gFf-f"A% . The
functor [f«(g)]* is the pullback functor along f.(g), and so preserves equalizers, see [4] p 35.
Colimy,y : S/*Y —— § preserves equalizers, since f,Y is filtered, see [4] p 70, Theorem
2.58. So by Diagram V, and Definition 1.1, f,| — |y preserves equalizers.

O

2.6. Corollary: If f, preserves reflexive coequalizers, reflects monos, and f.Y is filtered,

then there is a mono i, : Yp,, Yo , for each n in NV.

Proof: By Remark 2.4, there is a mono i, : A[n]>—> Aln] . Apply the geometric
realization functor to get 4, : |A[n]|y>— |A[n]|y . By Definition 2.3 (ii), and Lemma
2.2, we obtain a map i, : Yy, — Yon -

Since a mono in any topos is an equalizer, see [4] p 27, and since S2°" is a topos,
see [4] p 55, it follows that 4, : A[n]J——= A[n] in 2™ is an equalizer. Lemma 2.5
implies that f,(i,) : £+ Yo, — f+Yon is a mono. f, reflects monos by hypothesis, thus

in : Yo, — Yon is a mono.
O



COMMUTATION OF GEOMETRIC REALIZATION FUNCTOR AND FINITE LIMITS 335
3. STRONG INITIALITY

3.1. Definition:
(i) Given collections {a, : n € N or n = —1}, and {b, : n € N} of objects of a category B,
and a collection {o, . p >~ = a, } of monomorphisms of B, we say the collection {a,} is
composable if:
(a) forall n € N, b, = ap—1, and
(b) there is an object a, and monomorphisms 4,, : a,>— a such that i,«, = i,_1, and
if there is an object b, and monomorphisms j, : a,>—— b such that j,a, = j,—1, then
there is a unique morphism ¢ : a« —— b such that ¢i,, = j,.

If the collection {«,} is composable, we say the composition of {ay,}, denoted by
Comp{ay}, is the morphism i1 : a_1>——>a of (b).
(ii) Let R be the image of S®”" under the geometric realization functor | —|y. A collection
{|an|y : by an } of monos of R is said to be | — |y-composable if the collection {an}

. . . op
is a composable collection of monos in S&°.

3.2. Lemma: Let {, .p =~ a, } be a collection of monos in SAT T {Janly} is
| — |y-composable, then it is composable and Comp{|ay |y} = [Comp{an}|y.
Proof: If {|a, |y} is | — |y-composable, then {a,} is composable. Since composition is a

colimit, and | — |y preserves colimits the rest follows.
O

3.3. Notation: Let « : a ——=p, and 0 : ]E-[a ——= ¢ be morphisms in A, where g de-

notes the coproduct over a set X. If the pushout of ga : ga — gb along 0 : ga —c

exists, we denote it by a(X, o).

3.4. Definition:
(i) A morphism o : a —— p of A is said to be initial with respect to f., if given a morphism

B:c——=p in A, and amap h: f.c —— f.a in S, such that f,aoh = f.(3, then h can
be lifted, that is, there is a map 7, . . — a such that f,h = h, and aoh = (3.

(ii) Let R be the image of S*”" under the geometric realization functor | — |y. A collection
{ag, : ap—s by, } of monos of R is siad to be strongly initial if whenever sets ¥,,, and

morphisms o, in R are given such that the collection {a,(2n,0n)} is a | — |y- composable
collection of monos, then the composition of {a,(%,,0,)} is initial with respect to fi.

3.5. Lemma: Let R be the image of S*”" under the | —|y. Suppose f, : A —= G pre-
serves reflexive coequalizers, reflects monos, and f,Y is filtered. The geometric realization
functor preserves equalizers if and only if the collection {Zn Yo Yon } of monos of

R is strongly initial.

Proof: = : Suppose the functor | — |y preserves equalizers. Let sets X,,, and morphisms
|on| in R be given such that the collection {i,(%,,|on])} is | — |y-composable. Then the
collection {i, (2., 0,)} is composable, and by Lemma 3.2 we have:

|Comp{in(2nv Un)HY = Comp{in(znv |0n|)}

The morphism Comp{in(X,,0,)} is a mono in S2°" and therefore an equalizer. | — |y
preserves equalizers by hypothesis. So Comp{i,(X,,|on|)} is an equalizer. It is easy to
show that equalizers in A are initial with respect to f.. It follows that Comp{i, (2., |on|)}
is initial with respect to f.. This proves {Zn Yo, Yon } is strongly initial.
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< : Suppose the collection {Z .Y, Yo } is strongly initial. Let o ;: E>——= F be
mn - n

an equalizer in S, There exist sets ¥,,, and morphisms o, in S*°", see [1] p 50, such
that the following diagram is a pushout in S*°".

AR 2 g gpn1p
y’n i"l po i"(E"vo’n)
AR EUSK'F
Since the functor | — |y preserves colimits, Lemma 2.2 and Definition 2.3 (ii) imply that the

following diagram is a pushout in A.

Yo Lo gy skn1

;_7[1 zl po |in(2n,o'n|)

H YOn
Zn

|[EUSE"F|

It is easy to show {i,(X,,0,)} is composable in S*”" with composition o : E>— F .
It follows that {i,(Zy,|on|)} is | — |y-composable with composition |a| : |E|>——|F| . So
|| is initial with respect to fi.
On the other hand by Lemma 2.5, f.|«a| is an equalizer. It then follows easily that |«| is an

equalizer.
d

3.6. Theorem: If:
1) for all a € A, the functor ¢ x —: A —> A preserves e.e.’s.

2) f«: A——= § preserves reflexive coequalizers, reflects monos and terminals.

(
(
(3) g: Y —— f*A°P is a simplex structure, and,

(4) the collection {Zn B —— v } is strongly initial,

then the geometric realization functor commutes with finite limits.

Proof: Preservation of finite products and terminals follows from Lemma 1.3. Preserva-
tion of equalizers follows from Lemma 3.5.
O

4. APPLICATIONS

The categories F'co, ConsFco, Con, Lim, PsT, Born, and PreOrd are topological over
the category S of sets. See [7], [8], and [2]. Furthermore the forgetful functor 7 : A ——= §
where A is one of the above mentioned categories, has a left adjoint D : § ——= A called
the discrete functor. D preserves finite limits, that is the pair, (U, D) forms a geometric
morphism. See [6] Section 5. Also U has a right adjoint, (the functor that defines the
indiscrete structure on a set X), and therefore preserves colimits.

In this section we let A denote one of the categories Fco, ConsFco, Con, Lim, PsT,
Born, or PreOrd, and we apply the previous results to the geometric morphism (U, D)
with a given discrete fibration g : Y ——= DA°P in Cat(A).

Let ¥ be a set and for each o € X, let a, be an object of A and let Vs : @6 —— gaa

be the injection of the coproduct. If a, = a for all o € X, we refer to the coproduct ga as
the copower of a over X.
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4.1. Lemma: For any set X, the copower of an initial mono in A, over ¥, is an initial
mono.

Proof: We first show that monos are preserved under copower. Let o : X ——=Y be a
mono in A. Since U preserves colimits, it follows that U([Jo)) = QU (e). Since U preserves
monos, U(a) is a mono. In the category S, the functor ]2‘[ is easily seen to preserve monos.
It follows that U(IE_Ia) = IZ_IU(a) is a mono. Since U reflects monos, U is a mono.

To show that initial monos are preserved we look at each category separately.

(1) A = Fco. Let a:(X,Cx) (Y,Cy) be an initial mono. to show that the

monomorphism 3 = o : (gX,@X) (QY,ay) is initial, let F' be a filter on X,

such that [BF] is in Cy (a(x),0). By [7], 3.2.2., we need to show F is in C'x(x,0). Since
[BF] belongs to C'y (a(x), o), by [7], 3.2.3, it follows that there is E in Cy (a(x)), such that
vo(E) C [BF]. Tt is easy to show [a~!E] is a filter, and since « is initial that it belongs to
Cx(z). So [vs[a ' E]] is in Cx(z,0). But we have [v,[a 1 E]] = [v,a"'E], and since the
diagram

[Ix [y
b5 B o)
is a pullback, it follows that [v,a ' E] = [3~ v, E]. So we have [v,[a ' E]] = [~ v, E] =
[371[v.E]] C [3718F] = F. Hence F is in Cx(z,0).
(2) For A = ConsFco, Con, and Lim, the proof is similar.
(3) For A = PsT, let o : X>—>7Y be an initial mono. To show that the monomorphism
B=la: (QX,6X)>—> (QY,ay) is initial, let F' be in F'(X) such that [SF] belongs to

Cy(a(z),0). We need to show F belongs to C'x (x,0). Let G be an ultrafilter containing F.
Then the ultrafilter [3G] contains [8F] and therefore belongs to C(a(z),s). By [7], 3.2.9,
there is an ultrafilter E in Cy (a(z)) such that [v,(E)] = [6(G)]. Initiality of o implies
[@=Y(E)] is in Cx(x). Therefore [v,[a E]] = [v,a 'E] = [~ v,E] = [3718G] = G
belongs to C'x (x,c). Hence any ultrafilter containing F is in Cx(z, o), therefore so is F.

(4) For A = Born, let a: (X, B)>——= (Y,C) be an initial mono. To show that the

monomorphism [ = [ : (QX,E) (QY,U) is initial, let D be a subset of [JX such

that 3(D) is in C. By [7], 3.3.2, we need to show D is in B. By [7], 3.3.3, there are a finite
number of sets M; in C such that 3(D) C Uv,, (M;). This implies that D = 3='8(D) C
i

BN vy, (M;)) = U(B Yy, (M;)) = Uvy,a”(M;). Initiality of  implies that a=!(M;) is
i i _ 1
in B, therefore v,,a~1(M;) is in B for all i, and so is the finite union Uv,,a~*(M;). But
i

D C Uv,, a1t (M;), therefore D is in B.
i

(5) Finally for A = PreOrd , let a: (X,<)>>——= (Y, <) be an initial mono. To show
B =Ua: (UX,<)>—— (Y, <) is initial, let (z,0), and (2/,0’) belong to ILX such that
(a(z),0) < (af2'),0’). By [7], 3.1.2, we need to show (x,0) < (2/,0’). By [7], 3.1.3,
(a(z),0) < (a(z'),0’), which in the present situation implies a(z) < a(z') and o = o'.
Initiality of v implies « < z’. Therefore, again by applying the result of [7], 3.1.3, (z,0) <
(2',0’) in IX.

]
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4.2. Lemma: The pushout of an initial mono in A along any map is an initial mono.

Proof: We first show that monos are preserved under pushout. Let oo: X ——=Y be
a mono in A. Let ¢: X ——= 7 be any morphism in A. Form the following pushout
diagram:

- 7 sz

X
al po I6]
Y

T

)
Diagram I

Since U : A——= S preserves colimits, applying U to the above diagram we get a
pushout diagram in S. By [4], Lemma 1.31, it follows that U, and thus 3 is a mono,
since U reflects monos.

To show pushout preserves initial monos, we consider each category separately.

(1) A= Fco. Let a: (X,C)>—— (Y, C) be an initial mono, and o : (X,C) —— (Z,C)
be any morphism in F'co. Suppose Diagram I is a pushout in F'co. To show f is initial, let
F be a filter on Z such that [8F] belongs to Cr(5(z)). By [7], 3.2.2, we need to show F
belongs to Cz(z), Since {J, 8} is a final epi-sink, by [7], 3.2.3, it follows that either:

(i) There is a 2’ in Z, and F in C(2’) such that 8(z') = 8(z) and B(E) C [GF] or

(ii) There is a y in Y and E in C(y) such that 6(y) = B(z) and §(F) C [GF].

If (i) is the case, then z = 2z’ and it easily follows that E C F. Therefore F' € (3(z) since
E is. If (ii) is the case, by [4], Lemma 1.28, there is a unique = in X such that a(z) =y
and o(x) = z. Since « is initial, it follows that [a~1E] is in Cx(z), and so [ca 1 E] is in
Cz(2). But [ca 'E] = [3716E] C [3718F] = F, hence F is in Cz(2).

(2) For A = ConsFco or Con the proof is similar to (1).

(3) For A = Lim, suppose Diagram I is a pushout in Lim. To show (3 is initial, let F' be
a filter on z such that [F] is in C(8(z)). By [7], 3.2.1, we need to show F is in C(z). By
[7], 3.2.6, there are a finite number of y;’s in Y, z;’s in Z, E;’s in C(y;), and F;’s in C(z;)
such that §(y;) = B(z), B(z) = B(z), and ZD[(?EZ'] N p[ﬂFl] C [BF]. 6(ys) = B(z) implies

there is z; in X such that a(z;) = y; and o(x;) = z. § is a mono, therefore z; = z, and so
F; is in C(z) for all i. Let F' = NF;, it follows that F” is in C(z), [BF'] = N[BF;], and (*)
1 1

NlSE] N [5F') € [9F).
On the other hand initiality of o implies that a=!'E; is in C(z;) and so [ca™'E;] is in
C(z). Hence Njoa ™ E;] N F' is in C(2).
i
If K is in Njoa~tE;)NF’, then there are G; € E; such that ca~!(G;) C K, and K € F".
i
Let G = UG, it follows that ca™1(G) C K. Therefore 3716(G) C K € F’. Since G; C G,
i
it follows that G € Ej;, for all i. Hence 6(G) belongs to N[0(E;)]. Also 8(K) € [BF']. Tt
i
follows that §(G)UB(K) belongs to N[§(E;)|N[B(F)], and so by (*) it belongs to [3(F')]. But
i
B7YH6(G)UB(K)) C K. Therefore K € 37[3F] = F. This proves Njoa~(E;)]NF' C F.
i
Hence F belongs to C(z).
(4) A = PsT. Suppose Diagram I is a pushout in PsT. To show ( is initial, let F be a
filter on Z such that [F] is in C(8(z)). By [7], 3.2.2, we need to show F is in C(z), which
follows if we show any ultrafilter F’ containing F is in C(z). So let F’ be an ultrafilter
containing F. It easily follows that [3F”] is an ultrafilter containing [8F]. Since [3F] is in

C(B(2)), by [7], 3.2.9, it follows that either:
(i) There is 2’ in z and an ultrafilter F in C(z’) such that §(z") = B(z) and [BF’'] = [GF] or
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(ii) There is y in Y and an ultrafilter E in C(y) such that é(y) = ((z) and [0E] = [BF].

If (i) is the case, then 2z’ = z and F' = E is in C(z). If (ii) is the case, then there is
in X such that a(z) = y and o(x) = z. Since « is initial, it follows that [« = E] is in C(z),
and so [ca™lE] is in C(z). But F' = [3~!18F'] = [3710E] = [ca~'E], and so F’ belongs
to C(z).
(5) A = Born. Suppose Diagram I is a pushout in Born. To show ( is initial, let B C Z and
B(B) € Br. By [7], 3.3.2, we need to show B € By. By [7], 3.3.3, there is M in By and N
in Bz such that 3(B) C §(M)UB(N). It follows that B C 8~1§(M)UN. Since « is initial,
it follows that a=!(M) is in Bx, and so ca~*(M) is in Bz. But ca (M) = B~16(M),
and B C 371§(M) U N, hence B is in By.
(6) A = PreOrd. Suppose Diagram I is a pushout in PreOrd. To show (3 is initial, let z
and z’ be in Z such that 8(z) < 8(2'). By [7], 3.1.2, we need to show z < z’. Note that
if 6(y1) = d(y2), then because ¢ is pushout of o, we have y; = a(z1), y2 = alxz2), and
o(z1) = o(x2). It then follows from initiality of & and [7], 3.1.3, that § is initial.

O

4.3. Lemma: For each n in N, let @n : Gn>—= An+1 be a mono in A. The collection
{an : m € N} is composable, and the composition is initial if each v, is.

Proof: Let U(a,) = X,, where U is the forgetful functor. Without loss of generality
assume the monomorphism U(ay,) : X,;>— X,,41 is the inclusion, and let X = HX,L,

and i, : X,,>— X be the inclusion. To define the structure on X we consider the
following cases:

(1) A= Fco, ConsFco, Con, or Lim. Let a, = (X,,,Cy), and define the structure C on X
as follows:

Cz)={FeF(X):IneN,GeCyz)3: [in(G)] C F}.

It is straightforward to check that (X,C) is in A, and that {«,} is composable and
ig : (Xo,Co)>——= (X, C) is the composition of {a,}.

To show that g is initial if each v, is, note that if [ig F'] € C(x) for some filter F' on Xy,
then [i,,G] C [igF] for some C € Cy,(z). Tt follwos that [ig 'i,G] = [ag ‘ot t 1G] C F.
But the filter [ag 'ayt...a; ' G] is in Cy(x), since G € Cy,(x) and ,’s are initial. Hence F
is in Cy(x) as desired.

(2) For A = PsT, define C as follows:

C(z) = {F € F(x) : ¥ ultrafilters U O F,3n € N, and an ultrafilter G € Cy(z) 3: U =
in ()]

(3) A = Born. Let a, = (X,,B,). Note that B,, C B,41, for all n. Let B = HBn.

It easily follows that (X, B) is in Born, and that {a,} is composable with composition
io . (X(),BQ)>—> (X,B) .

Now suppose a, is initial for all n in N. Let G C Xj such that io(G) = G € B. Then
G € B, for some n in N, and so G € By, since ag, a7, ... , a,_1 are all initial.

(4) A = PreOrd. Let a, = (X,,, <) be in Preord. Define the preorder < on X by: z <y
if there is » in N such that x <, y. It follows easily that {«,} is composable and the
composition is ig : (Xo, <o) (X, <) .

To show i is initial if each «, is, let z, y be in Xy such that z < y in X. Therefore

x <, y for some n in N. It follows that x <, y, since g, a1, ... , ap—1 are all initial.
O
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4.4. Corollary: Let g: Y —— DA be a discrete fibration in A such that U(Y) is
filtered. The functor | — |y : §4” —— A preserves equalizers if and only if for all n in N,
in Y0n>—> Yo, 1is initial.

Proof: By Lemmas 4.1, 4.2, 4.3, and Definition 3.4, the collection {Zn Yo, —— Yon }

is strongly initial. Since U : A ——= S preserves colimits, and obviously reflects monos,
the proof follows from Lemma 3.5.
O

4.5. Corollary: Let g: Y ——= DA be a simplex structure in A. The geometric
realization functor | — |y : S ——= A commutes with finite limits if and only if for each
nin N, §, : Yo, Yo, Is initial.

Proof: Since A = Fco, ConsF'co, Con, Lim, PsT, Born or PreOrd is cartesian closed,

the functor @ x —: A —— A preserves extremal epis.

The functor 7 ; A —— § reflects terminals, and so by Theorem 3.6 and Corollary 4.4,
the result follows.
O
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