Scientiae Mathematicae Japonicae Online, e-2007, 757-762 757

A DIFFERENCE VERSION OF FURUTA-GIGA THEOREM ON
KANTOROVICH TYPE INEQUALITY AND ITS APPLICATION

YOUNG OK KIM

Received October 19, 2007; revised November 9, 2007

Dedicated to Professor Masatoshi Fujii for his 60th birthday with respect and affection

ABSTRACT. Recently, T. Furuta and M. Giga[3] gave the complementary result of Kan-
torovich type order preserving inequalities by Mi¢i¢-Peéari¢-Seo[5]. In this note, we shall
show a difference version of T. Furuta and M. Giga’s result as follows: Let A and B be
positive operators on a Hilbert space H such that A > B > 0and MI > A>mI >0
for some scalars M >m > 0. If p > 1 and ¢ > 1, then the following inequality holds:

q 1
D_ P — PAs_ D P_, P —
WhereC(m,M,p,q):{% ¢ (q—l)—i—%formg{% <

M. In addition, we obtain Kantorovich type inequalities for the chaotic order.

1. INTRODUCTION

Throughout this note, a capital letter means a bounded linear operator on a Hilbert
space H. An operator A is said to be positive(denoted by A > 0 ) if (Az,z) > 0 for all
x € H. The Lowner-Heinz inequality asserts that A > B > 0 ensures AP > BP for all
0<p<1. However A > B > 0 does not ensure AP > BP for p > 1 in general. In 1997,
M. Fujii, S. Izumino, R. Nakamoto and Y. Seo[1] showed that t? is order preserving in the
following;

(M 4 m)?

A% > B2,
4Mm -

A>B>0and MI>A>mI>0 =
This inequality comes from the celebrated Kantorovich inequality;

(1.1) MI>A>mI>0 and M >m >0

< M+m)

= (A 'z, 2)(Az,z) < m for all unit vectors = € H.

The constant % is called the Kantorovich constant. In [3], T. Furuta and M. Giga

showed the following Theorem A which is an extension of Kantorovich type inequality:
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Theorem A. [3, Theorem 4.1] Let A and B be positive operators on a Hilbert space H such
that A> B and MI > B > ml >0 for some M >m >0 and Ky the constant defined by

mMP —Mm? ((qfl)(M“m”))q ifmP—lq < J\/Jléfm‘” < MP—1q
— —m —_ )

(=D (M—m) \ q(mMP—MmP)
K+(m7Map7Q) = mP—4 ifmp_1q> M]\Z:zp,
MPp=a if MP~lq < Mo=m”
where q¢ # 1.

If p>1 and q > 1, then the following inequality holds:
K+(ma Mvpa Q)Aq > BP.

On the other hand, T. Yamazaki[6] showed the following reverse inequality. To mention
it, we need the constant

MP —mP \ 71 MmP — mMP
C(m,M,p) = (p—1) (m) T M—m

for M >m >0 and p € R.

Theorem B. If A> B >0 and MI > B > mlI > 0 for some scalars M > m > 0, then
AP + C(m, M,p)I > B? for all p > 1.

Related to recent development of Kantorovich inequalities, we refer a textbook[4] recently
published. As a result, we shall show a difference type inequalities of Theorem A. It is a
difference version of Kantorovich type inequality as an extension of Theorem B. For positive
invertible operators A and B, the order defined by log A > log B is called the chaotic order
in [2]. Since logt is an operator monotone function, the chaotic order is weaker than the
usual one A > B. T. Yamazaki and M. Yanagida[7] gave some characterization of the
chaotic order related with Kantorovich type inequality. In section 3, we obtain analogous
inequalities to Theorem 2.1 on the chaotic order.

2. A DIFFERENCE VERSION OF KANTOROVICH TYPE INEQUALITIES

First of all, we introduce the constant C(m, M, f(t), q) which is an extension of C(m, M, p):
Let f(t) be a real valued continuous function on an interval [m, M] and ¢ € R such that
fOM=(m) < o put

q(M—m)
1
Clm, M, f(),a) = f(m) —m? if (%)H<m,
1
- 0 < (BRe) ™

In particular, if f(¢) = t?, then the constant C'(m, M, t?, q) is denoted simply by C'(m, M, p, q),
and we note that C(m, M,t?,p) = C(m, M, p).
Moreover we prepare some notations: For 0 < m < M and p > 0,q > 0,

B1(m, M,p,q) = max{m? —mi MP — M}
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and
1

mP —m4 if (g)qip <m,

P q 1

Ba(m, M, p,q) = (g)m - (g)ﬁ it m < (g) <M,

1

MP — M1 1fM<(§)“"”.

Under this preparation, we state our main theorem.

Theorem 2.1. Let A and B be positive operators on a Hilbert space H such that M1 >
A>mil >0 and Mol > B > mol > 0 for some scalars My > my1 > 0 and My > mo > 0.
If A> B >0, then the following inequalities hold:

(a) p>1andqg>1= A1+ C(me, Ma,p,q)I > BP.
(b)0O<p<1landp<q= A+ Bao(mq,My,p,q)I > BP.
(C) 0< qg<p< 1= Aq+61(m17Mlvpaq)I > BP.

(d)p>1land0< qg< 1= A%+ (1(ma, Ma,p,q)I > BP.

Proof. (a) Since f(t) = t? for p > 1 is convex on [m, M|, we have
MP — mP
2.1 < —(t— P
(21) < BT m) 4 m
for any t € [m, M]. By applying the functional calculus of positive operator B to (2.1), since
MsI > B > mol, we obtain for every unit vector z,

Mp—mp mng —TTLQMP
Bp < 2 2 B 2 2
(Bra,3) < G2 (Baw) + TR
Thus,
MP _ p PM _ MP
(BPz,z) — (Bx,z)! < ﬁ(m,x) + % — (Bz,z)"

mgszmgMg
]\/12777742
(BPz,z) — (Bz,x)? < max h(t).

mao <t< Mo

. Then we obtain

MP_mP
for ¢ > 1. Let h(t) = —t7+ Mifzit +

By a differential calculus, if h'(¢1) = 0, then
e { M }ﬁ
q(Mz —ms)

q—2
ME—mb a1
h'(t) = — -1 {#} < 0.
(1) (](q ) q(M2 _m2)

Thus, in the case of my < t; < My, we have the upper bound h(t;) on [ma, Ms], where

_q_
h(ty) = (q—1) (MY —mb\ 7T n mb My — mo MY
! q# M2 — ma Mg — M2 '

and moreover
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Next, if 1 < mg, then upper bound h(ms) on [ma, Ms] is given by

ME —m?b mb My — maMP
q 2 2 2 2
h(mg) =-mi+ —2—=Emo+ =—F—— ==
20 My — My —
2 mo 2 mo
_ P q
=My — My.

Similarly, if My < t1, then the upper bound h(Ms) on [mg, Ms] attains at ¢ = Ms:
h(My) = MY — M.
That is,
(BPz,z) < (Bz,z)? + C(mg, Ma,p,q) forp>1,q>1.
Hence we have for every unit vector x
(BPz,z) < (Bx,x)? + C(ma, Ma, p, q)
< (Az,2)?+ C(mg, M2,p,q) by A> B> 0.
< (A%z,z) + C(me, M2,p,q) by Holder-McCarthy inequality.

To Prove (b)-(d), we put h(t) = t* — t9. Then we note that h’(t) = t?~1(p — qt?~P) and
1
I (tg) = 0 for tg = (%) " and moreover

p—2

h(to) = (S) H p(p—q).

(b) Since 0 < p < 1 and p < ¢, we have h'”(ty) < 0. Thus, we have
max  h(t) = Ba2(m1, M1, p,q)

ma <t< M,
and so
AP < AT+ By(my, My, p,q)I.
Therefore, we have
BP < AP < A9+ By(may, My, p,q)]

by Lowner-Heinz inequality.

(¢) Since 0 < ¢ < p < 1, we have h”(tg) > 0. Thus, we have

mlfgngl h(t) = Bi(my, My, p,q)

and so
AP < A7+ B1(my, My, p,q)I.
Therefore, we have
BP < AP < A%+ Bi(mq, M1, p,q)]

by Lowner-Heinz inequality.

(d) Since h(t) =t? —t9 for p > 1 and 0 < ¢ < 1 is convex on [ma, M|, we have

mzrgtaﬁxMz h(t) = ﬁl (m2’ MQ’pv Q)

and so
Bp S Bq + ﬁl(m27 M25p7 Q)I
Therefore we have

B? S B1 + 61(m27M2ap7 q)I S A1 + 61(m2a Mvaa q)I
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by Lowner-Heinz inequality.

Remark 2.2. (1) If we put p = q(> 1) in (a) of Theorem 2.1, then the assumption
p_ P
pmpt < Me I

2 — M2
is automatically satisfied by the convexity of f(t) = t? and so the constant C(mg, M2, p,p)
coincides with C'(ma, Ma,p). Therefore we have Theorem B.
(2) If we put p = q(€ (0,1)) in (b) and (c) of Theorem 2.1, then it follows that $1(m1, M1, p,p)
= [a(mz, M2, p,p) = 0.

3. APPLICATION TO THE CHAOTIC ORDER
We obtain the following theorem as an application to the chaotic order.

Theorem 3.1. Let A and B be positive invertible operators on a Hilbert space H such that
logA >logB > 0 and MI > B > mlI > I for some scalars M > m > 1. If p > 1 and
q>1, then
BP < A + C(logm,log M, el ¢)I.
Proof. Since f(t) = eP! for p > 1 is convex on [m, M|, we have
ePM — epm
(3.1) eptgﬂ(t—m)—i—epm for m <t < M.
By applying functional calculus of positive operator log B to (3.1), since (logm)I <log B <
(log M)I, we have for every unit vector x
(Bpl‘, l‘) - ((log B)]J, m)q

MP — mpP Plog M — MP1
" ((log B)z,x) + —=2 e

— ((log B)z, x)?

< o_
~ log M —logm log M —logm

for ¢ > 1. Let h(t) = —t7+ 103\233;”75 + m ﬁgi%:{‘g;fgm. Then we obtain

Pr,x) — 1< :
(BPz,z) — ((log B)z, ) < og B h(t)

By a differential calculus, if h'(¢1) = 0, then

MP — mP ey
t1 =
! { q(log M —logm) }

q—2
MP — mpP a1
R'(t1) = —q(qg—1 < 0.

and moreover

Thus, in the case of logm < t; < log M, we have the upper bound h(t1) on [log m,log M],

MP —mP 7T mPlog M — MPlogm
log M — logm) '

h(t) = (g - 1) {q(

And also, in the case of t; < logm, we have the upper bound h(logm) on [logm,log M],

log M — logm

h(logm) = m? — (logm)?.
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Moreover, in the case of log M < t1, we also have the upper bound h(log M) on [log m, log M],
h(log M) = M? — (log M)1.
For every unit vector z, we have
(BPz,x) < ((log B)x,x)! 4+ C
< ((log A)z,z)9 +C bylogA >logB >0
< (Az,z)?+C by A>logA
< (A%z,z)+C by Holder-McCarthy inequality for ¢ > 1,
where C := C(logm,log M, eP?, q). Whence the proof is complete. O
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