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ABSTRACT. A tube of radius r (0 < r < oo) around totally real totally geodesic
RH™(c/4) is called a homogeneous real hypersurface of type (B) in CH" (c). It is known
that every type (B) hypersurface with radius r # (1//]c|)log,(2 + v/3) has three dis-
tinct constant principal curvatures and in the case of 7 = (1/+/]c|) log.(2++/3) the real
hypersurface M2~ of type (B) has two distinct constant principal curvatures. The
main purpose of this paper is to characterize this real hypersurface M.

1. INTRODUCTION

For a non-zero constant ¢, M,,(c) denotes a complex n-dimensional complete and simply
connected Kéhler manifold of constant holomorphic sectional curvature ¢ (with complex
structure J). That is, M,(c) is holomorphically isometric to a complex projective space
CP™(¢) when ¢ > 0, and it is holomorphically isometric to a complex hyperbolic space
CH™(c) when ¢ < 0.

We consider a real hypersurface M2"~1 (with unit normal local vector field N) in the
ambient space M = M,(c) (n 2 2,¢ # 0). M is said to be a Hopf hypersurface if the
characteristic vector £(:= —JN) of M is a principal curvature vector of M in M at its
each point. It is known that tubes of sufficiently small constant radius around Kahler
submanifolds in M = M,,(c) are Hopf hypersurfaces. This means that Hopf hypersurfaces
are natural examples of real hyfp/ersurfaces and that they make an abundant class in the
theory of real hypersurfaces in M. .

In this paper, first of all we give a characterization of Hopf hypersurfaces M in M =
M, (c) in terms of integral curves of the characteristic vector field £ of M (Proposition 1).

We next recall the following related to the fact that there exist no totally umbilic real
hypersurfaces in M (see [6, 7]). In CP"(c) (n 2 3), a connected real hypersurface M has
at most two distinct principal curvatures at each point of M if and only if M is locally
congruent to a geodesic sphere G(r) of radius r (0 < 7 < 7w/+y/c). In CH"(c) (n 2 3), a
connected real hypersurface M has at most two distinct principal curvatures at each point
of M if and only if M is locally congruent to either a geodesic sphere G(r) (0 < r < o0) in
CH™(c), a tube of radius r (0 < r < 00) over a complex hyperplane CH"~!(c), a horosphere
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or a tube of radius r = (1/4/]¢|)log.(2 + v/3) over an n-dimensional totally real totally
geodesic real hyperbolic space RH™(¢/4) of constant sectional curvature ¢/4 in CH™(c).

Note that these real hypersurfaces in M have two distinct constant principal curvatures.
Moreover, each tube of radius 7 # (1/1/]c| ) log, (2 4+ v/3) over RH"(c/4) has three distinct
constant principal curvatures. In this context, it is interesting to characterize just the real
hypersurface, which is a tube over RH"(c/4) with radius r = (1/+/]c[) log.(2+v/3), in the
ambient space CH"(c¢) (see Theorem).

2. HOPF HYPERSURFACES IN M = My (c), ¢ #0

Let M2"~! be a real hypersurface of M = My,(c) (n = 2, ¢ # 0) and N a unit local
normal vector field on M. The Riemannian connections V of M and V of M are related
by the following formulas of Gauss ans Weingarten:

(2.1) VxY = VxY + (AX,Y)N,

(2.2) VxN = —AX

for any vector fields X and Y on M, where ( , ) is the Riemannian metric of M induced
from the standard metric of the ambient space M and A is the shape operator of M in
M. An eigenvector X of the shape operator A is called a principal curvature vector and an
eigenvalue \ of A is called a principal curvature.

It is known that M has an almost contact metric structure induced from the complex
structure of the ambient space M , namely we have a quartet (¢,&,n,(, )) defined by

which satisfy

(2.3) P*X =X +n(X)§, (€€ =1 ¢£=0.
It follows from (2.1), (2.2) and V.J = 0 that

(2.4) (Vxo)Y =n(Y)AX — (AX,Y)¢,

(2.5) Vx&=pAX.

Let R denote the curvature tensor of M. We have the equations of Gauss and Codazzi
given by
(R(X,Y)Z, W) =(c/D{Y, 21X, W) = (X, Z)(Y, W) + (oY, Z) (¢ X, W)
(2.6) — (X, Z)(oY, W) — 2(¢ X, Y ) (9Z, W)}
+ (AY, Z)(AX, W) — (AX, Z){AY, W),

(2.7) (VxA)Y = (Vy A)X = (c/){n(X)oY —n(Y)pX —2(¢X,Y)E}

The following lemma clarifies a fundamental property which is a useful tool in the theory
of real hypersurfaces in M = M, (c) (n 2 2, ¢ #0).

Lemma A. For a Hopf hypersurface M?"~! (n = 2) with principal curvature o corre-
sponding to the characteristic vector field & in the ambient space M = M, (c), ¢ #£ 0, we
have the following:
(1) « is locally constant on M;
(2) If X is a tangent vector of M perpendicular to § with AX = AX, then (2A—a)ApX =
(aX + (¢/2))oX . In particular, we get ApX = %%mqﬁX in the case of ¢ > 0.
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Remark 1. When ¢ < 0, in Lemma A(2) there exists a case that both of equations 2A\—a =0
and oA + (¢/2) = 0 hold. In fact, for example we take a horoshere in CH™(c). It is known
that this real hypersurface has two distinct constant principal curvatures A = +/|c| /2, a =

Vel or A = —+/|c| /2, o = —4/|c|. Hence, when ¢ < 0, we must consider two cases of
2\ —a=0and 2\ — a #£0.

The following gives a geometric meaning of Hopf hypersurfaces in M.

Proposition 1. Let M be a real hypersurface (with unit normal local vector field N') in
M = M, (c) (n =2, ¢c#0). Then the following two conditions are equivalent.
(1) M is a Hopf hypersurface in M.
(2) At each point p € M there exists such a totally geodesic complex curve My (c) in M
through p with T, M (c) = {&,, Np(= J&p) }r that the normal section N, = M N M (c)
given by Mi(c) is the integral curve through the point p of the characteristic vector

field & of M.

Proof. Tt follows from (2.1) and (2.5) that %55 = QAL + (AL, E)N. This equation implies
that the condition (1) in our proposition is equivalent to saying that

Vet = (A6 ON = (48,€) ¢,
which is nothing but the condition (2). O

We next recall the following property of the holomorphic distribution T°M = {X €
TM| X 1 &} of a Hopf hypersurface M in M.

Proposition 2. The holomorphic distribution T°M = {X € TM| X L ¢} of each Hopf
hypersurace M in M = M,(c) (n = 2, ¢ # 0) is not integrable.

Proof. Suppose that T°M is integrable for some Hopf hypersurface M in M. Then we have
(VxY = VyX,&) =0 forV X,Y € T°M.

This, together with (2.5), implies

(2.8) (pA+ AP)X,Y) =0 forV X, Y € T°M.

Hence, from (2.8) and the assumption that £ is principal we see that ¢A + A¢ vanishes
identically on M, which is a contradiction (see page 252 in [8]). O

For a real hypersurface M?"~! in CH"(c) (n = 2) we usually set V), = {X € TM|AX =
AX}, which is so-called the principal foliation on M?"~! with respect to a principal curva-
ture A. Also, VX(:= {X € T'M| AX = AX}) is said to be a restricted principal foliation
associated with a principal curvature A of M. In the following, we consider Hopf hypersur-
facesin CH™(c¢) (n = 2). In order to prove our Theorem, we recall the following classification

theorem of Hopf hypersurfaces with constant principal curvatures in CH"(¢), which is due
to Berndt ([2]).

Theorem A. Let M be a Hopf hypersurface all of whose principal curvatures are constant
in CH™(¢) (n 2 2). Then M is locally congruent to one of the following:

(Ao) a horosphere in CH™(c),
A1) a geodesic sphere of radius r (0 < r < 00),
A11) a tube of radius v around totally geodesic CH"~*(c), where 0 < r < oo,
As) a tube of radius v around totally geodesic CH® (1 £k < n—2), where 0 < r < 0o,
B) a tube of radius v around totally real totally geodesic RH™(c/4), where 0 < r < 0o.

(
(
(
(
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These real hypersurfaces are said to be of type (Ag), (A1), (A2) and (B). Here, type (A7)
means either type (A ) or type (A1,1). Summing up real hypersurfaces of type (Ao), (A1)
and (As), we call them real hypersurfaces of type (A). A real hypersurface of type (B) with
radius r = (1/4/]c|)log.(2 + v/3) has two distinct constant principal curvatures. Except
this, the numbers of distinct principal curvatures of these real hypersurfaces are 2,2, 2, 3, 3,
respectively. The principal curvatures of these real hypersurfaces are as follows.

)\1 )\2 «
(A0) ) — ]
(A1) @ coth @ — |c| coth

(Al,l) @ tanh @ -
(Ag) @ coth @ @ tanh @ /|| coth

(B) @ coth @ @ tanh @ /|| tanh(y/]|c|r

[e]r

(
le| coth(+/|c|r
(

[c|r

)
)
)
)

The restricted principal foliation VAOi associated with )\;, satisfies the following (see
Lemma A).

1. VAOi is invariant under the action of ¢ for a hypersurface of type (A).

2. ¢(VY ) =VY, ¢(Vy,) =V} for a hypersurface of type (B).

All examples of Theorem A are homogeneous real hypersurfaces in CH"(c), namely they
are orbits under some subgroups of the full isometry group I(CH"(¢)) of the ambient space
CH™(c). However, in general a homogeneous real hypersurface in CH"(c¢) is not necessarily
a Hopf hypersurface. There exist many homogeneous non-Hopf hypersurfaces as well as
many homogeneous Hopf hypersurfaces (for details, see [3]).

At the end of this section we review the notion of circles in Riemannian geometry. Let
v = 7(s) be a regular smooth curve parametrized by its arclength s in a Riemannian
manifold M (with Riemannian connection V). The curve 7 is a circle of curvature k on M
if y satisfies the following ordinary differential equations: V4% = kY,, VY, = —k¥, where
k(= 0) is a constant and Y; is the unit normal principal vector along the curve 7. A circle
of null curvature is nothing but a geodesic.

3. MAIN THEOREM
In view of Proposition 2 we establish the following:

Theorem. A connected real hypersurface M in CH™(c), n 2 2 is a type (B) hypersurface
with radius r = (1/+/]c] ) log.(2++/3) if and only if M satisfies the following two conditions.
(1) The holomorphic distribution T°M = {X € TM| X L £} of M is decomposed as the
direct sum of restricted principal foliations VAOi ={X € T°M| AX = \;X}. Moreover,
every V;i 1s integrable and its each leaf is a totally geodesic submanifold of the real
hypersurface M.
(2) At some point p € M, for some positive constant k there exist two geodesics v; = v;($)
on M through the point p = ~;(0) (i = 1,2) satisfying the following:
(a) <A/l(0)7£17> =0 (Z = 172);
(b) the curves v; (i = 1,2), considered as curves in the ambient space CH™(c), are
circles of positive curvature k and 3k, respectively.

Proof. We first show that M is a type (B) hypersurface if and only if M satisfies the
condition (1). The following discussion is an improvement of that in [5]. Note that there
exists a gap in [5] (see line -5 in page 141).
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Suppose that M is of type (B). Then TYM is decomposed as the following direct sum
of principal foliations: TOM = V) & V{ , where A\; = (/|c| /2) coth(y/[¢[7/2),
A2 = (v/Ie] /2) tanh(y/[c[ 7/2), ¢V = V{ and AE = \/|c| tanh(y/|c|r)€. For each XY €
VY (i =1,2), we have
AVxY =Vx(AY) — (VxA)Y =\ VxY — (VxA)Y.

Since (¢pX,Y) = 0 and A is symmetric, Codazzi equation (2.7) implies, for any Z € T M,
that
(VxA)Y,Z) =((VxA)Z,)Y) =((VzA4)X,Y)

=(Vz(AX) - AVzX)Y) = (NI — A)VzX,Y)

=(VzX,(MI—A)Y)=0.
These two equations show that A(VxY) = \;VxY for any X, Y € V>8’ so that V;i is
integrable and each leaf T}, is a totally geodesic submanifold of the real hypersurface M of
type (B). Then we can obtain the condition (1).

Next, suppose the condition (1). Without loss of generality we assume that ¢ = —4.
First of all note that our real hypersurface M is a Hopf hypersurface. In fact, for each
X=>,X ip; € T°M, where v; is a unit vector in the restricted principal foliation Vfi of
the condition (1), we find that (A, X) = (£, AX) = > .(&, X*\jv;) = 0. In the following,
our discussion is divided into two cases (I) dim7°M = 2 and (II) dimT°M = 4.

Case (I). In this case the holomorphic distribution T°M is decomposed as T°M =V @
VY with A1 # Ay and dimVY = dimVy{ = 1 (see Proposition 2). Furthermore, all
integral curves of V>(\)1 and V)?Q are geodesics on M. We take a local field of orthonormal
frames {e1, es,&} on M in such a way that e; € V;Ri (1 =1,2) and e3 = ¢e1. As M is
a Hopf hypersurface, Equation (2.5) tells us that V¢& = 0. By hypothesis we also have
Ve 1 = Ve,e2 = 0. Equation (2.5) implies

(3.1) Ve, & = AMea, Ve, & = —Xaer, Ve ea = —Ai&, Veer = A€
Codazzi equation (2.7) shows
(Ve, A)ea — (Ve, A)er = 2€.
On the other hand, Equation (3.1) yields
(Ve, Aeg — (Ve,A)er = Ve, (Aeg) — AV 9 — Ve, (Aer) + AV, 01
= (e1A2)ea + (Aol — A)Ve,e2 — (ead1)er — (M — A)Ve,e1
= —(e2A1)e1 + (e1A2)ez + {a( A1 + X2) — 2X1 X2 }E.

It follows from these two equations that

(32) 2 = Oé()\l + /\2) — 21 Ao,
(33) 62)\1 = 0,
(34) 61)\2 = 0.

We here show that Ay = EXg = 0. It follows from (2.7) that (V., A)¢ — (VeA)er = e2. On
the other hand, we also have
(Ve, A)§ — (VeA)er = Ve, (AE) — A(Ve, §) — Ve(Aer) + A(Veer)
= 04)\162 - )\1/\262 — (5/\1)61 — ()\1] — A)(V§61).

Since (A1 —A)(Veer) is orthogonal to eq, these two equations show that £\ = 0. Similarly,
we also have £y = 0.
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Next, since « is locally constant, (3.2) and (3.3) give

(35) (Ol — 2)\1)(62)\2) =0.
Simlarly, from (3.2) and (3.4) we see that
(36) (Ol - 2)\2)(61)\1) =0.

It suffices to consider the following three cases in (I).

Case (I,): @ = 2Xg locally and o # 2\ at some point p € M. In this case, Equation
(3.2) shows (\2)? = 1. Without loss of generality, we may assume Ay = 1 and hence o = 2.
For simplicity, putting A\; = A, we find

velel = v62€2 = vfé. = 07
veleQ = _>\£7 vegel = 57
Vng = Aer V€2€ = —€1.
It follows from the continuity of A that A # 1 on some neighborhood U of the point p.
Putting Veer = peq, we see from Codazzi equation (2.7) that
(Ve, A)§ = (VeA)er = e3.
On the other hand, we obtain
(Vs A)E — (VeA)er = 2(Ver) — A(Vr€) — VeQer) + A(Veer)
=—(&N)er + (A + p)ea — Apea.
These two equations yield A + p — Ay = 1, so that ;=1 on Y. Hence we have V¢eey = ez

and Veeg = —e;. Let R denote the curvature tensor of the real hypersurface M. Then, by
the definition of R we see that

(R(e1,e2)ea,e1) = MV, & e1) + A(Veea, e1) + (Veea, e1)
=-2\—1.

On the other hand, Gauss equation (2.6) yields (R(e1,e2)ea,e1) = =4+ A. Thus A =1 on
U, which is a contradiction. Hence, Case (I,) cannot occur.

Case (Ip): a =2\ locally and a # 2\, at some point p € M. This case cannot occur by
the same discussion as in Case (I,).

Case (I.): « # 2X; and a # 2X9 at some point p € M. In this case, equations (3.3),
(3.4), (3.5) and (3.6) yield

61)\1 = 61)\2 = 62)\1 = 62)\2 =0

on some neighborhood U of the point p. Then we can see that all principal curvatures
a, A1, Ag are constant on our connected real hypersurface M. Hence, Theorem A tells us
that M is of either type (A) or type (B). However, each type (A) hypersurface M does not
satisfy ¢V)?1 = sz. Therefore we find that M is of type (B).

Case (II). By assumption for any X,Y € ij we have AVxY = A\ VxY, so that
(VxA)YY = (XX\)Y. We divide our discussion into two cases.

Case (I,): dimVy = 2. In this case we see that

(VxA)Y — (Vy A)X = (XN)Y — (YA)X  for VX,V € V0.
On the other hand, Codazzi equation (2.7) yields
(VxA)Y — (VyA)X =2(¢X,Y)¢ for VX, Y € V.

Choosing X, Y as arbitrary two independent vectors in VAOi , we know from these two equa-
tions that XA, =Y\, = (¢X,Y) = (VxA)Y = 0. This means that

(3.7) (VxAY = (¢X,Y) =0 forVX,Y € V).
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Therefore, for each unit vector X € V) and each Z € TM, from (2.7), (3.7) and the
symmetry of the shape operator A we obtain

0=(VxA)X,Z)=((VxA)Z,X)
(3.8) =((VzA)X,X)=(Vz(AX) - AVzX, X)
={((ZX\)X + (M — A)VzX, X) = Z)\;,
so that \; is constant.

Case (II): dim ij = 1. As « is constant by Lemma A, we only need to consider the
case that 2A\; — a # 0 on some neighborhood of an arbitrary fixed point p.

A —2
Let e be a unit vector in V) so that Ae = \;e. Then Lemma A implies Age = ;/\ oe.
i P —
Ai — 2
Hence, ¢e € VAOj for some j with A\; = g)\‘ — (# A;). This equation is equivalent to
(39) (2>\J - a))\i = a)\j — 2.
a)\j —2

When 2)\; —a # 0, we have \; =

I\ . So, when dim V;\)j > 2, we see that )\; is constant
j — Q

(see the discussion in Case (II,)).

Next, we consider the case of 2)\; — a = 0. Hence Equation (3.9) yields aX; — 2 = 0.
Solving these equations, we get \; =1, a =2 or A\; = —1, o = —2. In the following, it
suffices to study the case of A\; = 1 and o = 2. For simplicity, we set A = A;. So we see
that Ae = Ae (A # 1), Age = ¢e, A = 2€ and V.e = 0. We shall verify some equalities in
order to show that the case 2\; — a = 0 does not occur. Codazzi equation (2.7) gives

(VeA)pe — (VpeA)E =e.
On the other hand, from (2.5) we find that
(Ved)ge — (Vg A)E = Ve(Age) — AVe(de) = Ve (AE) + AV el
= Ve(ge) — AVe(ge) — 2V4el + AV el
— (I — A)Ve(de) — 26Ade + ApAge
= (I —A)Ve(ge) + (2 - Ne.
Taking the inner products of these equations with the vector e, we obtain
1= (Ve(pe), (1 —Ne) +2— A\
Since A # 1, this means that
(3.10) (Ve(ge),e) = —1.
Again, by using Codazzi equation (2.7), we see that
(VeA)pe — (VpeA)e = 2¢.
On the other hand, from (2.4) we get
(VeA)pe — (VyeA)e = Vo (Ape) — AV (pe) — Vye(Ae) + AVyee
= Ve(ge) — AVe(de) — (ded)e — AVgee + AV gee
= (Ved)e+ ¢Vee — A{(Ved)e + ¢pVee}
— (peN)e+ (A — A)Vyee
= =X+ AAE — (der)e + (A — M)V yee
=X — (peX)e + (A — M)V pee.
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These equations, combined with the fact that A # 1 and (Vgce, e) = 0, show that Vgee =
(Vgee, £)E, so that

Vgee = —(e, v¢8€>£
= —(e,pAde)¢ (from (2.5))

= —{e,d%)E =&,
Then we have
(3.11) Vgee =&.
It follows from (2.3), (2.4) and (3.11) that
(3.12) Ve(de) = 0.
We here recall the following
(3.13) Ve(de) = —XE.
Indeed,

Ve(ge) = (Ved)e + ¢Vee
= 1(e)Ae — (4e, )¢
=—A¢.
Using these equalities (2.5), (3.10), (3.11), (3.12) and (3.13), we compute (R(e, pe)pe, e),
where R is the curvature tensor of the real hypersurface M of CH™(—4).
R(e, pe)pe = Ve Vge(de) — Ve Ve(de) — Vi pe)(¢e)
= Vge(A) = Vore—e(ge)
= (¢eN)§ + ApAge + (A + 1)Ve(ge)
= (peN)§ — Ae + (A +1)Ve(de).
Hence,
(R(e, ge)pe, ) = =X+ (A +1)(Ve(de), €)
=-2\-1
On the other hand, Gauss equation (2.6) yields
(R(e, pe)ge, e) = —4 + (Age, ge)(Ae, e)
=—44+ A\

Thus we have A = 1, which is a contradiction. Therefore our case (II;) reduces to the case
of dimV)y, =dim V), = 1.

A —
We set T = {{,e,¢pelr with Ae = Xe and Age = g)\ ¢e. For simplicity we put
-«
A—2
W= ;/\ . Note that A # u. We shall now prove that ¥ is integrable and its each leaf is a
-

totally geodesic submanifold of the real hypersurface M in CH™(—4). We first remark that
Vee = Vye(pe) = 0, since both {e}r and {pe}r satisfy the condition (1) in our Theorem.
Also, we see easily that V¢, Ve, Vg€ € T and Ve(ge) € T. Next, we prove Vee € T.
For this purpose, we observe that

(VeA)e — (VeA)§ = Ve(Ae) — AVee — V (AS) + AV.E
= (EN)e + (M — A)Vee — adde + Aude.
On the other hand, Codazzi equation (2.7) gives
(VeA)e — (V. A)E = —ge.
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Hence we find that
(ML —A)Vee = —{A(n — a) + 1} ¢e.
This, together with the fact that V¢e is perpendicular to Vy, yields that Vee € {¢e}r C %.

Similarly, we have V¢(¢e) € €. We next verify Vyee € T. It follows from Ae = Ae and
Age = pge that

(VeA)pe — (VgeA)e = (ep)de + (ul — A)Ve(ge) — (ger)e — (AL — A)Vyee.
Here, from (2.4) and V.e = 0 we have
(I — A)V.(de) = =\ — Q)e.
Moreover, Codazzi equation (2.7) shows
(VeA)pe — (Ve A)e = 2¢.
These three equations tell us that
26 = (ep)de — A(p — )€ — (ger)e — (A — A)Vyee,

which implies Vgee € {£, pe}r C T. Consequently, ¥ is an integrable distribution and its
each leaf (, say) T is a totally geodesic submanifold of M.

We here set £ = {e, ¢e, &, N'}g. Then by similar computation we find that VxV € £
for all X, Y € £, which implies that the distribution £ is integrable and its each leaf (|
say) L is a complex 2-dimensional totally geodesic Kéahler submanifold of the ambient space
CH™(c). Note that each leaf L is nothing but totally geodesic CH?(—4) in CH"(—4). Then
we can see that every leaf T" of the distribution ¥ is a real hypersurface of totally geodesic
CH?(—4) in CH™(—4). So the discussion in Case (I) implies that X is constant locally on
T, so that (VeA)e = 0 along T'. This, combined with the computation in (3.8), yields that
ZA=0on M for any Z € TM.

Hence we can see that every real hypersurface M (of CH™(—4)) satisfying the condition
(1) is of type (A) or type (B). However, there exists no type (A) hypersurface (say, ) M
satisfying the condition (1). In fac, this real hypersurface M satisfies neither dim VY =1
nor dimVy = 2. Note that ¢(Vy ) L V{ if dim V) = 2. Therefore we conclude that M is
of type (B).

Next, we suppose that M is of type (B) with principal curvatures \; = (1/]¢[ /2)-
coth(v/]c[7/2), A2 = (1/]e] /2) tanh(y/]c| 7/2) and o = +/|c] tanh(y/]¢[ ) in CH"(c). Then
by the above argument we know that every leaf Ty, (resp. T),) of the restricted principal
foliation V>(\)1 (resp. V;\)z) is totally geodesic in the real hypersurface M. Moreover, this leaf
is a non-totally geodesic but totally umbilic hypersurface of constant sectional curvature kq
(resp. ko) with \/k1 — (¢/4) = A1 (resp. /k2 — (¢/4) = A\2) in a real n-dimensional totally
real totally geodesic submanifold RH™(¢/4) in the ambient space CH™(¢). Hence we find
that every geodesic v = 7(s) on the real hypersurface M with 4(0) € V' (resp. §(0) € V)
is a circle of positive curvature Ay (resp. A2) in CH™(c).

On the other hand, needless to say A1 > A2(> 0) holds. Then by solving the equation
A1 = 3)a, we see that r = (1/4/]c[)log,(2 + v/3). In this case, \; = a = 1/3|c|/2 and
Ao = /1] /(2V3).

At the end of the proof we recall the following fact. We take a geodesic v = vy(s) on M"
which is a hypersurface isometrically immersed into a Riemannian manifold Mn+t, Suppose
that the curve v is a circle of positive curvature (, say) k in the ambient manifold M"™+!,
Then, we find easily that the shape operator A of M™ in M"*+! satisfies A¥(s) = kA(s) for
each s or A%(s) = —k4(s) for each s (see (2.1) and (2.2)).
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Hence by the above three facts we can conclude that r = (1/4/]¢| ) log,(2 + v/3) if and
only if a type (B) hypersurface M satisfies the condition (2). Thus we obtain the desirable
conclusion. 0
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