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ABSTRACT. In this manuscript at first by considering the notion of equivalence, regular
and good, (ERG), relations on a hyper K-algebra H, we characterize it on a hyper K-
algebra H in which H is an (H-absorbing hyper K-ideal)-decomposable. Then we
investigate the quotient hyper K-algebra related to an ERG relation on H. Moreover
we show that the Theorem 4.1 and Corollary 4.3 of [2] are not true in general.

1 Introduction

The study of BCK-algebra was initiated by Imai and Iséki [5] in 1966 as a generalization of
the concept of set-theoretic difference and propositional calculi. The hyper structure theory
(called also multi algebras) was introduced in 1934 by Marty [7] at the 8th congress of
Scandinavian Mathematicians. Hyper structures have many applications to several sectors
of both pure and applied sciences. Borzooei, et.al [6, 3] applied the hyper structure to BCK-
algebras and introduced the concept of hyper BCK-algebra and hyper K-algebra in which
each of them is a generalization of BCK-algebra. Also in [10, 1], they have investigated the
quotient related to an equivalence, regular and good, ERG, relation on hyper K-algebra H
. Now we use an ERG relation on a hyper K-algebra H, in which H is an (H-absorbing
hyper K-ideal)-decomposable, and obtain some related results.

2 Preliminaries

Let H be a non-empty set, the set of all non-empty subset of H is denoted by P*(H). A
hyperoperation on H is a map o : H x H — P*(H), where (a,b) — aob,Va,b € H. A
set H, endowed with a hyperoperation, “o”, is called a hyperstructure. If A, B C H, then

AoB=,capepacbof H.

Definition 2.1. [3, 6] Let H be a non-empty set containing a constant “0” and “o” be a
hyperoperation on H. Then H is called a hyper K-algebra (hyper BCK-algebra) if it satisfies
K1-K5(HK1-HK4).

Kl: (zxoz)o(yoz)<zoy, HK1: (zoz)o(yoz) << zoy,
K2: (zroy)oz=(zroz2)oy, HK2: (zoy)oz=(zoz)oy,
K3: z <z, HK3: 20 H < z,

K4: z <y, y <z, then z =y, HK4: z <y, y <z, then z =y,
K5: 0 < x,

for all z,y,z € H, where < y(z < y) means 0 € zoy. Moreover for any A, B C H, A< B
if 3Ja € A, 3b € B such that a < band A < BifVa € A, 3b € B such that a < b.

For briefly the readers could see some definitions and results about hyper K-algebra and
hyper BCK-algebra in [3, 6].
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Note: Form now on, H is a hyper K-algebra unless otherwise is stated. Also if I C H
weset I = H\I, I*=1 U{0}.

Theorem 2.2. [3] Let S be a non-empty subset of (H, o, 0). Then S is a hyper K-
subalgebra of H if and only if toy C S for all z,y € S.

Definition 2.3. [4] An element b € H is called a left(right) scalar if [box| = 1(|zob| = 1)
for all x € H. An element is called a scalar if it is a left and a right scalar.

Definition 2.4. [8, 3, 11] A non-empty subset I of H is said to be closed if < y and
y € I imply that = € I, and it is said to be hyper K-ideal of H if toy < I and y € I imply
that z € [ for all z,y € H.

Theorem 2.5. [8] Any hyper K-ideal of H is a closed set.

Theorem 2.6. [9] Let (H;,0;,0),i € Q be a family of hyper K-algebras such that H;NH; =
{0},i# 7 €Q, 0 be a left scalar in each H;, i € Q, H=U;eqH and “” on H is defined as
follows:

_J woiy ifx,yeH,
moy.—{ () ifzeH,yg H Va,y € H.

Then (H,0,0) is hyper K-algebra and denoted by H = ®;cqH; (hyper K-algebra).

Theorem 2.7. [9] Let (H,0,0) be a hyper BCK-algebra. Then H = ®;cqH; (hyper BCK-
algebra) if and only if H = ®;eqH; (hyper BCK-ideal).

Definition 2.8. [8] Let I and S be non-empty subsets of H. Then we say that I is S-
absorbing if r €  and y € S then xoy CI.If S =1 or S = I" we say that I is C-absorbing
or C*-absorbing, respectively.

Theorem 2.9. [8] Let H be a hyper BCK-algebra and I be a hyper BCK-ideal of H. Then
I is an H-absorbing.

Definition 2.10. [8] A hyper K-algebra H is called (P)-decomposable if there exists a non-
trivial family {A;};ca of subsets of H with P-property such that:

In this case, we write H = @®;epA;(P) and say that {A;};ca is a (P)-decomposition for
H. Also if each A;, i € A, is S-absorbing we write H s @iend;(P). Moreover we say
that this decomposition is closed union, in short (P)-CUD, if U;ca A; has P-property for
any non-empty subset A of A. If there exists a (P)-CUD for H, then we say that H is a
(P)-CUD.

Theorem 2.11. /8] Let H < @icaAi(hyper K-ideal) . Then H is (hyper K-ideal)-CUD
and HE T 1* (hyper K-ideal) where, I = U;eaA; for any non-empty subset A of A.

Theorem 2.12. [8] Let H < PicaA;(closed set). Then A; is a hyper K-ideal for alli € A.

Theorem 2.13. [8] Let H L A@ B. Then 0 is a left scalar element.

Lemma 2.14. [8] Let I be hyper K-ideal of H. (i) If xoy < I, thenxoynNI # ¢. (it) If
zoy<Ilandxoy CI* thenz <y.
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Definition 2.15. [10] Let ~ be an equivalence relation on H and A, B C H. Then

(i) A~ B if and only if 3a € A and 3b € B such that a ~ b,

(ii) A = B if and only if for all a € A, 3b € B such that a ~ b, and for all b€ B, Ja € A
such that a ~ b,

(iii) ~ is called regular to the right(left) if ¢ ~ b implies that aoc &~ boc¢(coa ~ cob), for
any a,b,c € H. A regular equivalence to the right and to the left is called regular,

(iv) ~ is called a congruence relation on H if a ~ b and  ~ y then aox ~ boy,

(v) ~ is called good, if aob ~ {0} and boa ~ {0} implies a ~ b for any, a,b,c € H.

Note: Let ~ be an equivalence, regular and good relation on a hyper K-algebra H. For
short, we call this relation, “ ERG relation”. Also we denote the equivalence class x by C,
and use [ instead of the Cp, unless otherwise is stated.

Theorem 2.16. [2] An equivalence ~ is a regular relation if and only if it is a congruence
relation.

Proposition 2.17. [10] If ~ is an ERG relation on H, then I is a hyper K-ideal of H,
and (H/~,*,Cy) is a hyper K-algebra, where H/~ = {Cy :xz € H} and

x: H/~ xXH/~— H/~
(Cy,Cy) = {Cit € z oy}

Theorem 2.18. [10] (First isomorphism theorem)Let f : Hy — Ha be a homomorphism,
i.e. f is a map such that, f(0) =0 and f(zxoy) = f(x)o f(y), for all z,y € Hi. Then
Hy/Kerf = Im(f), where Kerf ={x € Hy: f(z) =0}.

3 Characterization of ERG relation on a CUD- hyper K-algebra.
In this section we investigate the characteristics of an ERG relation, ~, on a hyper K-
algebra. We show that any such relation is as form:

r~y=zoy<landyox < I, where I = Cj.

Moreover if H 2 @ieaA;(hyper K-ideal), then this relation change into
zyyelorz=ydl,

and under some conditions this relation is unique. Finally, by Remark 3.19 we shall show
that Theorem 4.1 and Corollary 4.3 of [2] is not true in general.

In the beginning, we give some examples which show that, the notion of regular and
good equivalence relation are independent. In order to get this fact, consider two following
examples.

Example 3.1. Let hyper K-algebra (H,o,0) and equivalence relation ~ on H = {0, 1,2}
be as follows:

0 1 2
{0y {01} {0,1,2}
{1t {01} {12}

(1,2} {02} {0,1,2}

N~ OO0

~= {(0’ 0)7 (Ov 1)7 (15 0)7 (15 1)7 (25 2)}

Then by some manipulations we can get that, the relation ~ is a regular relation on (H, o, 0),
but it is not a good relation. Because 201 = {0,2} ~ {0},102 = {1,2} ~ {0}, and 1 # 2.
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Example 3.2. Consider the following hyper K-algebra and equivalence relation ~ as pre-
ceding example on H = {0, 1, 2}.

0 1 2
{0,1,2y {0} {0}
{1y {oL2y {1}
{2} {2v {012}

Then ~ is a good relation. Because from 100 = {1} ~ {0} and 001 = {0} ~ {0}
we have 0 ~ 1. But it is not regular relation. Since from 0 ~ 1 we con not imply that
{0,1,2} =000~ 001={1}.

N — OO0

Lemma 3.3. Let ~ be an equivalence relation on H and x oy~ {0}. Then z oy NI # ¢
and x oy< I.

Proof. By Definition 2.15(i) there is an element u €z oy in which u ~ 0. Sou € I, i.e.,
x oy NI # ¢. This fact implies that x o y< I.

Theorem 3.4. Let ~ be an ERG relation on H. Then x ~ y if and only if x o y< I and
yox<I.

Proof. (=) Let  ~y. Since ~ is regular, we have oz ~ z oy and z oz ~ yox. As
0 € x oz, we conclude that z o y~ {0} and y oz ~ {0} . Hence by using Lemma 3.3 we
imply that x oy< I and yox< I.
(<) Suppose x oy < I and yox < I. Therefore there exist u € x oy and v € I such that
u < v. Since by Proposition 2.17, I is hyper K-ideal, we get that u € I, that is, x oy
~ {0}. By similar discussion, from yox< I we conclude that yoz ~ {0}. Since ~ is a good
relation we get that x ~ y.

Lemma 3.5. Let ~ be an equivalence relation on H and A C I. Ifx oy~ A, thenxoy
CI.

Proof. By Definition 2.15(ii) for any v €x oy there is an element v € A in which u ~ v.
Since v ~ 0 and ~ is transitive, we conclude that u ~ 0. Hence v € I and z o yC I.

Theorem 3.6. Let ~ be an equivalence and regular relation on H. If 000C I, then I is a
hyper K-subalgebra of H.

Proof. By using Theorem 2.2 we have to show that for any z,y € H, x oy C I. Since
x ~ {0} and y ~ {0} by regularity of ~ and hypothesis we have x oy = 000C I. Hence by
using Lemma 3.5 we get that x oy C I.

Theorem 3.7. Let ~ be an equivalence and reqular relation on H. If 0o yC I for any
y € H, then I is H-absorbing.

Proof. We have to show that for any y € H and x € I, zoy C I . Since z ~ {0} by
regularity of ~ we have zoy ~ 0oy for any y € H. By Lemma 3.5 we conclude that z oy
ClI.

Corollary 3.8. Let ~ be an equivalence and reqular relation on H. If 0 is a left scalar in
H, then I is H-absorbing.

Proof. Since 00 y={0} for any y € H, the proof follows from Theorem 3.7.

The following example shows that if 0 o yZ I, then Theorem 3.7 is not true.
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Example 3.9. Let H = {0, 1, 2,3} with a following structure.

0 1 2 3

{01} {01} {0123} {0,1,2,3}
{1y {01} {0,123} {0,1,2,3}
{2t {2} {0123} {2}
{3 {3} {3 {0,123}

Then (H,0,0) is a hyper K-algebra and the set § = {(0,0),(0,1),(1,0),(1,1),(2,2),(3,3)}
is an ERG relation on H, but the class Cp = I = {0,1} is not H-absorbing. Because
102=1{0,1,2,3} ¢ I

W N = OO0

Lemma 3.10. Let A be a non-empty closed set of H. Then 0 € A.

Proof. Suppose x € A. By K5 we have 0 < z. Since A is closed set, it implies that
0 e A

Theorem 3.11. Let H 2 A @ B(closed set). Thenaob < A and boa < A if and only if
a,be Aora=b¢ A.

Proof. (=) Let aob < A,boa < A and a,b ¢ A, hence we have the following cases:
(i) ae A, bg Ajorbe Aja d A,
(ii): a &€ A,b & A.
We show that (i) does not hold. Suppose a € A,b € A, then boa C B as B is H-absorbing.
On the other hand, since bo a < A by using Lemma 2.14 we have boa NA # ¢. Hence
form these we conclude that boa N(ANB ={0}) # ¢,s00 € boa or b < a. Since A is a
closed set and a € A we get that b € A which is a contradiction. By Similar discussion we
can show that the case “b € A,a & A” dose not hold.
Now suppose (ii) holds, we show that a = b. Since B is H-absorbing, we have aob C B
and boa C B, also by hypothesis aob < A and boa < A. As same argument in case(i) we
conclude that 0 € aob and 0 € bo a. So by K4 we get that a = b.
(<) Suppose a,be Aora=b¢g A. If a,b € A, since A is H-absorbing we have aob C A
and boa C A, hence aob < A and boa < A. Whenever a = b & A, since 0 € a o a and by
Lemma 3.10, 0 € A we get that aoa < A. The proof is completed.

Corollary 3.12. Let H 2 A® B (hyper K-ideal). Then aob < A and boa < A if and only
ifa,be Aora=b¢ A.
Proof. The proof follows from Theorems 2.5 and 3.11.

Theorem 3.13. Let ~ be an ERG relation on H, 0oy C I (or 0is a scaler) for ally € H
and I* be an H-absorbing hyper K-ideal. Then a ~ b if and only ifa,be Il ora=0b¢ I.

Proof. By Corollary 3.8, I = Cj is H-absorbing. So we have H Bror (hyper K-ideal),
and the proof follows from Theorem 3.4 and Corollary 3.12.

Theorem 3.14. Let H 2 Aa B(closed set), and
u~ v if and only if u,v € A oru=v ¢ A.

Then

(i) ~ is equivalence relation on H such that Co = A and |H/ ~ | = |B).

(ii) ~ is good relation.

(iii) ~ is congruence(regular) relation if and only ifbox =boy where x,y € A and b & A.
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Proof. (i) It is clear that ~ is an equivalence relation on H and Cy = A. Now we
show that |H/ ~ | = |B|. It is sufficient to show that ¢ : B — H/ ~ where ¢(x) = Cy is
bijection. Since whenever x =y, then C, = C, for all z,y € B we get that ¢ is well-defined.
Suppose ¢(z) = ¢(y),Vx,y € B, this yields C, = Cy and z ~ y. If £ = 0 or y = 0, then
from x ~ y we get that x,y € A. Hence z,y € AN B = {0}. Therefore z =y = 0. If
x,y ¢ A form definition of ~ we conclude that = y. Hence ¢ is one-to-one. On the other
hand suppose C, € H/ ~. If z € A then C, = Cy and p(0) = Cy, otherwise x € B\ {0}
therefor p(x) = Cy, that is, ¢ is onto. Thus |H/ ~ | = |B|.

(ii) Suppose aob ~ {0} and boa ~ {0}, from these and Lemma 3.3 we conclude that
(3.1) aobNA#¢andboanA# .

Now by considering the following cases we show that a ~ b.

Casel. a,be€ A,

Case2. a€ Aand b ¢ A(or b € A and a &€ A),

Case3. a,b & A.

If Casel holds, then a ~ b. If Case2 holds and a € A and b € A, then we have boa C B,
because B is H-absorbing. By using relation (3.1) and Lemma 2.14 we get that b < a.
Since A is closed set we conclude that b € A, which is a contradiction. Similarly, if b € A
and a ¢ A holds, then we get the same contradiction. If Case3 holds, then since B is
H-absorbing we have

(3.2) aobC BandboaC B.

Hence by using relations (3.1), (3.2) and AN B = {0} we get that 0 € aob and 0 € boaq,
that is, a = b or a ~ b. Hence ~ is good relation.

(iii)(«<) Let @ ~ b and © ~ y. We consider the following cases to show that ~ is
congruence relation, i.e., aox &~ boy and xoa =~ yob.
Casel. If a,b,z,y € A, then since A is H-absorbing we have aox C A(xoa C A) and boy
CA(yobC A). Henceaoxz ~ boy(xoa ~ yob).
Case 2. [fa=b¢ A and =,y € A, then by hypothesis aox = boy. Hence aox =~ boy.
On the other hand, Since A is H-absorbing we have x 0 aC A and y o bC A, hence x o a =
yob.
Case 3. fa=bg Aandx =y ¢ Awehaveaox =boyand xoa =yob. Soaox =
boyandzoa~ yob.
In any case we have aox =~ boy and x oa =~ yob, where a ~ b and = ~ y. Therefore ~ is
congruence relation and by Theorem 2.16 it is also a regular relation.
(=) Let ~ be congruence relation, we have to show that box = boy, where xz,y € A and
b ¢ A. Suppose z,y € A and b € A . The former yields z ~ y. Since b ~ b and ~ is
congruence relation we get that box ~ boy. On the other hand if box NA # ¢ and boy
NA # ¢, then since x,y € A and by Theorem 2.12 A is hyper K-ideal, these yield b € A,
which is a contradiction. So box C A" and similarly boy C A Now, let t € bo x. Then
from box = boy, we conclude that there exist s € boy such that t ~ s. Thereforet = s & A,
hence box C boy. Similarly, we conclude boy C box. These imply boy = bo x, and the
proof is completed.
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Example 3.15. Consider the following hyper K-algebra:

0 1 2 3 4 5

{oy {0y {0} {oy — {op {0}
{1 {01} {1} {13 {1} {0}
{2v {2v {on2p {23 {2} {0}
{34} {34} {34} {034} {04} {3}
{44 {4 {4 {4} {04} {4}
{5y {5+ {5} {53 {5} {05}

It is clear that H = {0,1,2} @ {0, 3,4, 5} (hyper K-ideal). We set A = {0,1,2} and
B =1{0,3,4,5}. Tt is easy to check that A and B are H-absorbing and bo 2 = bo y for all
b Aand z,y € A. Let

~={(0,0),(1,0),(0,1),(1,1),(0,2),(2,0), (1,2),(2,1),(2,2),(3,3), (4,4), (5,5}.

Then by Theorem 3.14 ~ is an ERG relation on H. Hence the quotient hyper K-algebra,
(H/ ~,Cy, %), is as follows:

Tl W N~ OO0

* | C() 03 04 05

Co | {Co} {Co} {Co {Co}
Cs | {C5,Ch}  {Co,C3,Cu}  {Co,C4} {Cs}
Cy | {C4} {Cu} {Co,Cs}  {C4}
Cy | {05} {C5} {Csr {Co, G5}

Now we give a hyper K-algebra H, such that H = A® B(hyper K-ideal) and at least one
of A or B are not H-absorbing, while there is an ERG relation different from the relation
given in Theorem 3.14 on H.

Example 3.16. Let H = {0, 1,2, 3} with the following structure:

0 1 2 3
{oy {0y {0} {0}
{1t {01} {1} {1}
{2r {23 {02y {12}
3y 3+ {03} {023}

Then (H,o0,0) is a hyper K-algebra and

x = {(0,0),(0,1),(1,0),(1,1),(2,2),(3,3),(2,3),(3,2)}
is an ERG relation. It is clear that Cop = {0,1}, C2 = {2,3} and H = A ® B, where A =
{0,1} and B = {0, 2,3}, moreover B is not H-absorbing. Because 2 o 3= {1,2} ¢ {0, 2, 3}.
Also H/I = {Cy, C5} has the following structure:

*|CQ CQ

Co | {Co}  {Co}
Cy | {Co} {Co,Ca}.

W N = OO0

Theorem 3.17. Let H 2 A @ B(closed set) and box = boy where x,y € A, and b ¢ A.
Then the relation:

(3.3) u~v<=uvcAdoru=v¢A

is the only ERG relation on H such that Co = A and H/ ~ is a hyper K-algebra of order
|B|.
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Proof. By Theorem 3.14, ~ is an ERG relation on H, |H/ ~ | = |B| and Cy = A.
Hence by Proposition 2.17, H/ ~ is a hyper K-algebra of order |B|. Finally we show that
this ERG relation is unique. If © is another ERG relation on H with Cy = A, then by
Theorems 3.4 and 3.11 2@y if and only if z,y € Aorx =y & A, i.e., © =~.

Theorem 3.18. Let H = A B{closed set), and box = boy where x,y € A and b € A.
Then H/A = B.

Proof. By Theorem 3.17 and hypothesis the relation (3.3) is the only ERG relation
on H such that that Co = A and H/ ~ is a hyper K-algebra of order |B|. Now we define

f+H — H as follows:
0 ze€A,
f(ﬂ«“)Z{

x otherwise.

Since AN B = {0}, f is well-defined. We show that f is a homomorphism. To do this we
consider the following cases:

Casel. If x € A, then z oy C A for all y € H, since A is H-absorbing. Hence f(zoy) =0
and f(z) o f(y) = 0o f(y) = 0, Since by Theorem 2.13, 0 is a left scalar. Therefore
flzoy) = f(z)o f(y)

Case2. If 2,y € B, then as above x oy C B and f(zoy) =xzoy = f(x)o f(y).

Case3. If z € B\{0},y € A, Since 0 € A then by hypothesis zoy = xz00. Moreover xzoy C B,
because B is H-absorbing. Thus by definition of f, f(zoy) =zoy =200 = f(x)o f(y).
Hence for any cases we have f(zoy) = f(x) o f(y). These imply that f is homomorphism
and Kerf = A. Consequently, by Theorem 2.18, H/A = Im(f) = B.

Now we show that Theorem 4.1 and Corollary 4.3 of [2], are not true in general.

Remark 3.19. Theorem 4.1. and Corollary 4.3 of [2], are as follows:

“Theorem 4.1: Let H (hyper BCK-algebra) be decomposable with decomposition H = A® B.
Then there exist a reqular(i.e., it is a good relation according to the our definition) congru-
ence relation © on H and a hyper BCK-algebra X of order 2 such that H/© = X”.

“ Corollary 4.3: Let H be decomposable with decomposition H = A® B andbox =boy
forallb e B and x,y € A. Then |B| =2

In the proof of Theorem 4.1 of [2], they have claimed that the relation
(3.4) 20y <= z,y € Aor z,y € B—{0}

is a congruence relation and also in Corollary 4.3 they have claimed that |B| = 2, but now,
we show that these are not true in general. To see this, consider the following example.

Example 3.20. Consider the following hyper BCK-algebra:

o 1 2 3
{oy {0y {or {0}
{1y {o1y {1} {1}
{2r {2r {02y {2
3 3+ 3+ {03}
It is easy to check H = {0,1} @ {0, 2,3}, where A = {0,1} and B = {0, 2,3}. By definition

of © in relation (3.4) we have 202, 302 but 20 3= {2} % 202={0, 2}, since {0,2} ¢ A and
{0,2} ¢ B — {0}, i.e., © is not a congruence relation. Also we see that |B| # 2.

W N = OO0
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On the other hand, since any hyper BCK-ideal is H-absorbing, so if H = A ® B(hyper

BCK-ideal), then we have H L ReY:; (hyper BCK-ideal). Therefore by considering Theo-
rem 3.17, the only ERG relation on H with Cy = A is exactly as relation (3.3). Hence the
relation have been introduced by relation (3.4) is not a congruence relation.

Now we give the correct version of Corollary 4.3. of [2].

Theorem 3.21. Let H be a BCK-algebra and H = A® B (hyper BCK-ideal). Then H/A =
B.

Proof. By Theorems 2.9, A and B are H-absorbing . Moreover by Theorem 2.7 we get
that H = A @ B(hyper BCK-algebra). Hence by Theorem 2.6 we have bo z= {b}=boy for
any b ¢ A and z,y € A. Therefore by Theorem 3.18 the proof is completed.

Corollary 3.22. Let H be a BCK-algebra and H = @;cpnA; (hyper BCK-ideal). Then
H/A = B where A = UijeaA; and B = Ujep\aA; for any non-empty subset A of A.

Proof. By Theorem 2.11 we have H = A @ B(hyper BCK-ideal). Hence by using
Theorem 3.21, H/A = B.
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