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POWER PROPERTIES OF EMPIRICAL LIKELIHOOD FOR
STATIONARY PROCESSES
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Abstract. In this paper we discuss the second order power properties of empirical
likelihood for stationary processes. The asymptotic distribution of empirical likelihood
ratio statistics under a sequence of local alternatives is given.

1. Introduction. Since its introduction by Owen (1988, 1990), empirical likelihood has
become a useful tool for nonparametric inference. It is well known that the empirical
likelihood ratio statistic inherits a number of properties of the parametric likelihood ratio
statistic. Owen has shown that the empirical likelihood ratio statistic has limiting chi-
squared distribution. Qin and Lawless (1994) connected the theories of empirical likelihood
and general estimating equations. Hence using empirical likelihood ratio statistics it is
possible to obtain tests and confidence regions for a wide range of problems, including
linear models (Owen, 1991). Another property of empirical likelihood which also resembles
that of a parametric likelihood is Bartlett correction; see for example Hall and La Scala
(1990) for the case of the mean parameters, DiCiccio, et al (1991) for the case of smooth
functions of means, Chen (1993, 1994) for linear regression model, Chen and Cui (2006) in
the presence of nuisance parameters.

For dependent data, Monti (1997) applied the empirical likelihood approach to the
derivative of the Whittle likelihood. Kitamura (1997) considered blockwise empirical likeli-
hood ratios based on data blocks rather than individual observations. Recently, Nordman
and Lahiri (2006) introduced a version of empirical likelihood based on the periodogram
and spectral estimating equations. They elucidated the asymptotic properties of frequency
domain empirical likelihood for linear processes exhibiting both short- and long-range de-
pendence.

In this paper we consider the second order power properties of empirical likelihood for
stationary processes. Section 2 provides a survey of frequency domain empirical likelihood
which is due to Nordman and Lahiri (2006). Section 3 gives the asymptotic distribution
of empirical likelihood ratio statistics under a sequence of local alternatives. The proofs of
results are relegated to Section 4.

2. Frequency domain empirical likelihood. Consider inference on a parameter θ =
(θ1, . . . θp)′ ∈ Θ ⊂ Rp based on a time stretch X1, . . . , Xn with spectral density f . We
suppose that information about θ exists through a system of general estimating equations.
Let

Gθ(λ) = (g1,θ(λ), . . . , gp,θ(λ))′.
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We assume that Gθ satisfies the spectral moment condition∫ π

−π

Gθ0(λ)f(λ)dλ = 0,(1)

where θ0 is the true parameter of θ.

Example 1. Consider interest in the autocorrelation function ρ(m) = γ(m)/γ(0) at lag
m > 0, that is θ = ρ(m). One can select Gθ(λ) = (eimλ + e−imλ)/2 − θ for autocorrelation
inference, because of ∫ π

−π

Gθ(λ)f(λ)dλ = γ(m) − θγ(0) = 0.

To obtain confidence regions for θ, we define

Rn(θ) = max
{ n∏

j=1

nwj

∣∣∣
n∑

j=1

wjGθ(λj)In(λj) = 0, wi ≥ 0,
n∑

j=1

wj = 1
}
,

where λj = 2πj/n and In(λ) = (2πn)−1|∑n
t=1Xt exp(itλ)|2. For given θ, a unique maxi-

mum exists, if 0 is inside the convex hull of the point Gθ(λ1)In(λ1), . . . , Gθ(λn)In(λn). An
explicit expression for Rn(θ) can be derived by a Lagrange multiplier argument. Let

L =
n∑

j=1

log(nwj) − nt′
n∑

j=1

wjGθ(λj)In(λj) + γ

( n∑
j=1

wj − 1
)
,

where t = (t1, . . . , tp)′ and γ are Lagrange multipliers. Setting to zero the partial derivative
of L with respect to wj gives

∂L
∂wj

=
1
wj

− nt′Gθ(λj)In(λj) + γ = 0, j = 1, . . . , n.

So

0 =
n∑

i=1

wj
∂L
∂wj

= n+ γ,

from which γ = −n. We may therefore write

wj =
1
n

1
1 + t′Gθ(λj)In(λj)

, j = 1, . . . , n.

The restriction
∑n

j=1 wjGθ(λj)In(λj) = 0 yields p equations

1
n

n∑
j=1

Gθ(λj)In(λj)
1 + t′Gθ(λj)In(λj)

= 0,(2)

from which t can be determined in terms of θ. Thus the empirical log likelihood ratio for θ
is defined as

logRn(θ) = −
n∑

j=1

log{1 + t′Gθ(λj)In(λj)}.(3)

Since analytic solution of equations (2) and (3) can rarely attained, we have to derive
an asymptotic expansion for −2 logRn(θ). Henceforth we assume the following condition.
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Assumption 1. (i) {Xt} is a real-valued linear process generated by

Xt =
∞∑

j=0

ajεt−j ,

where εt are independent identically distributed random variables with E[εt] = 0,
E[ε2t ] = σ2 and finite absolute moments.

(ii) aj (j = 0,±1, . . . , ) satisfy

∞∑
j=0

(1 + |j|1+δ)|aj | <∞,

for some δ > 0.

(iii) The functions gj,θ(λ) (j = 1, . . . , p) are even and bounded, that is

gj,θ(λ) = gj,θ(−λ), |gj,θ(λ)| < M,

for M > 0.

(iv) gj,θ(λ) is continuously three times differentiable with respect to θ for λ ∈ [−π, π].

(v) The (p× p) matrix W (θ0) = {Wij(θ0)} is positive definite, where

Wij(θ) =
2
2π

∫ π

−π

gi,θ(λ)gj,θ(λ)f(λ)2dλ.

Assumption 1 (ii) ensures that {Xt} has the spectral density

f(λ) =
1
2π

∞∑
j=−∞

γ(j)e−ijλ,

where γ(j) = E[XtXt+j] satisfies

∞∑
j=−∞

(1 + |j|1+δ)|γ(j)| <∞.

To simplify the expansions that follow, we define

Vj1···jk
(θ) =

1
n

n∑
l=1

gj1,θ(λl) · · · gjk,θ(λl)E[In(λl)k],

Zj1···jk
(θ) =

1√
n

n∑
l=1

{gj1,θ(λl) · · · gjk,θ(λl)In(λl)k − Vj1···jk
(θ)}.

Henceforth we use the simpler notations Vj1···jk
, Zj1···jk

, etc. if Vj1···jk
(θ), Zj1···jk

(θ), etc.
are evaluated at θ = θ0. Similarly any function evaluated at the point θ = θ1 will be
distinguished by the addition of a tilde.

Note that

E{In(λl)} = f(λl) − 1
n
b(λl) + o(n−1),(4)
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where

b(λ) =
1
2π

∞∑
j=−∞

|j|γ(j)e−ijλ.

If θ = θ0 +O(n−1/2), then, from (1)

Ci(θ) :=
1√
n

n∑
l=1

gi,θ(λl)E{In(λl)} = O(1).

Solving (2) gives, using the summation convention,

ti =
1√
n
V ij(Zj + Cj) − 1

n
V ijV klZjk(Zl + Cl)

+
1
n
V iaV jbV kcVabc(Zj + Cj)(Zk + Ck) + op(n−1),

(5)

where V ij is the (i, j) component of the inverse matrix of {Vij}. Substitution of (5) into
(3) gives

−2 logRn(θ) = V ij(Zi + Ci)(Zj + Cj) − 1√
n
V ikV jlZkl(Zi + Ci)(Zj + Cj)

+
2

3
√
n
V iaV jbV kcVabc(Zi + Ci)(Zj + Cj)(Zk + Ck) + op(n−1/2).

(6)

3. Local power. To elucidate the local power of empirical likelihood, we consider testing
the null hypothesis that H : θ = θ0 against contiguous alternatives A : θ = θ1 = θ0+n−1/2h,
where h = (h1, . . . , hp)′.

First, we give the stochastic expansion of −2 logRn(θ0) under θ = θ1.

Lemma 1. The stochastic expansion of −2 logR(θ0) under θ = θ1 is given by

−2 logRn(θ0) = W̃ ij(Z̃i − Ãi,ah
a)(Z̃j − Ãj,bh

b)

+
2√
n
W̃ ikW̃ jlW̃kl,ch

c(Z̃i − Ãi,ah
a)(Z̃j − Ãj,bh

b)

+
1√
n
W̃ ij(−2Z̃j,bh

b + 2Ãj + Ãj,bch
bhc)(Z̃i − Ãi,ah

a)

− 1√
n
W̃ ikW̃ jlZ̃kl(Z̃i − Ãi,ah

a)(Z̃j − Ãj,bh
b)

+
2

3
√
n
W̃ iaW̃ jbW̃ kcW̃abc(Z̃i − Ãi,ah

a)(Z̃j − Ãj,bh
b)(Z̃k − Ãk,ch

c)

+ op(n−1/2),
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where W ij is the (i, j) component of the inverse matrix of {Wij},

Wij,a(θ) =
2
2π

∫ π

−π

gi,θ(λ)∂agj,θ(λ)f(λ)2dλ,

Wijk(θ) =
6
2π

∫ π

−π

gi,θ(λ)gj,θ(λ)gk,θ(λ)f(λ)3dλ,

Zi,a(θ) =
1√
n

n∑
l=1

∂agi,θ(λl){In(λl) − E[In(λl)]},

Ai(θ) =
n∑

l=1

gi,θ(λl)f(λl) − 1
2π

∫ π

−π

gi,θ(λ)b(λ)dλ,

Ai,a1···ab
(θ) =

1
2π

∫ π

−π

∂b
a1···ab

gi,θ(λ)f(λ)dλ,

and ∂b
a1···ab

= ∂b/∂θa1 · · · ∂θab .

To describe the second order asymptotic properties of −2 logRn(θ0) we use the next
lemma.

Lemma 2. (i) cum[Z̃i, Z̃j,a] = W̃ij,a +O(n−1),

(ii) cum[Z̃i, Z̃jk] = 4
3W̃ijk +O(n−1).

Let χp,∆(z) is the distribution function for a non-central chi-square variate with degree
of freedom p and non-centrality parameter ∆. The following theorem gives the second-order
asymptotic expansion of the distribution function of −2 logRn(θ0) under a sequence of local
alternatives θ = θ0 + n−1/2h.

Theorem 1. The distribution function of −2 logRn(θ0) under a sequence of local alterna-
tives θ = θ0 + n−1/2h has the asymptotic expansion

Pθ0+n−1/2h[−2 logRn(θ0) < z] = χp,∆(z) + n−1/2
3∑

j=0

mjχp+2j,∆(z) + o(n−1/2),

where

m3 =
(

4
9
Uijk − 1

6
Mijk

)
Bi,aBj,bBk,ch

ahbhc,

m2 =
(
−2

3
Uijk +

1
2
Mijk

)
Bi,aBj,bBk,ch

ahbhc +
(

4
3
Uijj − 3

2
Mijj

)
Bi,ah

a,

m1 =
(
−2

3
UijkBi,a − 1

2
MijkBi,a + Ujk,a

)
Bj,bBk,ch

ahbhc + (Mijj − 2Bi)Bi,ah
a,

m0 =
(

2
9
UijkBi,aBj,b +

1
6
MijkBi,aBj,b + Ujk,aBj,b −Bk,ab

)
Bk,ch

ahbhc

−
(

2
3
Uijj +

1
2
Mijj

)
Bi,ah

a,

∆ = Bi,aBi,bh
ahb, and Bi,a, Uijk, Mijk, etc. are defined in (12) and (14).
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Example 2. To observe power properties, we consider the following AR(1) model:

Xt − aXt−1 = εt, |a| < 1, εt ∼ i.i.d. (0, σ2), E[εt
3] = 0.

Similarly as Example 1, we consider interest in the autocorrelation function ρ(m) = am at
lagm > 0, that is θ = ρ(m). One can select Gθ(λ) = (eimλ+e−imλ)/2−θ for autocorrelation
inference. Note that

∞∑
j=−∞

γ(j)γ(m− j) =
(

σ2

1 − a2

)2

am

(
m+

1 + a2

1 − a2

)

= q1(m) (say),

∞∑
j1,j2=−∞

γ(j1)γ(j2)γ(m− j1 − j2)

=
(

σ2

1 − a2

)3

am

{
1
2
m(m+ 1) +m

1 + 2a2

1 − a2
+

1 + 4a2 + a4

(1 − a2)2

}

= q2(m) (say)

and
∑n

j=1Gθ(λj)f(λ) = o(1). It is easily seen that

W11 = 2
(

1
2π

)2{1
2
q1(2m) − 2θq1(m) +

(
1
2

+ θ2
)
q1(0)

}
,

W11,1 = −2
(

1
2π

)2

{q1(m) − θq1(0)},

W111 = 6
(

1
2π

)3{1
4
q2(3m) − 3

2
θq2(2m) +

(
3
4

+ 3θ2

)
q2(m) −

(
3
2
θ + θ3

)
q2(0)

}
,

A1 = −σ
2

2π
mam

1 − a2
+ o(1),

A1,1 = −σ
2

2π
1

1 − a2
.

Hence we obtain

m3 =
4
9
W111(A1,1h)3

W11
3

,

m2 = −2
3
W111(A1,1h)3

W11
3

+
4
3
W111A1,1h

W11
2

,

m1 = −2
3
W111(A1,1h)3

W11
3

+
W11,1A1,1

2h3

W11
2

− 2
A1A1,1h

W11
,

m0 =
2
9
W111(A1,1h)3

W11
3

+
W11,1A1,1

2h3

W11
2

− 2
3
W111A1,1h

W11
2

,

∆ =
(A1,1h)2

W11
.

Consider the power function

P (a, α) = 1 − Pθ0+n−1/2h[−2 logRn(θ0) < zα],
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with m = 1, σ2 = 1, h = 1, n = 100, and significance level α. Figure 1 plotted the first
(solid) and the second (dashed) order approximations for the power function P (a, 0.05)
with 0 < a < 0.8 given in Theorem 1. From this figure, we observe that the second order
approximation is more powerful than the first order approximation.
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Figure 1: The power function P (a, 0.05) with 0 < a < 0.8.

Figure 2 plotted the first (solid) and the second (dashed) order approximations for the
power function P (0.3, α) with 0 < α < 0.15. From this figure, we observe that the second
order approximation is more powerful than the first order approximation.
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Figure 2: The power function P (0.3, α) with 0 < α < 0.15.
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4. Proof.

Proof of Lemma 1. Expanding gi,θ0(λ) in a Taylor series at θ = θ1, we get

gi,θ0(λ) = gi,θ1(λ) − 1√
n
∂agi,θ1(λ)ha +

1
2n
∂2

abgi,θ1(λ)hahb +O(n−3/2).(7)

Since

gi,θ0(λ)[In(λ) − E{In(λ)}] = gi,θ1(λ)[In(λ) − E{In(λ)}]
− 1√

n
∂agi,θ1(λ)ha[In(λ) − E{In(λ)}]

+
1
2n
∂2

abgi,θ1(λ)hahb[In(λ) − E{In(λ)}] + op(n−1),

Zi = Z̃i − 1√
n
Z̃i,ah

a + op(n−1/2).(8)

From (4) and (7), we have

Ci =
1√
n

n∑
l=1

gi,θ0(λl)
{
f(λl) − 1

n
b(λl)

}
+ o(n−1/2)

= − 1
n

n∑
l=1

∂agi,θ1(λl)haf(λl) +
1√
n

n∑
l=1

gi,θ1(λl)
{
f(λl) − 1

n
b(λl)

}

+
1

2n3/2

n∑
l=1

∂2
abgi,θ1(λl)hahbf(λl) + o(n−1/2)

= −Ãi,ah
a +

1√
n
Ãi +

1
2
√
n
Ãi,abh

ahb + o(n−1/2).

(9)

Also it is easily seen that

Vij = W̃ij − 1√
n

(W̃ij,a + W̃ji,a)ha +O(n−1),

Vijk = W̃ijk +O(n−1/2).
(10)

Substituting (8)-(10) into (6), after simple algebra, we obtain Lemma 1.

Proof of Lemma 2. (i) Recalling (1) under θ = θ1, we have

cum[Z̃i, Z̃j,a] =
1
n

n∑
l1,l2=1

gi,θ1(λl1 )∂agj,θ1(λl2)cum[In(λl1 ), In(λl2)]

=
2
n

n∑
l=1

gi,θ1(λl)∂agj,θ1(λl)f(λl)2 +O(n−1)

= W̃ij,a +O(n−1).

(ii) Note that

cum[In(λl1), In(λl2)
2] = cum[In(λl1), In(λl2), In(λl2)]

+ 2cum[In(λl1), In(λl2)]cum[In(λl2)].
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From Theorem 4.3.2 in Brillinger (2001) it is seen that

cum[Z̃i, Z̃jk] =
1
n

n∑
l1,l2=1

gi,θ1(λl1 )gj,θ1(λl2)gk,θ1(λl2 )cum[In(λl1), In(λl2)
2]

=
8
n

n∑
l=1

gi,θ1(λl)gj,θ1(λl)gk,θ1(λl)f(λl)3 +O(n−1)

=
4
3
W̃ijk +O(n−1).

Proof of Theorem 1. Since the actual calculation procedure is formidable, we give a sketch
of the derivation. First, we evaluate the characteristic function of −2 logRn(θ0),

ψn(ξ, h) = E[exp{−2t logRn(θ0)}],(11)

where t = (−1)1/2ξ. Let D(θ) = {Dij(θ)} be the unique lower triangular matrix with
positive diagonal such that W (θ) = D(θ)D(θ)′. We consider the transformation

Yi(θ) = Dij(θ)Zj(θ), Yi,a(θ) = Dij(θ)Zj,a(θ), Yij(θ) = Dia(θ)Djb(θ)Zab(θ),

Bi(θ) = Dij(θ)Aj(θ), Bi,a(θ) = Dij(θ)Aj,a(θ), Bi,ab(θ) = Dij(θ)Aj,ab(θ),

Uij,a(θ) = Dik(θ)Djl(θ)Wkl,a(θ), Uijk(θ) = Dia(θ)Djb(θ)Dkc(θ)Wabc(θ),

(12)

where Dij(θ) is the (i, j) component of the inverse matrix of D(θ). Then the stochastic
expansion of −2 logRn(θ0) can be rewritten as

−2 logRn(θ0) = (Ỹi − B̃i,ah
a)(Ỹi − B̃i,bh

b)

+
2√
n
Ũij,ch

c(Ỹi − B̃i,ah
a)(Ỹj − B̃j,bh

b)

+
1√
n

(−2Ỹi,bh
b + 2B̃i + B̃i,bch

bhc)(Ỹi − B̃i,ah
a)

− 1√
n
Ỹij(Ỹi − B̃i,ah

a)(Ỹj − B̃j,bh
b)

+
2

3
√
n
Ũijk(Ỹi − B̃i,ah

a)(Ỹj − B̃j,bh
b)(Ỹk − B̃k,ch

c)

+ op(n−1/2).

(13)

The asymptotic moments (cumulants) of Ỹi are evaluated as follows:

cum[Ỹi, Ỹj ] = δij + o(n−1/2),

cum[Ỹi, Ỹj , Ỹk] =
1√
n

(4
3
Ũijk + M̃ijk

)
+ o(n−1/2),

(14)

where

Mijk(θ) = Dia(θ)Djb(θ)Dkc(θ)Nabc(θ),

Nijk(θ) = 4
1
2π

∫ π

−π

gi,θ(λ)gj,θ(µ)gk,θ(λ+ µ)f3(λ, µ)f3(−λ,−µ)dλdµ,
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and f3(λ, µ) is the third order cumulant spectral density of {Xt}.
We now evaluate the characteristic function (11) using the stochastic expansion (13).

We take the expectation in two steps. First we consider the conditional expectation given
Ỹ1, . . . , Ỹp and then we evaluate the expectation with respect to Ỹ1, . . . , Ỹp. Relevant con-
ditional expectations (see Takemura and Kuriki, 1996) are

E(Ỹα,a|Ỹ1, . . . , Ỹp) = Ũiα,aỸi + o(1),

E(Ỹαβ |Ỹ1, . . . , Ỹp) =
4
3
ŨαβiỸi + o(1).

Thus we can carry out the calculation of the conditional expectation of the characteristic
function.

ψn(ξ, h) = E

[
exp

{
t(Ỹi − B̃i,ah

a)(Ỹi − B̃i,bh
b)

}

×
{
1 +

2√
n
Ũij,ch

c(Ỹi − B̃i,ah
a)(Ỹj − B̃j,bh

b)

+
1√
n

(−2Ũji,bh
bỸj + 2B̃i + B̃i,bch

bhc)(Ỹi − B̃i,ah
a)

− 4
3
√
n
ŨijkỸk(Ỹi − B̃i,ah

a)(Ỹj − B̃j,bh
b)

+
2

3
√
n
Ũijk(Ỹi − B̃i,ah

a)(Ỹj − B̃j,bh
b)(Ỹk − B̃k,ch

c)
}]

+ o(n−1/2).

From (14) and the Edgeworth expansion of Ỹ1, . . . , Ỹp (see Section 4.1 in Taniguchi and
Kakizawa, 2000), we obtain

ψn(ξ, ε) = exp
(
tB̃i,aB̃i,bh

ahb

1 − 2t

)
(1 − 2t)−p/2

{
1 +

1√
n

3∑
j=0

m∗
j (1 − 2t)−j

}
+ o(n−1/2),(15)

where

m∗
3 =

(
4
9
Ũijk − 1

6
M̃ijk

)
B̃i,aB̃j,bB̃k,ch

ahbhc,

m∗
2 =

(
−2

3
Ũijk +

1
2
M̃ijk

)
B̃i,aB̃j,bB̃k,ch

ahbhc +
(

4
3
Ũijj − 3

2
M̃ijj

)
B̃i,ah

a,

m∗
1 =

(
−2

3
ŨijkB̃i,aB̃j,b − 1

2
M̃ijkB̃i,aB̃j,b + 2Ũjk,aB̃j,b − B̃k,ab

)
B̃k,ch

ahbhc

+ (M̃ijj − 2B̃i)B̃i,ah
a,

m∗
0 =

(
2
9
Ũijk +

1
6
M̃ijk

)
(B̃i,aB̃j,bB̃k,ch

ahbhc − 3B̃i,ah
aδjk).

We expand the right hand side of (15) in a Taylor series at θ = θ0, and then inverting (15)
by Fourier inverse transform we can prove Theorem 1.
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