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ASYMPTOTIC BEHAVIOR OF SOLUTIONS
FOR FOREST KINEMATIC MODEL UNDER DIRICHLET CONDITIONS

T. Suiral, L. H. CauaN! AND A. Yacr'?
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ABSTRACT. We continue a study of the forest ecosystem model due to Kuzunetsov et
al. [4] in which the Dirichlet conditions are imposed. In this paper, we introduce three
kinds of w-limit sets, namely, w(Uo) C L*w(Up) C w*-w(Us), for each point Uy of
the dynamical system which has been constructed in our preceding paper [7]. Using a
Lyapunov function, we will then investigate basic properties of the these w-limit sets.
Especially, it shall be shown that L?-w(Up) consists of equilibria alone. These results
are then a modification of those obtained in [2] from the Neumann condition case to
the Dirichlet condition case.

1 Introduction We continue the study for a forest kinematic model

ou

o¢ = Pow —y(v)u— fu in Qx (0,00),

v )

E—fu—hv in Q x(0,00),
(1.1) %—ZU =dAw — Bfw + ow in Q x (0,00),

w=0 on 9N x (0,00),

u(z,0) = up(x), v(z,0) = vo(x), w(z,0) = wo(x) in Q

under the Dirichlet boundary conditions.

This system has been introduced by Kuzunetsov et al. [4] in order to describe the process
of development of a forest ecosystem. They considered an age-structured continuous model
which is of prototype in a two-dimensional domain . The unknown functions u(z,t) and
v(z,t) denote the tree densities of young and old age classes, respectively, at a position
x € Q and time ¢ € [0, 00). The third unknown function w(z,t) denotes the density of seeds
in the air at x € Q and ¢ € [0, 00). The third equation describes the kinetics of seeds; d > 0
is a diffusion constant of seeds, and a > 0 and 3 > 0 are seed production and seed deposition
rates respectively. On w the Dirichlet boundary conditions are imposed. While the first
and second equations describe the growth of young and old trees respectively; 0 < § < 1 is
a seed establishment rate, v(v) > 0 is a mortality of young trees which is allowed to depend
on the old-tree density v, f > 0 is an aging rate, and h > 0 is a mortality of old trees. It is
assumed that v(v) is a square function which has a minimum at some value of v, namely,

(1.2) Y(v) =a(v—b)* +ec,
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a, b, ¢ > 0 being positive constants, see [4]. It is also assumed that Q is a bounded, convex
or C? domain in R2.

In the previous paper [7], we have already formulated (1.1) as the Cauchy problem for
an abstract parabolic evolution equation in the underlying function space

u
X = v|; u,veL™®(Q)and w € L*(Q)
w

)

and have constructed not only global solutions for initial functions Uy from

U
K=<Uy=| v |; 0< uyp, UOELW(Q)andongELQ(Q)
wo

but also a dynamical system (S(t), K, X) determined from (1.1) in the function space X
with phase space K.

In this paper we will study asymptotic behavior of trajectories S(¢)Uy, Uy € K. As
pointed out in the series of papers [1, 2, 3] in which we handled the Neumann boundary
conditions, the dynamical system (S(t), K, X) does not enjoy any compact attractive set.
So, as in [2], we shall introduce L? omega limit set L?-w(Up) and weak* omega limit set w*-
w(Up). Using the same Lyapunov function as in [2], we shall prove that L?-w(Up) consists
of stationary solutions alone.

2 Reviews In this section, we shall list the known results (1.1) which have been obtained
in the previous paper [7], and shall also describe some consequences deduced from these
which will be needed in the present paper.

The problem (1.1) is formulated as the Cauchy problem for a semilinear abstract evolu-
tion equation

21 {%—FAU_F(U), 0<t< oo,

U(0) = Up.

in the product space X. Here, A is a sectorial operator of X given by

f 0 0 u
A=(0 h 0 with ~ DA)=<{ v |;u,veL>®Q) and w € HH(Q) p,
0 0 4 w

where A is a realization of the operator —dA + 3 in L?(€) under the homogeneous Dirichlet
boundary conditions w = 0 on the boundary 02 and is a positive definite self-adjoint
operator of L?(2) and where H% (1) is a closed subspace of H%(Q) consisting of functions
w satisfying the homogeneous Dirichlet boundary conditions on 0€2. Meanwhile, F is a
nonlinear operator from D(A") into X given by

Bow — y(v)u U
FU) = fu , U=|v ]| eDA),
ov w

where 7 is some fixed exponent such that & < n < 1. Then, (1.1) is written in the form
(2.1), see [7, Section 3.
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According to [7, Theorem 5.2], for any Uy from the space of initial values K, (2.1)
possesses a unique global solution U = (u,v,w) in the function space

(2.2) 0 < u, v € C([0,00); L=(2)) N C1((0,00); L=®(2)),
(2.3) 0 < w € €([0,00); L*(£2)) N C((0,00); H3(Q)) N EC((0, 00); L*(K)).

Each u, v and w of the solution satisfies the following integral equation:
(2.4) u(t) = e Jo @@+ Ndsy 4 gs /t e~ SN+ 6y g, 0<t< oo,
0
(2.5) v(t) = e Moy + f /Ot e~ t=9hy(s)ds, 0<t< o0,
(2.6) w(t) = e wy + a / t e~y (s)ds,  0<t< oo,
0

respectively. Here, e~ *4 denotes the linear semigroup generated by A. Since A > f, it
follows that [le™*4| 2 < e Pt

We verify the following uniform estimates of solutions which were essentially established
in [7, Proposition 5.1].

Proposition 2.1. Let U(t) = *(u(t),v(t), w(t)) be the global solution to (2.1) with Uy € K.
Then,

(2.7) [u(®ll= < p(IUollx),  0<t <00,
(2.8) lo()[[= <p([Uollx),  0<t<oo,
lw®)lz <p([Uollx),  0<t < oo,

where p(-) denotes an appropriate continuous increasing function.

Proof. We already know that
UMz <p(IUollz2),  0<t < oo

We have from (2.6)

t
[w(@)| 2n < C{Il/lnemwollm +/ I/l”e(”)Av(S)lledS}
0

<O +tMe |lwol 2 + /Ot(l +(t =) "e P dsp(||Uo|| 2)
<A+ Mp(Tolle), 0 <t < oo
As |Jw(t)||pe < Cllw(t)]|gzn (due to [7, (2.9)]), we obtain that
(2.10) ho(®)llz= < (1+Ep(Toll ), 0 <t < oo,

In view of (2.10), we use (2.4) to obtain that

t
lu®)llzoe < Jluollze= +/ e T (14 57 dsp(|Uollz2) < p(lUo]lx), 0 <t < oo,
0

i.e., (2.7). Finally, (2.8) is easily observed by (2.5). O
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In addition, we verify the uniform estimates for the derivative of solutions.

Proposition 2.2. For the derivative U'(t) = '(u/(t),v'(t), w' (1)),

(2.11) [/ ()| < @+t )p1([0o]x),  0<t<oo
(2.12) 0" Ol <pr([Uollx),  0<t<oo
(2.13) [w' )z + [w®)llgz < 1+t p(Uollx),  0<t < oo,

where p1(-) is an appropriate continuous increasing function.

Proof. Using (2.7), (2.8) and (2.10) in the equation on u in (2.1), we immediately observe
(2.11). Similarly, from the equation on v in (2.1) we observe (2.12). We know that v €
C([0,00); L2(2)) N €1(]0, 00); L2(2)) with the estimate (2.12). Then, (2.13) is deduced by
the standard arguments for the linear abstract equation applied to the equation for w in
(2.1). Note that w is represented by (2.6). O

We next obtain uniform estimates for the second order derivative of solutions.

Proposition 2.3. For the second order derivative U” (t) = *(u" (t),v" (t),w" (t)),

(2.14) la"(#) e < (14 MNpa(lUollx), 0 <t < oo,
(2.15) I Oll= < @+t pa(|Tollx), 0 <t <o,
(2.16) lo” ()22 + ' ()= < L+ pa(Tollx), 0 <t < oo,

where pa(-) is an appropriate continuous increasing function.
Proof. From the second equation in (2.1),
v (t) = fu'(t) — h'(t), 0<t<oo.
Then, v € €2((0,00); L°°(£2)) and the estimate (2.15) is seen by (2.11) and (2.12).
With any 7 > 0, we consider the Cauchy problem for a linear evolution equation
dd—‘f—l—/lwl:av’(t), T <t <00,
wl(r) = w(7)
in L?(Q), where w! = w!(#) is the unknown function. Since v’ is in €([r,00); L2(£2)), this
problem has a unique solution w' € €*((r,00); L2(€2)). By a direct calculation it is verified
that w'(t) = w'(t) for any t € [r,00). Therefore,
¢

w'(t) = e” DAY (1) + a/ e~ =D (5)ds, 7 <t<o0.

T

Taking 7 = %, we repeat the same argument as for (2.13) to obtain that

[w” @)z + lw' @)l gz < CA+ 7w (522 + Clp2(IUollx) +pr(lT0ollx)}, 0 <t <oc.

Therefore, (2.16) is obtained in view of (2.13).
As a consequence of (2.13) and (2.16), we have
[w' )z < Cllw’ ()] 20 < A+ p([00]x), 0 <t <occ.
Then, (2.14) is observed directly from

u(t) = Bow'(t) — v (@)W (u(t) — (v(v(®) + H'(t), 0 <t <oo.
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We conclude this section with describing the dynamical system determined by the
Cauchy problem (2.1). For any Uy € K, let U(t;Up) be the global solution of (2.1). We
set S(t)Uy = U(t;Up) for every 0 < t < oo. Then S(t) defines a nonlinear semigroup
acting on K. According to [7, Proposition 5.3], the semigroup is continuous on K in the
sense that the mapping (¢,Up) € [0,00) X K — K is continuous. Therefore, the set of all
trajectories S(t)Up defines a dynamical system in X with phase space K which is denoted
by (S(t), K, X).

According to [7, Theorem 6.1], there exists an invariant and absorbing set X for S(t)
which is a bounded subset of D(A), namely,

u
DCC{ v];0<u,ve L®(Q)and 0 < w € HH(Q)

w
with [ulpee + [|v]| e + [Jwll a2 < Cx}

with some constant 0 < Cyx < co. Therefore, (S(¢),X, X) is also a dynamical system and
the asymptotic behavior of trajectories of (S(t), K, X) is reduced to that of (S(¢),X, X).

3 Lyapunov function In this section we shall construct a Lyapunov function ¥ (U) for
the dynamical system (S(t), K, X) and shall establish some results concerning the asymp-
totic behavior of trajectories S(t)Up.

Let Uy € K and let S(t)Uy = U(t) = *(u(t),v(t),w(t)) for 0 < t < co. Put p(t) =
fu(t) — ho(t), 0 < t < co. From the first and second equations of (1.1) it is easily observed
that

07 _ 180w~ () + T +hlp—hh + o], 0<i< oo

v

Multiply this by ¢(t) = g—t and integrate the product in . Then,

d [ d o\
(3.1) 5%/Q<p dx—l—h% A I'(v)dx — 36 A atwdx——/ﬂ[ (v )+f+h]<at> dz,

where I'(v) = [ [y(v)v + fv]do.
While, multlplymg the third equation of (1.1) by 5 w and integrating the product in Q,
we obtain that

ow ow\?
27 ow . _ ow
(3.2) 2dt/|v|d+ wdaz oz/Qvatdx /Q<8t> dx.

These two energy equalities (3.1) and (3.2) then provide that

a 2
(3.3) %/S[ 0+ dfmw 2 4+ hal'(v) + fg‘st—(fam)vw]dx

h ov 2 5 ow 2 <0 0<t
——/Q {a{’}/(v) ‘|‘f+ }<_9t) +fﬂ <—%) }dx\ 5 <t < o0.
Note that

%25102 — (fapd)vw = —

%(fu — h)? + dj;—ﬁ‘swwﬁ + hal(v) +
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with some constant C independent of U. This shows that the functional

(3.4) !I/(U):/Q[ d

ﬂ|Vw|2 + hal (v)
55
2

(fu—hv)* +

| Q

+ — (faBd)vw|dz, U e D(A?)

is a Lyapunov function for the present dynamical system (S(t), K, X).
From these arguments we obtain the following energy estimates.

Theorem 3.1. For any trajectory S(t)Uy = U(t), we have

dt < oo.

(35) [ |G 2

Proof. Integrate both the sides of (3.3) in ¢ on an interval [1,7]. Then,

//Qa{'y +f+h}<8t) +f56(8w) }dazdt

< /Q [gw( )dfmlv (1) + hal (v(1)) + ff; 5w(1)2+faﬁ§v(T)w(T) .

Due to (2.8) and (2.10),

(3.6) /100/9 [a{v(v) +f+h} (%)2 + 186 (%—?)2}@& < .

Differentiating both the sides of the first equations of (1.1), we have
0%u ow ou ov

Multiply this by % “ and integrate the product in 2. Then,

%%/ﬂ (%)dez/g@saa—lf—zau(v—b)g—) %"de—/g(y(vnf) (%)de
SCP(HUOHX)/Q[(%) +<—) Jao-2 [ (% )

Integrating both the sides in ¢, we obtain that

g/lT/Q (%:)2dxdt§/ﬂ (%(1))2dx+0p(Uo|X)/lT/sl [<%)2+ <%—’f)2}dxdt.

Therefore, in view of (3.6), we conclude that

o0 8u>2
— | dzdt < .
ARG

This together with (3.6) then yields the desired estimate (3.5). O
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Theorem 3.2. For any trajectory S(t)Uy = U(t), as t — oo, the derivative %2 (t) tends to
0 in the L? topology.

Proof. We prove the assertion of theorem by contradiction. Suppose that ‘fi—g(t) might not
converge to 0 in L?(Q) as t — oo. Then there would exist a number ¢ > 0 and a time
sequence {t,} tending to oo such that

|G 2

In the meantime, by Propositions 2.2 and 2.3, we have
d? d
H 2‘< Ut —Ut>‘§M7 1<t< oo

with some constant M. Consequently, by the mean-value theorem,

> €, n=1,223,....

dU(t)2 Mt—ty+ &), tn— 5 <t<tn,
dt “M(t—tn— ), ta <t<t,+ 5.
This is a contradiction to the fact that [|2(¢)]|7. is integrable in (1,00), i.e., (3.5). O

4 w-limit sets In this section, we shall introduce three types of w-limit sets, namely,
w(Up), L?-w(Up) and w*-w(Up), and shall investigate their relations.
As well known, the (usual) w-limit set of S(¢)Uy, Uy € K, is defined by

ﬂ {S(m)Up; t < T < o0} (closure in the topology of X),
20

namely, U € w(Up) if and only if there exists a time sequence {t,} tending to oo such that
S(t,)Uy — U in the topology of X. As explained in [7, Introduction], we have an evidence
which suggests that there exists a trajectory which starts from a continuous initial functions
Up = “(uo(z),v0(x),wo(x)) € K but, as t — oo, converges to a discontinuous stationary
solution U = !((x),v(x),w(z)). If this phenomenon is true, then any sequence S(t,)Uy
cannot converge to U in the topology of X, namely, it is possible that w(Up) = 0.

We define the L? topology of X as follows. A sequence {!(tu, v, wy)} in X is said to
be L? convergent to ‘(ug,vo,wg) € X as n — oo, if

up — ug  strongly in L2(€),
Un — g strongly in L?(€),
wy, — wo  strongly in L2(€).

Then, using this topology we define the L2-w-limit set of S(¢)Uy, Uy € K, by

(4.1) 2w(Uy) = ﬂ {S(T)Up; t <7 < 0} (closure in the L? topology of X).
£20
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In addition, we may equip X with the weak* topology. A sequence {*(un, vy, w,)} in X
is said to be weak* convergent to (g, vo, wp) € X as n — oo, if

Up — Ug weak® in L>°(Q),
U, — Vo weak* in L°(Q)

wy, — wo  strongly in L2(£).

Using this topology, we define the w*-w-limit set of S(t)Uy, Uy € K, by

(4.2)  w'-w(Up) = m {S(1)Up; t <7 < o0} (closure in the weak™ topology of X).
>0

According to [7, Theorem 6.3], it is already known that w*-w(Up) # () for any initial data
Use K.

In general we observe the following relations.
Theorem 4.1. For each Uy € K, w(Uy) C L*-w(Uy) C w*-w(Uy).

Proof. The first relation w(Uy) C L?-w(Up) is obvious by the definition.

Let U = (u,7,w) € L*w(Up). Then, there exists a sequence {t,} tending to co such
that S(t,)Up = (u(tn),v(tn), w(t,)) — U in the L? topology of X. Let ¢ € L*(Q2). For any
fe L),

/ olulty) — u}da
Q

<lg — Fllp ultn) — @~ + ‘ / Flulty) — m)de

Since L?(Q) is dense in L'(Q) and since (2.7) is valid, we verify that, as t, — oo,

— 0.

‘/Q of{u(ty,) —ulde

Hence, u(t,) — @ in the weak* topology of L>°(Q2). Due to (2.8), it is the same for the
weak™® convergence of v(t,) to . Thus we have U € w*-w(Uyp). O

We do not know whether the converse relation w*-w(Ug) C L2-w(Up) is true in general
or not. We can however prove some weak result.

Theorem 4.2. ForUy € K, let there exist a sequence {tnitendmg to 0o such that S(t,)Up =
Hu(tn),v(tn),w(ty)) converges to a triplet of functions U = '(u,v,w) € X almost every-

where in Q. Then, U € L?-w(Up).

Proof. By virtue of (2.7), (2.8) and (2.10), the almost everywhere convergence implies L
convergence for each sequence of u(t,,), v(t,) and w(t,). Hence, U € L?-w(Uyp). O

The rest of this section is devoted to proving some structural results for the w-limit sets
under specific conditions assumed to hold for the coefficients of equations in (1.1).

Theorem 4.3. Assume that h > %. Then, w(Uy) = L?*-w(Uy) = w*-w(Up) = {#(0,0,0)}
for every Uy € K.
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Proof. Let Uy = *(uo, vo, wo) € K and let S(t)Uy = *(u(t),v(t), w(t)) be the global solution.
Multiply the first equation of (1.1) by 2(c+ f)u and integrate the product in . Then,

(4.3) (c—|—f)%/§2u2dx+2(c—|—f)2/ﬂu2dx—2(c+f)ﬂ5/ﬂwudx
= —2a(c—|—f)/(v—b)2u2dx <0, 0<t<oo.
Q

Similarly, multiply the second equation of (1.1) by M’U and integrate the product in
Q. Then,

(c+ flad d V2de ad)?
a4y dt/Q da + 2 5)/Q

+2(C+ff)a6<h_jfif)/gvzdxzo’ 0<t< oo

Multiply the third equation of (1.1) by 235%w and integrate the product in Q. Then,

vidr — 2(c+f)a5/ uvdx
Q

d
(4.5) 552%/51w2dx+2(65)2/

widx — 204552/ vwdx
Q

Q

= —2dﬂ52/ |Vwl|?dz <0, 0<t<oo.
Q

Summing up (4.3), (4.4) and (4.5), we obtain that

% Q((c+f)“2+ww+ﬁ52w2)dﬂc+2/ﬂ{((c—|—f)u)2+(aév)z—i—(ﬂéw)Q}dx

-2 / {(c + fHuadv + advBéw + Bow(c + flu}dr + 3/ evide <0,
Q Q

where € = 2(%;)0‘5 (h - L‘f?) > 0. We here notice that

2[((c+ fu)® + (adv)® + (B6w)* — (¢ + fluadv — advBéw — Béw(c + flu] + 3ev?

(e + fas)?
= [WU? — 2(0 + f)UOé5U + (01252 + 5)1;2}
c+ f 2 36 2
+5|:£Y2T_i_)gu2 +'U2 + 7(12(62)4—;5102}'

Therefore, with an appropriate exponent p > 0 and appropriate constants C; > 0,7 =
17 27 37

d
7 (Cru? + Cyv? + Czw?)dx + p/ (Cru? + Cyv* + Czw?)dx < 0.
Q Q

We thus conclude that

Chllu(®)|72 + Caollo(®)]|72 + Csllw(t)||72
< e P(Crlluolli + Collvoll7z + Csllwol|Z2), 0<t<oo.
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As a result, as t — oo, S(t)Up converges to £(0,0,0) in the L? topology. More strongly,
since ||w(t)|lpe < Collw(®)||gire < C’E||w(t)||(L1;€)/2Hw(t)||51}js)/27 we deduce from the L2
convergence of w(t) that in the L topology (due to (2.13)). Furthermore, from the formulae
(2.4) and (2.5), this implies convergence of u(t) and v(¢) to 0 in the L topology. In this way,
we ultimately conclude that, as ¢ — oo, S(t)Uy converges to (0,0,0) in the L topology.
From this the assertion of theorem follows immediately. O

Theorem 4.4. Assume that ab®> < 3(c+f). Then, L?>-w(Up) = w*-w(Up) for every Uy € K.

Proof. Let S(t)Uy = U(t) = *(u(t),v(t),w(t)). Consider any time sequence {t,} which
tends to oo as n — oco. By (2.9), ||w(t,)| g2 is a bounded sequence; so, we can choose a
subsequence {t,} for which {w(t,/)} is convergent to w in H'*¢()) and hence in L>(12).
From the first and second equations of (2.1) it is easily observed that

f du Y((tw)) + £ dv

@0)  [(olt)) + flot) = £ | Bu(tnr) = G tar) = T S )
Here, we introduce the cubic function
P) = (y(v) + flv = av® — 2abv® + (ab® + c + f)v, —00 < v < 00.
It is easy to see the following property.
Lemma 4.1. When ab® < 3(c + f), w = P(v) is a monotone increasing function for

v € (—00,00). Its inverse function P~1(w) is a single-valued smooth function for w with
uniformly bounded derivative in the whole real axis w € (—00,00).

Proof of lemma. Obviously we have

2
2b> a3t )

P'(v) = 3av? — dabv + (ab® + c+ f) = 3a (v— 3 3

Therefore, the assertion of lemma is clear. O

Using P~!(w), we can write

f

O(tw) = P (E {ﬂciw(tn/) _du (it ) + f d—”(tn/)}) .

)~ ¥ dt

Since w(t,) — w in L*°(2) and since Theorem 3.2 is true, we conclude that v(¢,/) converges
to 7 = P~1({2®w) in L*(Q). Since Theorem 3.2 provides in particular that, as ¢ — oo,
fu(t) — ho(t) — 0 in L2(Q2), we conclude also that u(t,/) converges to %6 in L?(Q). Thus
we have shown that *(u(t,), v(tn ), w(t.)) — (u, 7, W) in L3(£).

We now know that any sequence (u(ty), v(t,), w(t,)) has a subsequence which converges

to some vector of X in the L? topology. Hence, the relation w*-w(Uy) C L%w(Up) is proved,
cf., Proof of Theorem 4.1. O
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5 Constituents of L? w-limit sets In this the section, we shall show that every L? w-
limit set consists of stationary solutions of (2.1). For this end, we begin with verifying the
following Proposition.

Proposition 5.1. For each Uy € K, L*-w(Uy) is an invariant set of S(t), i.e.,
S(t) (L2-w(U0)) CL2w(ly),  t>0.
Proof. In the proof of this proposition, it is essential to show that S(t) is continuous from
K into itself in the L? topology.
To see thiS, consider two initial values U01 = t(um, Vo1, wgl) and U02 = t(UOQ, Vo2, ”LU()Q)
in K, and let *(ui(t),v1(t), w1 (t)) and *(ua(t),v2(t), w2(t)) be the solutions to (2.1) with
the initial value Up; and Uys, respectively. Let T" > 0 be arbitrarily fixed time, and let ¢

varies in the bounded interval [0, T7.
Then, from (2.4),

ui(t) =e” ftf{”(”iﬁf}dsuol» + 6 /Ot e~ f:h(”")"’f}dswi(T)dT, 1=1, 2.
Consequently,
ws(t) — w (1) = e~ F @IS (o= [ )= w0}ds 1)y,
4 e JotvwaH b (g0 1) + 88 /t e~ [ +IYds (4, (1) — (7)) dr
0
+ 35 /t e~ Ji{n(v)+f}ds (e ST w) =y (vn)}ds _ 1w (1)dr.
0

In view of (2.7), (2.8) and (2.10), we obtain that

l[ua(t) —ua(t)l| > < lluoz — uon |2

+ Cp(||Uoi || x + HU02HX){ He— S (w2)—y(v1)}ds _ 1‘

_l’_/
0

For any R > 0, there exists a constant Cr > 0 such that [e$ — 1| < Cg|¢] holds for all
|€] < R. Using this estimate, we verify that

t
+ / wa(r) — wy (7)|| 2 dr
L2 0

o= [ wa) =y (v1) s _ 1’

T*“*s)/?dT}, 0<t<T.
L2

o= Jo{r(v2)—y(v1)Hds _ 1’

t
Lo = Op(lUonlx + ||U02Hx)/ [02(7) — 02 (7)[[ 2dT.
0

Similarly,

t

/ (e /24
0 L2

o= S (W) =y (v1)}ds _ 1’

t t
< Cp(|Unnx + [Tozllx) / / l0s(s) = v1(s) | o709 2dsdr
0 T

t
< Cp([Uorllx + I\Uozllx)/ [va(s) — v1(s)|[L2ds.
0
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Hence,

(5.1)  Nuz(t) —ur ()22 < |luoz — worllL2

t
+ Cp(|Uo1 || x + ||U02HX)/ [[lva(7) = v1(T)ll L2 + lw2(T) — wi(7)|[L2]dT, 0<t<T.
0

In a similar way, from (2.5) it follows that

t
(52) ||U2(t)—U1(t)||L2 < HUO2_U01HL2 -‘rC/ HUQ(T)—ul(T)HdeT, OStST
0

Finally, from (2.6) we have

wa(t) — wi(t) = e wo2 — wor) + a/ot e~y (1) — vy (7)]dr.

Therefore,

t

(53) ||w2(t)—w1(t)||Lz < ||w02—w01|\L2 +a/ H’UQ(T) —’Ul(T)HLQdT, OStST
0

Summing up (5.1), (5.2) and (5.3) and using Gronwall’s inequality, we conclude that

lua(t) —ur()l[z2 + [lv2(t) — v1(D)[| L2 + lw2(t) — wi(?)]| L2
< ||Uo2 — U01HLzecp(llUm\|X+||U02||X)t’ 0<t<T.

This shows that, for 0 <t < T, the semigroup S(t) is continuous in the L? topology. But,
as T' > 0 is arbitrary, it is the same for any 0 <t < oc.

It is now immediate to prove the assertion of theorem. Let U € L2-w(Up). By definition
there exists a sequence t,, tending to co such that S(t,)Uy — U in the L? topology. By the
L? continuity proved above, we have S(t,, +t)Uy = S(t)S(t,)Up — S(t)U in L2. Therefore,
St)U € L?-w(Uy).

Theorem 5.1. For any Uy € K, L?-w(Uy) consists of equilibria of the dynamical system.

Proof. Let U = '(u,7,w) € L*w(Up). There exists a sequence t,, — oo such that S(t,)Uy =
U(t,) — U in the L? topology. Since w(t,) is a bounded sequence in H?(Q), we can take a
subsequence {w(t, )} of {w(t,)} such that w(t, ) — W strongly in H1(2). It is then easy

to see that w = w’. Meanwhile, in view of (2.7) and (2.8), u(t,) — @ and v(t,) — 7 in any

LP topology with finite p such that 2 < p < co.

By these facts we conclude that the Lyapunov function ¥(U(t,/)) given by (3.4) is

convergent to ¥(U) as t,» — oo. That is,

U(U) = lim ¥(U(ty)) = inf ¥(S(t)Up) = Ve

n’—oo 0<t<o0

This means that ¥(U) = W, for all U's of vectors in L%w(Up). By Proposition 5.1,
S(t)U € L?-w(Uy) for every t > 0. Hence,

T(S(t)U) = Vs, 0<t<oo, U€ L*w(lp).



FOREST KINEMATIC MODEL UNDER DIRICHLET CONDITIONS 477

Furthermore, let S(t)U = U(t) = *(u(t), v(t), w(t)); then, by (3.3), we have

G0 =~ [ {ab@+7+n <g—f)2+ma @—ff}dha 0<t<oo

Hence, %(t) = 90(t) =0 for 0 < t < co. In addition, from the second equation of (2.1), it

= ot <
follows that fu(t) = hv(t); hence, %(t) =0 for 0 < ¢t < co. Thus, it has been shown that
S(t)U = U for every 0 < t < oo, namely, U must be an equilibrium. O
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