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ABSTRACT. In this paper, we deal with the problem for finding a common element of
finite sets in a Banach space. We first prove that an operator given by a convex combina-
tion of sunny generalized nonexpansive retractions in a Banach space is asymptotically
regular. Using this result, we obtain a weak convergence theorem which is connected
with the problem of image recovery. Further, using another weak convergence theorem,
we prove a weak convergence theorem of Mann’s type for finding a common element of
finite sets in a Banach space.

1. INTRODUCTION

Let H be a Hilbert space, let C1,C5,... ,C, be nonempty closed convex subsets of H
and let I be the identity operator on H. Then the problem of image recovery in a Hilbert
space setting may be stated as follows: The original (unknown) image z is known a priori to
belong to intersection Cy of r well-defined sets Cy,Cs, ... , C, in a Hilbert space; given only
the metric projections P; of H onto C; (i =1,2,...,r), recover z by an iterative scheme.

In 1991, Crombez [2] proved the following: Let T' = agl+Y ., a;T; with T; = I+ \;(P;—
I)foralli,0 <X <2, 0;>0,i=0,1,2,...,7, > i ;a; =1, where each P; is the metric
projection of H onto C; and Cy = N}_;C; is nonempty. Then starting from an arbitrary
element z of H, the sequence {T™xz} converges weakly to an element of Cy. Later, Kitahara
and Takahashi [7] and Takahashi and Tamura [18] dealt with the problem of image recovery
by convex combinations of nonexpansive retractions in a uniformly convex Banach space.
Recently, Ibaraki and Takahashi [4, 5] proved some results for generalized nonexpansive
mappings and sunny generalized nonexpansive retractions in a smooth Banach space which
generalize nonexpansive mappings and metric projections in a Hilbert space, respectively.
In particular, they [5] considered the iteration method of Mann’s type for finding a fixed
point of a generalized nonexpansive mapping 7" in a Banach space E as follows: 1 € E
and

(1.1) Tpt1 = np + (1 —ap)Ta,, n=12,...,

where {a, } is a sequence in [0, 1]. Further, they obtained that the sequence (1.1) converges
weakly to a fixed point of 7' under liminf, .o oy (1 — o) > 0 and F(T) = F(T), where
F(T) is the set of fixed points of T and F/(T) is the set of asymptotic fixed points of T'.

In this paper, we deal with the problem of image recovery in a Banach space. We first
prove that an operator given by a convex combination of sunny generalized nonexpansive
retractions in a smooth and uniformly convex Banach space is asymptotically regular. Using
this result, we obtain a weak convergence theorem of Crombez’s type which is connected
with the problem of image recovery. Moreover, using Ibaraki and Takahashi’s result for
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a sequence generated by (1.1), we prove a weak convergence theorem of Mann’s type for
finding a common element of finite sets in a smooth and uniformly convex Banach space.

2. PRELIMINARIES

Let E be a real Banach space with its dual E*. We write xz,, — z¢ to indicate that
the sequence {x,} converges weakly to xg. Similarly, x,, — xo will symbolize the strong
convergence. A Banach space E is said to be strictly convex if

Tty

|zl =llyll=1, z#y= <1

Also, E is said to be uniformly convex if for each ¢ € (0, 2], there exists 6 > 0 such that
r+y
lell =l =1, llo vl 2= > |25 <1-6

We know that if E is uniformly convex then E is reflexive and strictly convex. The following
result was proved by Xu [19].

Lemma 2.1 ([19]). Let rg > 0 and let E be a uniformly convex Banach space. Then exists
a continuous, strictly increasing, and convez function g : [0,00) — [0,00) with g(0) = 0
such that

(2.1) Az + (1= Nyl* < Mal® + (1 = Nyl = A1 = Ng(llz = y])

forallz,y € Byy :={z€ E:|z]| <o} and A with 0 < X < 1.

A Banach space E is said to be smooth if

t —
t—0 t
exists for each z,y € {z € E: ||z]| = 1}(=: S(E)). A Banach space F is said to be uniformly
smooth if the limit (2.2) is attained uniformly for z,y € S(FE).

The normalized duality mapping J from F into E* is defined by
J(z) = {a* € E* : (x,2*) = ||z||* = ||=*|*}, Vze€E.
We know that if E is strictly convex then J is one-to-one and satisfies that (x—y, z*—y*) > 0
foreach z,y € F (x £ y), z* € Jr and y* € Jy. F is smooth if and only if J is single-valued.

Let E be a smooth Banach space and consider the following function studied in Alber[1]
and Kamimura and Takahashi[6]:

Vi(z,y) = |lz)* — 2z, Jy) + [ly?
for each x,y € E. We also know that for each z,y,z € E,

(2.3) Viz,y) =V(z,2) + V(z,y) + 2{x — 2z, Jz — Jy).
It is obvious from the definition of V' that
(2.4) (zl = llylD? < V(z,y) < (| + [lyl)?

for each z,y € E(see [6]). It is also easy to see that if E is additionally assumed to be
strictly convex, then

(2.5) V(z,y)=0 & z=uy.
See [11] for more details. The following lemma is well-known.

Lemma 2.2 ([6]). Let E be a smooth and uniformly convex Banach space and let {x,} and
{yn} be sequences in E such that either {x,} or {yn} is bounded. If lim, oo V (2, yn) =0,
then limy, o0 |2 — ynl| = 0.
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Let C' be a nonempty closed convex subset of F and let T" be a mapping from C' into
itself. We denote by F(T') the set of fixed points of T. A point p in C is said to be an
asymptotic fixed point of T' [14] if C' contains a sequence {z,} which converges weakly
to p and the strong lim, oo (x, — Txz,) = 0. The set of asymptotic fixed points of T is
denoted by F(T). A mapping T is called generalized nonexpansive [3, 4] if F(T) # § and
V(Tz,p) < V(z,p) for each x € C and p € F(T). A mapping T is called asymptotically
regular if, for each x € C, T"'z — T"x converges strongly to 0.

Let D be a nonempty subset of . A mapping R: E — D is said to be sunny if

R(Rx + t(xr — Rx)) = Rz, Yx € E, Vt > 0.

A mapping R : F — D is said to be a retraction if Rx = z, Vo € D. If E is smooth and
strictly convex, then a sunny generalized nonexpansive retraction of E onto D is uniquely
decided (see [3, 4]). Then, if E is a smooth and strictly convex, a sunny generalized
nonexpansive retraction of £ onto D is denoted by Rp. A subset D of E is said to be a
sunny generalized nonexpansive retract (resp. a generalized nonexpansive retract) of E if
there exists a sunny generalized nonexpansive retraction (resp. a generalized nonexpansive
retraction) of FE onto D (see [3, 4] for more details). The set of fixed points of such a sunny
generalized nonexpansive retraction is D.

We know the following results for generalized nonexpansive mappings and sunny gener-
alized nonexpansive retractions.

Lemma 2.3 ([3, 4]). Let D be a nonempty subset of a smooth and strictly convexr Banach
space E. Let Rp be a retraction of E onto D. Then Rp is sunny and generalized nonez-
pansive if and only if

(x — Rpz,JRpx — Jy) >0

for eachx € E and y € D.

Lemma 2.4 ([4, 5]). Let D be a nonempty subset of a reflexive, strictly convezx, and smooth
Banach space E. If R is a sunny generalized nonexpansive retraction of E onto D, then

(2.6) V(z,Rz) + V(Rz,u) < V(z,u)
for each x € E and u € D.

Lemma 2.5 ([5]). Let E be a reflexive, strictly convez, and smooth Banach space and let
D be a nonempty weakly closed subset of E. If R is a sunny generalized nonerpansive
retraction of E onto D, then F(R) = F(R).

Theorem 2.6 ([5]). Let E be a smooth and uniformly convexr Banach space, let C' be a
nonempty closed convexr subset of E, let T' be a generalized nonerpansive mapping from
C into tself, and let {a,} be a sequence of real numbers such that 0 < a, < 1 and
liminf,, oo @n(l — @) > 0. Suppose {x,} is the sequence generated by 1 = x € C' and

Tpt1 = np + (1 —ap)Ta,, n=12,....

If F(T) = F(T), then the sequence {xy,} converges weakly to an element of F(T).

3. WEAK CONVERGENCE THEOREM OF CROMBEZ’S TYPE

In this section, we consider the problem of image recovery for finding a common element
of finite sets in a Banach space. Throughout this section, we denote by I the identity

operator. To obtain our result, we need four lemmas. Compare these lemmas with the
results in Crombez [2] and Kitahara and Takahashi [7].



436 TAKANORI IBARAKI AND WATARU TAKAHASHI

Lemma 3.1. Let E be a reflexive, strictly convex, and smooth Banach space and let D be
a nonempty subset of E. Let R be a sunny generalized nonexpansive retraction of E onto
D and x € E. If V(Rx,p) = V(x,p) for some p € D, then Rx = x.

Proof. Let « € E and p € D with V(Rx,p) = V(«x,p). By Lemma 2.4, we have
V(z,p) 2 V(x, Rx) + V(Rx,p) = V(x, Rx) + V(z,p)
and hence V(z, Rz) < 0. Therefore V(z, Rz) = 0. This implies that Rz = x. O

Lemma 3.2. Let E be a smooth and uniformly convex Banach space and let S be an op-
erator on E given by S = Bol + >, 5:Si, 0 < B <1 fori=0,1,...,r, >i_ 03 =1,
such that each S; is a generalized nonexpansive mapping from E into itself and NI_, F(S;)
is nonempty. Then S is asymptotically reqular.

Proof. Let z € E and p € NI_, F(S;). Putting x,, = S« for each n € NU {0}, we have
V(xn-‘rl?p) = V(anap)

=V <60xn + Z ﬂiSifEnaZJ)

=1

BoV (@n,p) + > BiV(Sizn, p)

=1

i=1

IN

= V(zn,p).

Hence, lim, oo V(2,,p) exists and in particular, V (z,,,p) is bounded. So, by (2.4), {z,}
is bounded. This implies that {S;x,} is also bounded for each i = 1,2,... 7. Let

1 T
Zp = S5 T
P

for each n € NU {0}. Since {S;x,} is bounded, {z,} is also bounded. Put ro = sup
neNU{0}

{llznll; |z} Then, by Lemma 2.1, there exists a continuous, strictly increasing, and convex
function g : [0, 00) — [0, 00) with ¢g(0) = 0 satisfying (2.1), where B,, = {z € E : ||z|| < 7o}.
We have

V(zni1,p) = V (ﬁoﬂﬂn + Zﬁisﬂmp) = V(Bozn + (1 = Bo)zn,p)
i=1

1 Boan + (1 = Bo)zall> — 2(Bown + (1 — Bo)2n, Jp) + |Ip||?
Bollzall? + (1 = Bo)llzall® = Bo(1 = Bo)g(llzn — zall)
—280(n, Jp) — 2(1 = Bo)(zn, Jp) + ||p|?

Bo(lleall = 20z, o) + [p112) + (1 = Bo) (12012 = 2{zn, I2) + pI1°)
~Bo(1 = o)g(ln — 2all)
= BoV(zn,p) + (1 = Bo)V(2n,p) — Bo(1 = Bo)g(l|xn — 2nl|)
1 ks
= BoV(zn,p) + (1 - Bo)V (m ;@Siznm)

—Bo(1 = Bo)g(lln — znll)

IN
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AN

i=1

BoV (2, p) + Y BiV (@n, ) = Bo(1 = Bo)g(|zn — 2all)

=1

V@, p) = Bo(1 = Bo)g([lxn = zul))

IN

and hence 1

Bo(1 = fo)
Since {V(zn,p)} converges, it follows that

9(llen = 2all) < (V(@np) = V(@nr1.p))-

i g(ln — za) = 0.

Then the properties of g yield that

lim ||z, — z,|| = 0.
and hence
lZnt1 — 2ol = Born + (1= Bo)zn — zul|
= (1=PBo)llzn — 2l
Therefore we have that lim, o ||Sn — Zn|| = limy,—co || Tnt1 — x| = 0. This implies that
S is asymptotically regular. O

Lemma 3.3. Let E be a reflexive, strictly convex, and smooth Banach space and let

D1, Dy, ..., D, be nonempty sunny generalized nonexpansive retracts of E such that N]_, D;
is nonempty. Let S be an operator on E given by S =3 _; a;S;, 0<a; <1,i=1,2,...,r,
Yoi_i o =1, such that for each i, S; = (1 — X)I + NR;, 0 < A\; < 1, where each R; is a
sunny generalized nonexpansive retraction of E onto D;. Then F(S) =NI_,D;.

Proof. 1t is obvious that NI_; D; C F(S). Conversely, let z € F(S) and p € N}_, D;. From
the convexity of || - ||?, we have

V(z,p) = V(Sz,p)
< > aiV(Siz,p)
i=1

T

Zai((l = A)V(z,p) + )\iV(RiCU,P))

=1

IN

T

> ai((1= AV (@,p) + AV (2,p))

i=1

= ZO@V(I,]ﬂ = V(I,p)

IN

and hence V(x,p) = V(S;z,p). So, for each 1,
V(z,p) = V(Siz,p)
(1 =)V (z,p) + NV (Riz,p)
V(z,p)
and hence V(z,p) = V(R;z,p). So, it follows from Lemma 3.1 that R;x = x. This implies

that € D, for each i. So, we have z € N[_; D,. Therefore, we have F(S) C Nj_;D;. This
implies F(S) =N{_, D;. O

<
<
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Lemma 3.4. Let E be a smooth and uniformly convex Banach space and let D1, Do, ... , D,
be nonempty weakly closed sunny generalized nonexpansive retracts of E such that N;_, D; is
nonempty. Let S be an operator on E given by S =3\ 2;S;, 0 <oy <1,i=1,2,...,r,
Yoi_i o =1, such that for each i, S; = (1 — X)I + NR;, 0 < A\; < 1, where each R; is a
sunny generalized nonexpansive retraction of E onto D;. Then F(S) = F(S).

Proof. Tt is obvious that F(S) C F(S). From Lemmas 2.5 and 3.3, we have N/_, F(R;)
Nr_,D; = F(S). Therefore, to show this Lemma, it is sufficient to prove that F(S) C

ﬂ:le(RZ>

Let v € F(S) and p € N!_, D;. There exists a sequence {z,} C E such that z,, — v and
|2 — S2yn|| — 0. Then, {z,} is bounded. So, by (2.4), we have {V(z,,p)} is bounded and
hence limsup,, o V(2n,p) < +00. Since ||z, — Sz, || converges to 0, it follows that

lim sup V (2, p) = limsup V(Sz,, p).

n—0oo n—oo

Then, there exists a subsequence {x,, } of {z,} such that

klim V(zp,,p) = limsup V(z,, p).

n—oo

Put @ = limg_,o0 V(2y, ,p). We have, for each 1,
V(Szn,,p) < (1 —a;)V(an,,p) + a;V(Sizn,,p)

and hence
1
- (V(ank7p) - (1 - Oéi)V(l‘nk,p)> < V(Siznmp) < V(xnk,p).

a;
So, we have o < liminfy_,00 V(Si2p,,p) < limsup,_, . V(Sixn,,p) < « and hence a =
limg 00 V(Zn,,,p) = limg— 00 V(S;xn, ,p). We also have, for each i
V(Sizn,,p) = V(1 —=X)zn, +XNiRizn,,Dp)
V (&, . p)

IAIA

and hence a = limg—o V(zp,,p) = limg— oo V(Rixp,,p). From Lemma 2.4, we get, for
each 1,

V(xnk ) sznk) S V(xnk 7p) - V(sznkvp)

and hence V(x,,, Rix,,) — 0. From Lemma 2.2, we have ||x,, — Rixn,|| — 0. Since
{zn} is converges weakly to v, it follows that v € F(R;) for each i = 1,2,... ,r and hence
v € NI_yF(R;). So, we have that F'(S) C N{_; F(R;). This implies that F'(S) = F(S). O

Now, we prove the following theorem which is one of our main results in this paper.

Theorem 3.5. Let E be a smooth and uniformly convex Banach space and D1, Do, ... , D,
be nonempty weakly closed sunny generalized nonexpansive retracts of E such that N;_, D; is
nonempty. Let S be an operator on E given by S =3\, ;S;, 0 <a; <1,i=1,2,...,r,
Yoi_j o =1, such that for each i, S; = (1 — X\)I + NiRi, 0 < A\; < 1, where each R; is
a sunny generalized nonexpansive retraction of E onto D;. Then, for each x € E, {S™x}
converges weakly to an element of F(S) = Ni_; D;.
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Proof. Choose (31 such that aqA; < 81 < ay and set 3 = a3 A1/B1. Then 0 < 31 < 1,
0<p <1and

ar{(1 = A + MRy}
arl —ag I+ a1 MRy
= (a1 =)+ Bl = Brpad + Prpa Ry
= (m —51)14-51{(1 —Ml)f'i‘ulRl}-

151

Putting S; = (1—p1)I+u1 Ry, we have that S| is generalized nonexpansive and F(S;) = D.
Now, we have S = (a1 — )] + 515] + o @S;. By Lemma 3.2, S is asymptotically
regular.

Let z € E and p € F(S). Putting z, = S« for each n € NU {0}, we have

V(xn—i-lap) = V(erup)

< Z a;V(Sizn,p)
i=1

< Y aVimn
i=1

= V(zn,p).

Therefore limy,,_,oc V (2, p) exists and in particular, {V(x,,p)} is bounded. So, by (2.4),
{zn} is bounded. Since E is reflexive, there exists a subsequence {x,,} of {z,} such that
Tn, — v for some v € E. Since S is asymptotically regular, by Lemma 3.4, v is a fixed
point of S.

Let {x,,} and {z,,} be two subsequences of {x,} such that z,,, — v; and z,,; = v2. As
above, we have v,vy € F(S). Put

a = lim (V(xmvl) - V(gcmvg)).

Note that
V(xn,v1) = V(xn,v2) = 2{xy,, Jug — Jou1) + ||111H2 - H1)2||2, n=0,1,2,....

From x,, — v1 and z,, — vz, we have

(3.1) a = 2(vi, Jvy — Jur) + [[o1]|* = [|va||®
and
(3.2) a = 2(vy, Jug — Ju1) + [|v1]|? — ||ve|?.

Combining (3.1) and (3.2), we obtain
<’U1 — V2, J’Ul — JU2> =0

Since E is strictly convex, from the property of J, it follows that v; = vy. Therefore {z,}
converges weakly to an element of F(S) =nN;_,D;. O

4. WEAK CONVERGENCE THEOREM OF MANN’S TYPE

In this section, we prove a weak convergence theorem of Mann’s type for finding a common
element of finite sunny generalized nonexpansive retracts. As in Reich [14], we first prove
the following lemmas.
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Lemma 4.1. Let E be a smooth and uniformly convexr Banach space, let C' be a nonempty

closed convex subset of E and let Ty, 15, ... , Ty, be genemAlized nonexrpansive mappings from
C' into itself such that for eachi=1,2,... ,m, F(T;) = F(T;) and
(4.1) Ve, Tix) + V(Tiz,u) < V(z,u), VreC, Yue F(T;).

If O\ F(T;) is nonempty, then F(T, Ty 1 ---Ty) = F(TpyTu_y ---T1) = O, F(T5).

Proof. Put T := T}, Tp_1 - -- Ty. Then, it is obvious that Ny, F(T;) ¢ F(T) c F(T). To
show this lemma, it is sufficient to prove that F(T) ¢ N™, F(T;).

Let z € F(T) and let w € N, F(T;). There exists a sequence {z,} C C such that
xn, — z and ||@, — Tay,|| — 0. Put y, := Trne1Tm—2---T12,. Then Ty, = Tx,. From
(4.1), we have

V(yn7Tmyn) S V(yruu) - V(Tmynau)
< V(xp,u) =V (Txp,u)
= [l@all® = ITall? = 2z — T, Ju)
< (lwall+ 1T2all) (Ioall = 1T2al) + 220 = Tan| ul
< (lzall+ IT@al Y llon = Taall + 2]z — Taall|u]

and hence V (yn, Trnyn) — 0 as n — oco. We have from Lemma 2.2 that ||y, — Trmyn| — 0
as n — o0o. Moreover, we have

lzn — yn” = ”mn —Txp+Tx, — yn”
||l‘n - T(,CnH + HTmyn - ynH

IN

and hence ||, — yn|| — 0. This implies that y, — z. Since ||yn — Tmyn| — 0, we have
z € F(Tm) From the definition of y,, we have that ||x, — Tr—1Tm—2---Tizs| — O
and Ty, 1T,_o---Tixz, — z. Hence, z € F(Tm_le_g ---Ty). Similarly, putting z, :=
Tm,QTm,'g, e TlIn, we have

V(zn, Ti—12n) < V(zp,u) = V(Tm-12n,u)
< Vi(zn,u) = V(yn, u)
= aal® = llynll® = 2(zn — yn, Ju)
< (el + il e = il + 20 = il
and hence V(z,, Tpn—12n,) — 0 as n — 00. So, we have that ||z, — Trhn—12n] — 0 and
zn — z. Therefore, we have that z € F(T,,—1), ||tn — Tm—2Tm—3-- - Tix,|| — 0 and

z € F(Tm,ng,g ---Ty). By such a method, we have that z € F(TJ for each ¢ = m —
2,m—3,...,1. Thisimplies that z € NI, F(T;). So, we have F'(T') C N/, F'(T;). Therefore,
F(T) = F(T) = N, F(T)). O

Lemma 4.2. Let E be a smooth and uniformly convexr Banach space, let C' be a nonempty
closed convex subset of E and let T1,T5, ... ,T,, be generalized nonexpansive mappings from

C into itself such that for each i =1,2,... ,m, F(T;) = F(T}) and
(4.2) V(z,Tix) + V(Tiz,u) < V(x,u), VxeC, Yue F(T;).

If N F(T;) is nonempty, then T Ty—1 -+ T is a generalized nonexpansive mapping from
C into itself.
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Proof. Put T = T,,,Typ—1 - - - T1. From Lemma 4.1, we have F(T) = N/, F(T;). For z € C
and u € F(T) = N, F(T;), we have V(Tz,u) < V(z,u). Therefore, T,,T—1---T1 is a
generalized nonexpansive mapping from C' into itself. O

Using Theorem 2.6, Lemmas 4.1 and 4.2, we can prove the following result.

Theorem 4.3. Let E be a smooth and uniformly convex Banach space and let C' be a

nonempty closed convexr subset of E. Let T1,Ts,... ,T,, be generqlized nonexpansive map-
pings of C into itself such that for each i =1,2,... ,m, F(T;) = F(T;), and

(4.3) V(z,Tiyx) + V(Tiz,u) < V(x,u), VxeC, Yue F(T;).

Let {a,} be a sequence of real numbers such that 0 < o, < 1 for eachn =1,2,..., and

liminf, o @n(1 — ) > 0. Suppose that N4 F(T;) is nonempty and {xy} is the sequence
generated by x1 = x € C and

T+l = nZn + (1 — ap)T—1Tm—2 - Thxn, n=1,2,....
Then the sequence {xn} converges weakly to an element of NI, F(T;).

Proof. From Lemmas 4.1 and 4.2, we have that T}, T;,—1 - - - T1 is a generalized nonexpansive

mapping with (T, Ty—1 -+ Th) = F(TnTin—1---T1) = N, F(T;). Therefore, by Theorem
2.6, {x,,} converges weakly to an element of NI, F(T;). O

Finally, we obtain the following weak convergence theorem which is connected with the
problem for image recovery.

Theorem 4.4. Let E be a smooth and uniformly convex Banach space, let D1, D, ... Dy,
be nonempty weakly closed sunny generalized nonexpansive retracts of E such that N[, D;
is nonempty, and let {a,} be a sequence of real numbers such that 0 < «,, < 1 for each
n=1,2,..., and liminf, o a,(1 — ay) > 0. Suppose {x,} is the sequence generated by
r1=x € FE and

Tpt+l = QnTp + (1 _an)RmRmfl"'Rlxnv n=12...,

where each R; is a sunny generalized nonexpansive retraction of E onto D;. Then the
sequence {x,} converges weakly to an element of NI, D;.

Proof. From Lemmas 2.4 and 2.5, we have that for each i = 1,2,... ,m, F(R;) = F(R;)
and

(4.4) V(z,Riz) + V(Riz,u) < V(z,u), VxeFE, Yue D,

We recall that F(R;) = D; for each i =1,2,... ,m. Using Theorem 4.3, we have that {z,}

converges weakly to an element of N, D;. O
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