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Abstract. This paper introduces 2D lognormal diffusion random fields through their
transition densities and studies the main analytical and statistical characteristics of
these fields, based on the theoretical formulation for diffusion random fields given
in [14]. Lognormal diffusions are characterized here in terms of stochastic partial
differential equations, and Kolmogorov’s forward equation is obtained.

1 Introduction The formulation of dynamic models using lognormal stochastic processes
has been applied in different contexts (see, for example, [18], [20], [19]). Nowadays, increased
emphasis on Environmental Sciences and the formulation of dynamic models for transport
of chemical or biological agents provides an additional incentive for studying lognormal
diffusion random fields.

Lognormal diffusion processes (one-parameter case) have been applied based on esta-
blishing statistical inference results which allow model fitting to data obtained from discrete
or continuous sampling (see for example, [4], [5], and [11]). The Itô differential equation and
both Kolmogorov’s forward-backward equations have been used for parameter estimation
and hypothesis testing, as well as for first-passage time problems for certain time barriers,
which are solved in [9], [6], and [10].

Our concern will be on the study of some analytical and statistical aspects related to
2D (two-parameter) lognormal diffusion random fields. When the parameter space is a
subset of R2

+, [14] introduces a class of 2D random fields which are diffusions on each co-
ordinate and satisfy a particular Markov property related to partial ordering in R2

+. Using
this theory and taking into account that a lognormal random field is commonly introduced
as a random field whose logarithm is a Gaussian random field (see, for example, [13], [2],
[3]), we first study 2D Gaussian diffusion random fields. The diffusion coefficients and the
one-parameter diffusions which appear fixing each coordinate of the parameter space are
obtained. Moments and the stochastic partial differential equation (SPDE) for a 2D Gaus-
sian diffusion are given too. Second, the 2D lognormal diffusion random field is introduced
in terms of the transition densities. The one-parameter diffusions, the diffusion coefficients
and moments are obtained. The lognormal diffusion random field is characterized by its
SPDE and the forward Kolmogorov’s equation is obtained and the backward Kolmogorov’s
equation is gave.

2 2D Gaussian Diffusion Random Field Let {X (z) : z = (s, t) ∈ I = [0, S]× [0, T ] ⊂
R2

+} be a random field (RF), defined on a probability space (Ω,A, P ). We will use X (z),
X (s, t) or Xst to denote the variables of the field. Suppose that the RF is constant in the
axes of the parameter space, that is X (z) = X (0, 0), ∀z ∈ {(s, t) ∈ I : s = 0 or t = 0}.
We will denote
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X
(
∆1

h (z)
)

= X (s+ h, t) −X (s, t) , X
(
∆2

k (z)
)

= X (s, t+ k) −X (s, t) ,
X (∆hk (z)) = X (s+ h, t+ k) −X (s+ h, t) −X (s, t+ k) +X (s, t) ,
X ((s1, t1) , (s2, t2)) = (X (s1, t2) , X (s1, t1) , X (s2, t1)) , (s1, t1) ≤ (s2, t2) .

Let consider the families of σ-fields {Fz : z ∈ R2
+}, {F1

z : z ∈ R2
+}, and {F2

z : z ∈ R2
+},

where for z ∈ R2
+

Fz = σ {X (z′) : z′ ≤ z} ,
F1

z = σ {X (s′, t′) : s′ ≤ s , t′ ∈ R+} =
∨

t′≥0

Fst′ ,

F2
z = σ {X (s′, t′) : s′ ∈ R+ , t′ ≤ t} =

∨
s′≥0

Fs′t, and

F1
z ∨ F2

z = σ {X (s′, t′) : s′ ≤ s or t′ ≤ t} .

We will assume that the following condition holds for every z ∈ R2
+: F1

z y F2
z are conditio-

nally independent given Fz.
We first study the 2D Gaussian diffusion RF. Let {X(z) : z∈ I} be a 2D Markov RF with

a.s. continuous sample paths where X(0, 0) is a constant or a Gaussian random variable
with E[X(0, 0)] = m0 and var (X (0, 0)) = σ2

0 . We suppose, that there exist a and B,
continuous functions in I, such that the transition densities exist and are given by

f (y, z + (h, k) | x, z) =
1√

2πσ2 (z;h, k)
exp

{
−1

2

(
y − x1 − x2 + x−m (z;h, k)

σ (z;h, k)

)2
}
,

(1)

for z = (s, t) ∈ I, h, k ≥ 0, x = (x1, x, x2) ∈ R3, y ∈ R, with

m (z;h, k) =
∫ s+h

s

∫ t+k

t

a (σ, τ) dσdτ, σ2 (z;h, k) =
∫ s+h

s

∫ t+k

t

B (σ, τ) dσdτ.

Under these conditions, considering k = t and t = 0 in (1), we obtain the transition
densities for the stochastic process {X (s, t) : s ∈ [0, S]}: For fixed t ∈ [0, T ]

ft (y, s+ h | x, s) =
1√

2πσ2
1 (z;h)

exp

{
−1

2

(
y − x−m1 (z;h)

σ1 (z;h)

)2
}
,(2)

for z = (s, t) ∈ I, h ≥ 0, x, y ∈ R, and

m1 (z;h) =
∫ s+h

s

a1 (σ, t) dσ, σ2
1 (z;h) =

∫ s+h

s

B1 (σ, t) dσ,

with

a1 (s, t) =
∫ t

0

a (s, τ) dτ, B1 (s, t) =
∫ t

0

B (s, τ) dτ.

Taking into account the initial distribution (the distribution in the axes of the parameter
space), the transition densities and the (one-parameter) Markov property, we can conclude
that {X (s, t) : s ∈ [0, S]} is a Gaussian stochastic process where a1 (z) and B1 (z) are the
drift and diffusion coefficients, respectively.
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Similarly, if we consider h = s and s = 0 in (1), we obtain that {X (s, t) : t ∈ [0, T ]}, for
fixed s ∈ [0, S], is a Gaussian diffusion process, with transition densities given by

fs (y, t+ k | x, t) =
1√

2πσ2
2 (z; k)

exp

{
−1

2

(
y − x−m2 (z; k)

σ2 (z; k)

)2
}
,(3)

for z = (s, t) ∈ I, k ≥ 0, x, y ∈ R, and

m2 (z; k) =
∫ t+k

t

a2 (s, τ) dτ, σ2
2 (z; k) =

∫ t+k

t

B2 (s, τ) dτ,

with

a2 (s, t) =
∫ s

0

a (σ, t) dσ, B2 (s, t) =
∫ s

0

B (σ, t) dσ

being the drift and diffusion coefficients, respectively.
From the above conditions, we can assert the following properties:

1. X (∆hk (z)) � N
(
m (z;h, k) , σ2 (z;h, k)

)
.

2. X (∆hk (z)) is independent of X (z), of X (s+ h, t) and of X (s, t+ k) .

3. X
(
∆1

h (z)
)

� N
(
m1 (z;h) , σ2

1 (z;h)
)
.

4. X
(
∆2

k (z)
)

� N
(
m2 (z; k) , σ2

2 (z; k)
)
.

5. X
(
∆1

h (z)
)

and X (z) are independent.

6. X
(
∆2

k (z)
)

and X (z) are independent.

Theorem 2.1. {X (z) : z ∈ I} is a Gaussian diffusion RF, with drift coefficient a (z),
diffusion coefficient B (z), and with the mixed diffusion coefficients being all null.

Proof See Appendix A.

2.1 SPDE for the 2D Gaussian diffusion RF Under some regularity conditions,
it is possible to obtain a SPDE formulation for the 2D diffusion RF. In fact, we need the
hypotheses I to V stated in [14] to be satisfied, in order to apply the Theorem 2.8 established
in that paper. These hypotheses will be proved for the lognormal diffusion RF (see Appendix
B). The proof for the Gaussian case can be carried out in a similar way. Then, applying
directly the result, we can conclude that there exists a 2D Wiener process {W (z) : z ∈ I }
(adjoining, if it is necessary, a new probability space) such that the Gaussian diffusion RF
{X (z) : z ∈ I} is the only diffusion RF satisfying the SPDE

∂2Xst

∂s∂t
= a (s, t) +B1/2 (s, t)

∂2Wst

∂s∂t
.

The uniqueness of the solution is the result of applying Theorem 3.9 of Yeh (see [16], p.
282).

3 2D Lognormal Diffusion Random Field We will consider in the following develop-
ment {X(z) : z∈ I = [0, S]×[0, T ]} to be a positive-valued 2D Markov RF with a.s. con-
tinuous sample paths, where X(0, 0) is a constant or a lognormal random variable with
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E [lnX (0, 0)] = m0 and var (lnX (0, 0)) = σ2
0 . We suppose that there exist ã and B̃,

continuous functions in I, such that the transition densities are given by

g(y, z + (h, k) | x, z) =
1

y
√

2πσ2 (z;h, k)
exp

⎧⎪⎨
⎪⎩−1

2

⎛
⎝ ln

(
yx

x1x2

)
−m (z;h, k)

σ (z;h, k)

⎞
⎠

2
⎫⎪⎬
⎪⎭ ,

(4)

for z = (s, t) ∈ I, h, k ≥ 0, x = (x1, x, x2) ∈ R3
+, y ∈ R+, and

m (z;h, k) =
∫ s+h

s

∫ t+k

t

ã (σ, τ) dσdτ, σ2 (z;h, k) =
∫ s+h

s

∫ t+k

t

B̃ (σ, τ) dσdτ.

The RF {Y (z) : z ∈ I} defined as Y (z) = lnX (z) has a transition density given by
(1). Therefore, {Y (z) : z ∈ I} is a Gaussian diffusion RF, with ã (z) and B̃ (z) being the
drift and diffusion coefficients, respectively. Thus, we can conclude that {X (z) : z ∈ I} is
a lognormal RF. We will prove next that it is also a diffusion RF.

We denote ã1, ã2, B̃1 and B̃2 the one-parameter diffusion coefficients of Y and c̃1, c̃2 and
d̃ its mixed diffusions coefficients. Using the results of the previous section we can conclude
that

ã1 (s, t) =
∫ t

0

ã (s, τ) dτ, B̃1 (s, t) =
∫ t

0

B̃ (s, τ) dτ, (s, t) ∈ I,

ã2 (s, t) =
∫ s

0

ã (σ, t) dσ, B̃2 (s, t) =
∫ s

0

B̃ (σ, t) dσ, (s, t) ∈ I,

c̃1 (s, t) = c̃2 (s, t) = d̃ (s, t) = 0, (s, t) ∈ I.

On the other hand, denoting a1, a2, B1 and B2 the one-parameter diffusion coefficient for
X , we have

a1 (z)x =
(
ã1 (z) + 1

2 B̃1 (z)
)
x, B1 (z)x2 = B̃1 (z)x2,

a2 (z)x =
(
ã2 (z) + 1

2 B̃2 (z)
)
x, B2 (z)x2 = B̃2 (z)x2,

(5)

and the infinitesimal moments of order larger than two are all null. In fact,

E
[
X
(
∆1

h (z)
) | X (z) = x

]
h

=
x

h

(
E
[
eY (∆1

h(z)) | Y (z) = lnx
]
− 1

)
=

x

h

(
E
[
eY (∆1

h(z))
]
− 1

)

=
x

h

(
exp

{∫ s+h

s

ã1 (σ, t) dσ +
1
2

∫ s+h

s

B̃1 (σ, t) dσ,

}
− 1

)
,

using that Y
(
∆1

h (z)
)

is independent of Y (z), and the distribution of Y
(
∆1

h (z)
)
. Taking

the limit when h→ 0,

a1 (z, x) = x

(
ã1 (z) +

1
2
B̃1 (z)

)
= xa1 (z) .

The proof is similar for the remaining coefficients. We can then conclude that {X (z) :
z ∈ I} is a lognormal diffusion RF.
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If we consider k = t and t = 0 in (4), the transition densities for the lognormal diffusion
RF {X (s, t) : s ∈ [0, S]}, t ∈ [0, T ] fixed, are given by

gt (y, s+ h | x, s) =
1

y
√

2πσ2
1 (z;h)

exp

⎧⎨
⎩−1

2

(
ln
(

y
x

)−m1 (z;h)
σ1 (z;h)

)2
⎫⎬
⎭ ,

for z = (s, t) ∈ I, h ≥ 0, x, y ∈ R+, and

m1 (z;h) =
∫ s+h

s

ã1 (σ, t) dσ, σ2
1 (z;h) =

∫ s+h

s

B̃1 (σ, t) dσ.

Similarly, if we consider h = s and s = 0 in (4), the transition densities for the lognormal
diffusion RF {X (s, t) : t ∈ [0, T ]}, s ∈ [0, S] fixed, are given by

gs (y, t+ k | x, t) =
1

y
√

2πσ2
2 (z; k)

exp

⎧⎨
⎩−1

2

(
ln
(

y
x

)−m2 (z; k)
σ2 (z; k)

)2
⎫⎬
⎭ ,

where z = (s, t) ∈ I, k ≥ 0, x, y ∈ R+, and

m2 (z;h) =
∫ t+k

t

ã2 (s, τ) dτ, σ2
2 (z; k) =

∫ t+k

t

B̃2 (s, τ) dτ.

3.1 Two-parameter diffusion coefficients Hypotheses I to IV stated in [14] hold (see
Appendix B) and applying Proposition 2.4 established in that paper, the two-parameter
diffusion coefficients for the lognormal and Gaussian diffusion RFs could be obtained in
terms of the one-parameter diffusion coefficients. That is, the two-parameter diffusion
coefficients of the lognormal diffusion RF {X (z) : z ∈ I} are given by

a (z, x) = a (z)x, with a (z) =
∂a1 (z)
∂t

+ a1 (z) a2 (z) =
∂a2 (z)
∂s

+ a1 (z) a2 (z)

B (z, x) = B (z)x2, with B (z) =
∂B1 (z)
∂t

+B1 (z)B2 (z) =
∂B2 (z)
∂s

+B1 (z)B2 (z) ,

c1 (z, x) = c1 (z)x2, with c1 (z) = a2 (z)B1 (z) ,
c2 (z, x) = c2 (z)x2, with c2 (z) = a1 (z)B2 (z) , and
d (z, x) = d (z)x3, with d (z) = B1 (z)B2 (z) ,

(6)

and the two-parameter diffusion coefficients of the Gaussian diffusion RF {Y (z) : z ∈ I}
are given by

ã (z, y) = ã (z) = a (z) − a1 (z) a2 (z) − 1
2

[B (z) −B1 (z)B2 (z)] ,

B̃ (z, y) = B̃ (z) = B (z) − B1 (z)B2 (z) , and

c̃1 = c̃2 = d̃ = 0.

(7)

3.2 Moments of the 2D lognormal diffusion RF The moments of a 2D lognormal
diffusion are useful in the derivation of the forward equation. We can calculate them using
the moment generating function of the Gaussian diffusion RF. Denoting z0 = (s0, t0),
z = (s, t), X (z0, z) = (X (s0, t), X (z0), X (s, t0)) and Y (z0, z) = (lnX (s0, t), lnX (z0),
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lnX (s, t0)), and using that the distribution of Y (z) = lnX (z) conditional to y = (y1, y, y2)
is N

(
mz0 z (y) , σ2 (z0, z)

)
, with

mz0 z (y) = y1 + y2 − y +
∫ s

s0

∫ t

t0

ã (σ, τ) dσdτ = ln
(x1x2

x

)
+
∫ s

s0

∫ t

t0

ã (σ, τ) dσdτ,

σ2 (z0, z) =
∫ s

s0

∫ t

t0

B̃ (σ, τ) dσdτ,

we have

E
[
Xk (z) | X (z0, z)

]
= E

[
ek ln X(z) | X (z0, z)

]

=
[
X (s0, t)X (s, t0)

X (z0)

]k

exp
{
k

∫ s

s0

∫ t

t0

ã (σ, τ) dσdτ +
k2

2

∫ s

s0

∫ t

t0

B̃ (σ, τ) dσdτ
}
.(8)

3.3 SPDE for the 2D lognormal diffusion RF Hypotheses I to V stated in [14] hold
(see Appendix B). Therefore we can apply the Theorem 2.8 established in that paper to
obtain the SPDE for X and conclude that there exists a 2D Wiener RF {W (z) : z ∈ I}
(adjoining, if it is necessary, a new probability space) such that the lognormal diffusion RF
{X (z) : z ∈ I} is the only diffusion RF satisfying the following SPDE:

∂2Xst

∂s∂t
−X−1 (z)

∂Xst

∂s

∂Xst

∂t
− ∂a2 (s, t)

∂s
Xst

=
(
∂B2 (s, t)

∂s
+B1 (s, t)B2 (s, t)

)1/2

Xst
∂2Wst

∂s∂t
.

The uniqueness of the solution is the result of observing that {X (z) : z ∈ I} is a bijective
transformation (X (z) = expY (z)) of a diffusion RF {Y (z) : z ∈ I} which satisfies a SPDE
with a unique solution (see the proof of Theorem 4.3 of [12]).

3.4 Kolmogorov’s forward-backward equations for the lognormal diffusion RF
In this section, for a 2D lognormal diffusion RF, the Kolmogorov’s forward equation is
obtained and the Kolmogorov’s backward equation is given (see [17] for diffusion processes).

Proposition 3.1. The transition densities of the lognormal diffusion RF {X (z) : z ∈ I}
satisfy the following Kolmogorov’s forward equation:

∂2g

∂s∂t
= µ1 (z)

∂ (yg)
∂y

+ µ2 (z)
∂2
(
y2g
)

∂y2
+ µ3 (z)

∂3
(
y3g
)

∂y3
+ µ4 (z)

∂4
(
y4g
)

∂y4
,

where µi (z) are given by

µ1 (z) = −a(z) = −∂a1 (z)
∂t

− a1 (z)a2 (z) ,

µ2 (z) = a1 (z) a2 (z) +
1
2

(
∂B1 (z)
∂t

+B1 (z)B2 (z)
)

+ a1 (z)B2 (z) +B1 (z) a2 (z) ,

µ3 (z) = −1
2
a1 (z)B2 (z) − 1

2
B1 (z) a2 (z) −B1 (z)B2 (z) ,

µ4 (z) =
1
4
B1 (z)B2 (z) .

(9)

Proof See Appendix C.
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In a similar way, the Kolmogorov’s backward equation can be obtained for a 2D lognor-
mal diffusion RF.

Proposition 3.2. The transition densities of the lognormal diffusion RF {X (z) : z ∈ I}
satisfy the following Kolmogorov’s backward equation:

∂2g

∂s0∂t0
= λ1

{
x
∂g

∂x
+ x1

∂g

∂x1
+ x2

∂g

∂x2

}

+λ2

{
x2 ∂

2g

∂x2
+ x2

1

∂2g

∂x2
1

+ x2
2

∂2g

∂x2
2

+ 2xx1
∂2g

∂x∂x1
+ 2xx2

∂2g

∂x∂x2

}

+λ3x1x2
∂2g

∂x1∂x2
+ λ4x

2
1x2

∂3g

∂x2
1∂x2

+ λ5x1x
2
2

∂3g

∂x1∂x2
2

+ λ6x
2
1x

2
2

∂4g

∂x2
1∂x

2
2

,

where

λ1 = ã (z0) +
1
2
B̃ (z0) , λ2 =

1
2
B̃ (z0) ,

λ3 = B̃ (z0) +
(∫ t

t0

ã (s0, τ) dτ +
1
2

∫ t

t0

B̃ (s0, τ) dτ
)

×
(∫ s

s0

ã (σ, t0) dσ +
1
2

∫ s

s0

B̃ (σ, t0) dσ
)
,

λ4 =
1
2

(∫ t

t0

B̃ (s0, τ) dτ
)(∫ s

s0

ã (σ, t0) dσ +
1
2

∫ s

s0

B̃ (σ, t0) dσ
)
,

λ5 =
1
2

(∫ s

s0

B̃ (σ, t0) dσ
)(∫ t

t0

ã (s0, τ) dτ +
1
2

∫ t

t0

B̃ (s0, τ) dτ
)
,

λ6 =
1
4

(∫ t

t0

B̃ (s0, τ) dτ
)(∫ s

s0

B̃ (σ, t0) dσ
)
.

4 Conclusions In this paper, we give the theoretical formulations for a 2D lognormal
diffusion RF based on the definition of diffusion RF introduced by [14]. Such a model can be
useful to describe, predict and simulate real phenomena like transport of pollutant agents
in environmental studies.

This investigation is continued with the study of techniques for estimation and prediction
of 2D lognormal diffusion RFs, using exogenous factors in the formulation of the drift and
the diffusion coefficients (see [7]). An extension for a 2D lognormal diffusion RF with non-
constant values at the boundary axes (see [8]) is also under consideration. The investigation
is also addressed to introduce spatio-temporal formulation in this context.
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Appendix

A Proof of Theorem 2.1 It is clear that {X (z) : z ∈ I} is a diffusion RF. Let (s1, t1),
(s2, t2), ...,(sn, tn) ∈ I, with s1 ≤ s2 ≤ ... ≤ sn ∈ [0, S], t1, t2, ..., tn ∈ [0, T ]. We next prove
that the distribution of (X (s1, t1) , X (s2, t2) , ...,X (sn, tn))T is Gaussian, by induction on
n := cardinal {s1, s2, ..., sn}. If n = 1, then s1 = s2 = ... = sn := s and the result is
straightforward from the one-parameter case. If n = 2, then the random vector has the
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form (X (s1, t1) , ...,X (s1, tj) , X (s2, tj+1) , ...,X (s2, tn))T . We will suppose t1 ≤ ... ≤ tj
and tj+1 ≤ ... ≤ tn. We denote hp := sp − sp−1, kp := tp − tp−1, p = 2, ..., n. For
simplicity, when n = 2 we denote h := s2 − s1. The characteristic function of the random
vector (X (s1, t1) , ...,X (s1, tj), X (s2, tj+1), ...,X (s2, tn))T is given by

E
[
ei(u1X(s1,t1)+...+ujX(s1,tj)+uj+1X(s2,tj+1)+...+unX(s2,tn))

]
= E

[
ei(u1X(s1,t1)+...+ujX(s1,tj)+uj+1X(s2,tj+1)+...+un−1X(s2,tn−1))

×E
[
eiunX(s2,tn) | F1

(s1,tn−1)
∨ F2

(s1,tn−1)

]]
= E

[
ei(u1X(s1,t1)+...+ujX(s1,tj)+uj+1X(s2,tj+1)+...+(un−1+un)X(s2,tn−1))

×ei(unX(s1,tn)−unX(s1,tn−1))

×E
[
eiun(X(∆hkn (s1,tn−1))) | X ((s1, tn−1) , (s2, tn))

]]
= E

[
eiun(X(∆hkn (s1,tn−1)))

]
×E

[
ei(u1X(s1,t1)+...+ujX(s1,tj)+uj+1X(s2,tj+1)+...+(un−1+un)X(s2,tn−1))

× ei(unX(s1,tn)−unX(s1,tn−1))
]
,

where we have used that {X (z) : z ∈ I} is a Markov RF and that X (∆hkn (s1, tn−1)) is
independent of X ((s1, tn−1) , (s2, tn)). Repeating the previous calculations n− j− 2 times,
we can obtain

E
[
ei(u1X(s1,t1)+...+ujX(s1,tj)+uj+1X(s2,tj+1)+...+unX(sn,tn))

]
= E

[
eiun(X(∆hkn (s1,tn−1)))

]
E
[
ei(un+un−1)X(∆hkn−1 (s1,tn−2))

]
· · ·

×E
[
ei(un+...+uj+2)X(∆hkj+2 (s1,tj+1))

]
×E

[
ei(u1X(s1,t1)+...+ujX(s1,tj)+(uj+1+...+un)X(s2,tj+1)−(uj+2+...+un)X(s1,tj+1))

×ei(unX(s1,tn)+un−1X(s1,tn−1)+...+uj+2X(s1,tj+2))
]

= E
[
eiun(X(∆hkn (s1,tn−1)))

]
E
[
ei(un+un−1)X(∆hkn−1 (s1,tn−2))

]
· · ·

×E
[
ei(un+...+uj+2)X(∆hkj+2 (s1,tj+1))

]
×E

[
E
[
ei(u1X(s1,t1)+...+ujX(s1,tj)+(uj+1+...+un)X(s2,tj+1)−(uj+2+...+un)X(s1,tj+1))

×ei(unX(s1,tn)+un−1X(s1,tn−1)+...+uj+2X(s1,tj+2)) | F1
(s1,0) ∨ F2

(s1,0)

]]
= E

[
eiun(X(∆hkn (s1,tn−1)))

]
E
[
ei(un+un−1)X(∆hkn−1 (s1,tn−2))

]
· · ·
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×E
[
ei(un+...+uj+2)X(∆hkj+2 (s1,tj+1))

]
×E

[
ei(u1X(s1,t1)+...+ujX(s1,tj)+uj+1X(s1,tj+1)+uj+2X(s1,tj+2)+...+unX(s1,tn))

×E
[
ei(uj+1+...+un)(X(s2,tj+1)−X(s1,tj+1)) | X (s1, tj+1)

]]
= E

[
eiun(X(∆hkn (s1,tn−1)))

]
E
[
ei(un+un−1)X(∆hkn−1 (s1,tn−2))

]
· · ·

×E
[
eiu(un+...+uj+2)X(∆hkj+2 (s1,tj+1))

]
E
[
ei(un+...+uj+1)(X(∆1

h(s1,tj+1)))
]

×E
[
ei(u1X(s1,t1)+...+ujX(s1,tj)+uj+1X(s1,tj+1)+uj+2X(s1,tj+2)+...+unX(s1,tn))

]
,

Using the expressions of the characteristics functions for the increments, applying the case
n = 1 and taking into account that t1 ≤ ... ≤ tj and tj+1 ≤ ... ≤ tn, it is easy to conclude
the result. When cardinal {s1, s2, ..., sn} = n, there exists a single point with coordinate
sn on the axis OX, that we have denoted (sn, tn). In this case the characteristic function of
(X (s1, t1) , X (s2, t2), ...,X (sn, tn))T is

E
[
ei(u1X(s1,t1)+...+un−1X(sn−1,tn−1)+unX(sn,tn))

]
= E

[
E
[
ei(u1X(s1,t1)+...+un−1X(sn−1,tn−1)+unX(sn,tn)) | F1

(sn−1,0) ∨ F2
(sn−1,0)

]]
= E

[
ei(u1X(s1,t1)+...+un−1X(sn−1,tn−1)+unX(sn−1,tn))

× E
[
eiun(X(sn,tn)−X(sn−1,tn)) | X (sn−1, tn)

]]
= E

[
eiunX(∆1

hn
(sn−1,tn))

]
E
[
ei(u1X(s1,t1)+...+un−1X(sn−1,tn−1)+unX(sn−1,tn))

]
where we have used the fact that {X (s, t) : s ∈ [0, S]} is a Markov process and thatX

(
∆1

h (z)
)

is independent of X (z). Finally, using the expression of characteristic function of the incre-
ment, applying the induction hypothesis and taking into account that s1 < s2 < ... < sn,
we can deduce that the distribution of (X (s1, t1) , X (s2, t2) , ..., X (sn, tn))T is Gaussian.

B Hypothesis I to V stated in [14] hold For obtaining the two-parameter diffusion
coefficients in terms of the one-parameter diffusion coefficients, it is necessary to prove the
hypotheses I to IV stated in [14]. And for obtaining the SPDE for a 2D diffusion RF an
extra hypothesis, hypothesis V stated in [14], is also needed. In this appendix we prove
that a 2D lognormal diffusion RF satisfies these hypotheses. The proof for the Gaussian
diffusion RF can be carried out in a similar way. Here, the distribution function of the law
N (0, 1) will be denoted by Φ.

Hypothesis I holds: It is obvious that a1, a2, B1 and B2 have continuous partial deriva-
tives with respect to s and t and are fourth continuously differentiable in x. Thus, the
hypothesis I holds.

Hypothesis II holds: We prove that the condition∫
|y−x|>ε

gt (y, s+ h | x, s) dy = o (h)
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is satisfied uniformly with respect to (s, t) ∈ I . Indeed,

fε;h (z) :=
∫
|y−x|>ε

gt (y, s+ h | x, s) dy = P
[∣∣X (∆1

h (z)
)∣∣ > ε | X (z) = x

]
= P

[
X
(
∆1

h (z)
) ≤ −ε | X (z) = x

]
+ P

[
X
(
∆1

h (z)
) ≥ ε | X (z) = x

]
= P

[
Y
(
∆1

h (z)
) ≤ ln

(
1 − ε

x

) ]
+ P

[
Y
(
∆1

h (z)
) ≥ ln

(
1 +

ε

x

) ]

= 1 + Φ

(
ln
(
1 − ε

x

)−m1 (z;h)
σ1 (z;h)

)
− Φ

(
ln
(
1 + ε

x

)−m1 (z;h)
σ1 (z;h)

)

where we have used that 1 − ε
x ≥ 0, since |y − x| > ε, Y

(
∆1

h (z)
)

is independent of Y (z),
and the distribution of Y

(
∆1

h (z)
)
. Since the functions m1, σ1 and Φ are continuous in a

compact I, there exists z1 ∈ I such that

max
z∈I

fε;h (z) = fε;h (z1) = o (h) .

The condition
∫
|y−x|>ε

gs (y, t+ k | x, t) dy = o (k) can be similarly proved to hold uniformly
with respect to (s, t) ∈ I .

Let us now consider

fε;h,k (z) =
∫
|y−x1−x2+x|>ε

g (y, (s+ h, t+ k) | (x1, x, x2) , (s, t))

×gt (x2, s+ h | x, s) gs (x1, t+ k | x, t) dx1dx2dy

= P [|X (∆hk (z))| > ε | X (z) = x] .

Since Fz ⊂ F1
z ∨ F2

z,

P [|X (∆hk (z))| > ε | X (z)] = P [|X (∆hk (z))| > ε | Fz]

= E
[
P
[|X (∆hk (z))| > ε | F1

z ∨ F2
z

] | Fz

]
.

Taking into account that Y (∆hk (z)) is independent of Y (z, (s+ h, t+ k)), the distribu-
tion of Y (∆hk (z)), the distributions of X

(
∆1

h (z)
)

and X
(
∆2

k (z)
)

we have, after some
simplifications,

fε;h,k = 1 +
∫
R2

⎡
⎣Φ

⎛
⎝ ln

(
−ε+eσ1(z;h)u+m1(z;h)x+eσ2(z;k)u+m2(z;k)x

eσ1(z;h)u+m1(z;h)eσ2(z;k)u+m2(z;k)x

)
−m (z;h, k)

σ2 (z;h, k)

⎞
⎠

−Φ

⎛
⎝ ln

(
ε+eσ1(z;h)u+m1(z;h)x+eσ2(z;k)u+m2(z;k)x

eσ1(z;h)u+m1(z;h)eσ2(z;k)u+m2(z;k)x

)
−m (z;h, k)

σ2 (z;h, k)

⎞
⎠
⎤
⎦ e−u2+v2

2 dudv.

Therefore, fε;h,k (z) is continuous in the compact I, and hence its extreme values lie in I,
that is, there exists z1 ∈ I such that maxz∈I fε;h,k (z) = fε;h,k (z1) = o (hk) . This completes
the proof of hypothesis II.

Hypothesis III holds: (a) To establish the inequality∣∣∣∣∣
∫
|y−x|≤ε

(y − x) gt (y, s+ h | x, s) dy
∣∣∣∣∣+

∫
|y−x|≤ε

(y − x)2 gt (y, s+ h | x, s) dy ≤ l′h(10)
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we will find a bound for each integral separately.
(a.1) Using the transition densities, making the change of variable u = ln

(
y
x

)
, we have∫

|y−x|≤ε

(y − x) gt (y, s+ h | x, s) dy

=
1√

2πσ1

∫
|y−x|≤ε

(y − x)
y

exp

⎧⎨
⎩−1

2

(
ln
(

y
x

)−m1 (z;h)
σ1 (z;h)

)2
⎫⎬
⎭ dy

=
x√

2πσ1

∫ ln(1+ ε
x )

ln(1− ε
x )

(eu − 1) exp

{
−1

2

(
u−m1 (z;h)
σ1 (z;h)

)2
}
du

=
x√

2πσ1

∫ ln(1+ ε
x )

ln(1− ε
x )

exp

{
u− 1

2

(
u−m1 (z;h)
σ1 (z;h)

)2
}
du

− x√
2πσ1

∫ ln(1+ ε
x )

ln(1− ε
x )

exp

{
−1

2

(
u−m1 (z;h)
σ1 (z;h)

)2
}
du

= x

[
exp

{
σ2

1 (z;h)
2

+m1 (z;h)
}

×
{

Φ

(
ln
(
1 + ε

x

)− (m1 (z;h) + σ2
1 (z;h)

)
σ1 (z;h)

)

−Φ

(
ln
(
1 − ε

x

)− (m1 (z;h) + σ2
1 (z;h)

)
σ1 (z;h)

)}

−
{

Φ

(
ln
(
1 + ε

x

)−m1 (z;h)
σ1 (z;h)

)
− Φ

(
ln
(
1 − ε

x

)−m1 (z;h)
σ1 (z;h)

)}]
.

Since

Φ
(

ln(1+ ε
x )−(m1(z;h)+σ2

1(z;h))
σ1(z;h)

)
− Φ

(
ln(1− ε

x )−(m1(z;h)+σ2
1(z;h))

σ1(z;h)

)
≤ 1,

we obtain∣∣∣∣∣
∫
|y−x|≤ε

(y − x) gt (y, s+ h | x, s) dy
∣∣∣∣∣ ≤ x

∣∣∣∣exp
{
σ2

1 (z;h)
2

+m1 (z;h)
}

+ fz,ε (h) − 1
∣∣∣∣

≤ x

(∣∣∣∣exp
{
σ2

1 (z;h)
2

+m1 (z;h)
}
− 1

∣∣∣∣+ |fz,ε (h)|
)
.

Applying the Mean Value Theorem to exp
{

σ2
1(z;h)

2 +m1 (z;h)
}

and fz,ε (h), and using

lim
h→0

exp
{
σ2

1 (z;h)
2

+m1 (z;h)
}

= 1 and lim
h→0

fz,ε (h) = 0,

there exist constants l∗1 and l∗∗1 such that∣∣∣∣exp
{
σ2

1 (z;h)
2

+m1 (z;h)
}
− 1

∣∣∣∣ ≤ l∗1h and |fz,ε (h)| ≤ l∗∗1 h.
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Therefore, ∣∣∣∣∣
∫
|y−x|≤ε

(y − x) gt (y, s+ h | x, s) dy
∣∣∣∣∣ ≤ x [l∗1h+ l∗∗1 h] = l2h.(11)

(a.2) To find a bound of the integral we make the change of variables u = ln
(

y
x

)
:∫

|y−x|≤ε

(y − x)2 gt (y, s+ h | x, s) dy

=
1√

2πσ1

∫
|y−x|≤ε

(y − x)2

y
exp

⎧⎨
⎩−1

2

(
ln
(

y
x

)−m1 (z;h)
σ1 (z;h)

)2
⎫⎬
⎭ dy,

=
x2

√
2πσ1

∫ ln(1+ ε
x )

ln(1− ε
x )

(eu − 1)2 exp

{
−1

2

(
u−m1 (z;h)
σ1 (z;h)

)2
}
du

=
x2

√
2πσ1

∫ ln(1+ ε
x )

ln(1− ε
x )

exp

{
2u− 1

2

(
u−m1 (z;h)
σ1 (z;h)

)2
}
du

− 2x2

√
2πσ1

∫ ln(1+ ε
x )

ln(1− ε
x )

exp

{
u− 1

2

(
u−m1 (z;h)
σ1 (z;h)

)2
}
du

+
x2

√
2πσ1

∫ ln(1+ ε
x )

ln(1− ε
x )

exp

{
−1

2

(
u−m1 (z;h)
σ1 (z;h)

)2
}
du.

Using

2u− 1
2

(
u−m1 (z;h)
σ1 (z;h)

)2

= −1
2

(
u− (m1 (z;h) + 2σ2

1 (z;h)
)

σ1 (z;h)

)2

+σ2
1 (z;h) + 2m1 (z;h) ,

the previous results, and applying the Mean Value Theorem to the next functions:

exp
{
σ2

1 (z;h) + 2m1 (z;h)
}− 1

and

exp
{
σ2

1 (z;h)
2

+m1 (z;h)
}[

Φ

(
ln
(
1 + ε

x

)−m1 (z;h) + σ2
1 (z;h)

σ1 (z;h)

)

−Φ

(
ln
(
1 − ε

x

)−m1 (z;h) + σ2
1 (z;h)

σ1 (z;h)

)]
− 1,

we conclude that there exists a constant l3 such that∫
|y−x|≤ε

(y − x)2 gt (y, s+ h | x, s) dy ≤ l3h.(12)

Finally, linking (11) and (12), we have that for every compact K ⊂ R+, and for every
x ∈ K, there exists a constant l′ = l2 + l3 such that (10) holds. Similarly, it can be proved
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that there exists a constant l′′ such that∣∣∣∣∣
∫
|y−x|≤ε

(y − x) gs (y, t+ k | x, t) dy
∣∣∣∣∣+

∫
|y−x|≤ε

(y − x)2 gs (y, t+ k | x, t) dy ≤ l′′k.

(b) If K is a compact of R, there exists η such that K ⊂ ]−η, η[. Take c = ε+ η and let x
be such that |x| > c. Then

P t
1 (K, s+ h | x, s) = P [X (s+ h, t) ∈ K | X (z) = x]

= P
[
X
(
∆1

h (z)
) ∈ K − x | X (z) = x

]
≤ P

[∣∣X (∆1
h (z)

)∣∣ > ε | X (z) = x
]
.

Therefore, there exists a constant l∗ (see the proof of hypothesis II) such that

sup
|x|>c

P t
1 (K, s+ h | x, s) ≤ l∗h, ∀ (s, t) ∈ I.

Similarly, there exist another constant l∗∗ such that

sup
|x|>c

P s
2 (K, t+ k | x, t) ≤ l∗∗k, ∀ (s, t) ∈ I.

Finally taking c = ε+ η and l = max {l′, l′′, l∗, l∗∗} we conclude the proof of hypothesis III.

Hypothesis IV holds: Defining

X
(
∆1

h (z)
)
ε

:= X
(
∆1

h (z)
)
1{|X(∆1

h(z))|≤ε}
and using the Jensen’s inequality, we have

ψε (z;h, x, ξ, τ) =

=
∣∣E [X (∆1

h (s, τ)
)
ε
X
(
∆1

h (s, t)
)
ε
| X (s, t) = x,X (s, τ) = ξ

]∣∣
≤ E

[∣∣X (∆1
h (s, τ)

)
ε
X
(
∆1

h (s, t)
)
ε

∣∣ | X (s, t) = x,X (s, τ) = ξ
]
.

Using now Schwarz’s inequality,

ψε (z;h, x, ξ, τ) ≤ (
E
[
X2

(
∆1

h (s, τ)
)
ε
| X (s, t) = x,X (s, τ) = ξ

])1/2

× (E [X2
(
∆1

h (s, t)
)
ε
| X (s, t) = x,X (s, τ) = ξ

])1/2

=
(
E
[
X2

(
∆1

h (s, τ)
)
ε
| X (s, τ) = ξ

])1/2

× (E [X2
(
∆1

h (s, t)
)
ε
| X (s, t) = x

])1/2

=

(∫
|ξ2−ξ|≤ε

(ξ2 − ξ)2 gτ (ξ2, s+ h | ξ, s) dξ2
)1/2

×
(∫

|y−x|≤ε

(y − x)2 gt (y, s+ h | x, s) dy
)1/2

=
(

1
µ
σ2

1 (s, τ ;h) fε (s, τ ;h)
)1/2( 1

µ
σ2

1 (z;h) fε (z;h)
)1/2

≤ l′h, forρ ≤ h,
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as can be checked by using the proof of hypothesis III-(a) with z = (s, t) and z = (s, τ).
Thus, there exists a constant l′ such that, for all (s, t) ∈ I and for all τ ∈ [0, t),∣∣E [X (∆1

h (s, τ)
)
ε
X
(
∆1

h (s, t)
)
ε
| X (s, t) = x,X (s, τ) = ξ

]∣∣ ≤ l′h.

Similarly, there exists a constant l′′ such that, for all (s, t) ∈ I and for all σ ∈ [0, s),∣∣E [X (∆2
k (σ, t)

)
ε
X
(
∆2

k (s, t)
)
ε
| X (s, t) = x,X (σ, t) = η

]∣∣ ≤ l′′k.

Taking l = max {l′, l′′} we conclude the proof of hypothesis IV.

Hypothesis V holds: a) Clearly, the coefficients B1 and B2 are twice continuous diffe-
rentiable with respect to x and have continuous derivatives with respect to s and t. b) Let
us show B̂1 (s, t, τ, x, ξ) = x

ξB1 (s, τ, ξ). In fact,∫
|x2−x|≤ε
|ξ2−ξ|≤ε

(x2 − x) (ξ2 − ξ) g (x2, (s+ h, t) | (x, ξ, ξ2) , (s, τ)) gτ (ξ2, s+ h | ξ, s, ) dx2dξ2

=
∫
|ξ2−ξ|≤ε

(ξ2 − ξ) gτ (ξ2, s+ h | ξ, s, ) dξ2

×
⎛
⎝∫

|x2−x|≤ε

(x2 − x)
1

x2σ
√

2π
exp

⎧⎨
⎩−1

2

⎛
⎝ ln

(
x2ξ
xξ2

)
−m

σ

⎞
⎠
⎫⎬
⎭ dx2

⎞
⎠

where we have written m := m (z;h, k) and σ := σ (z;h, k) for simplicity. Making the
change of variable u = 1

σ

(
ln
(

x2ξ
xξ2

)
−m

)
and denoting

u1 :=
1
σ

(
ln
((

1 − ε

x

) ξ

ξ2

)
−m

)
, u2 :=

1
σ

(
ln
((

1 +
ε

x

) ξ

ξ2

)
−m

)
,

we obtain∫
|x2−x|≤ε

(x2 − x)
1

x2σ
√

2π
exp

⎧⎨
⎩−1

2

⎛
⎝ ln

(
x2ξ
xξ2

)
−m

σ

⎞
⎠
⎫⎬
⎭ dx2

=
1√
2π

∫ u2

u1

x

(
ξ2e

uσ+m

ξ
− 1

)
e−

1
2 u2

du

= x

[(
ξ2
ξ

em

√
2π

∫ u2

u1

euσ− 1
2 u2

du

)
− (Φ (u2) − Φ (u1))

]

= x

[(
ξ2
ξ
em+ σ2

2 {Φ (u2 − σ) − Φ (u1 − σ)}
)
− (Φ (u2) − Φ (u1))

]
.

Therefore

B̂1 (s, t, τ, x, ξ) = lim
h→0

1
h

∫
|ξ2−ξ|≤ε

x[
(
ξ2
ξ
em+ σ2

2 {Φ (u2 − σ) − Φ (u1 − σ)}
)

− (Φ (u2) − Φ (u1))] (ξ2 − ξ) gτ (ξ2, s+ h | ξ, s, ) dξ2.
Since limh→0 u1 = −∞ and limh→0 u2 = +∞,

B̂1 (s, t, τ, x, ξ) = lim
h→0

1
h

∫
|ξ2−ξ|≤ε

x

[
ξ2
ξ

− 1
]

(ξ2 − ξ) gτ (ξ2, s+ h | ξ, s, ) dξ2

=
x

ξ
lim
h→0

1
h

∫
|ξ2−ξ|≤ε

(ξ2 − ξ)2 gτ (ξ2, s+ h | ξ, s, ) dξ2 =
x

ξ
B1 (s, τ, ξ) .
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Similarly it can be proved that B̂2 (s, t, σ, x, η) = x
ξB2 (σ, t, η).

c) Finally it is clear that

lim
t↘τ
x→ξ

B̂1 (s, t, τ, x, ξ) = B1 (s, τ, ξ) , lim
s↘σ
x→η

B̂2 (s, t, σ, x, η) = B2 (σ, t, η) ,

and hence hypothesis V holds.

C Proof of Proposition 3.1 Let z0 = (s, t) and z = (s+ h, t+ k). The equation will
be derived in five steps.

Step 1: ∂2g (y, z | x, z0) | ∂s∂t exists and

∂2g (y, z | x, z0)
∂s∂t

= lim
h,k→0

∆hk (g (y, z | x, z0))
hk

,(13)

where

∆hk (g (y, z | x, z0)) = g (y, z′ | x, z0) − g (y, (s+ h, t) | x, z0)
−g (y, (s, t+ k) | x, z0) + g (y, z | x, z0) .(14)

Step 2: Let R be an arbitrary C∞ (infinitely differentiable) function with compact
support. Multiplying both sides of the equality (13) by R (y) and integrating with respect
to y, we have∫

R+

R (y)
∂2g (y, z | x, z0)

∂s∂t
dy = lim

h,k→0

∫
R+

R (y)
∆hk (g (y, z | x, z0))

hk
dy.(15)

Step 3: Let us define

ϕ (z) = E
[
R (X (z)) | X (z0, z) = x

]
=
∫
R+

R (y) g (y, z | x, z0) dy.

Equation (15) can be written as∫
R+

R (y)
∂2g (y, z | x, z0)

∂s∂t
dy = lim

h,k→0

1
hk

[ϕ (z′) − ϕ (s+ h, t) − ϕ (s, t+ k) + ϕ (z)] ,

(16)

with

ϕ (z′) − ϕ (s+ h, t) − ϕ (s, t+ k) + ϕ (z) =

=
∫
R+

R (y′) g (y′, z′ | x, z0) dy′ −
∫
R+

R (y2) g (y2, (s+ h, t) | x, z0) dy2

−
∫
R+

R (y1) g (y1, (s, t+ k) | x, z0) dy1 +
∫
R+

R (y) g (y, z | x, z0) dy

=
∫
R+

R (y′) [
∫∫∫

R3
+

g (y′, z′ | (y1, y, y2) , z) g (y2, (s+ h, t) | (y, x2, x2) , (s, t0))

×g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) g (y, z | x, z0) dy2dy1dy]dy′

−
∫
R+

R (y2) [
∫
R+

g (y2, (s+ h, t) | (y, x2, x2) , (s, t0)) g (y, z | x, z0) dy]dy2

−
∫
R+

R (y1) [
∫
R+

g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) g (y, z | x, z0) dy]dy1

+
∫
R+

R (y) g (y, z | x, z0) dy.(17)
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where we have used Chapman-Kolmogorov’s equations (see [14] and [15])
Step 4: Now, using the above expression of the increment ϕ (z′)−ϕ (s+ h, t)−ϕ (s, t+ k)

+ ϕ (z) , the Taylor expansion of the function R and the binomial expansion we obtain a
general expression of the forward equation (Kinetic forward equation). We will calculate
the coefficients of this expression in step 5.

The function R is C∞. Applying the Taylor expansion of this function, simplifying the
term

∫
R+

R (y) g (y, z | x, z0) dy and using the binomial expansion, we obtain

ϕ (z′) − ϕ (s+ h, t) − ϕ (s, t+ k) + ϕ (z) =

=
∞∑

n=1

∫
R+

[∫∫∫
R3

+

(y′ − y)n

n!
g (y′, z′ | (y1, y, y2) , z)

×g (y2, (s+ h, t) | (y, x2, x2) , (s, t0))

×g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy2dy1dy′

−
∫
R+

(y2 − y)n

n!
g (y2, (s+ h, t) | (y, x2, x2) , (s, t0)) dy2

−
∫
R+

(y1 − y)n

n!
g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy1

]
R(n) (y) g (y, z | x, z0) dy,

=
∞∑

n=1

∫
R+

µh,k
n (z) (−y)nR(n) (y) g (y, z | x, z0) dy,(18)

where

µh,k
n (z) =

n∑
i=0

(−1)i

i! (n− i)!

[∫∫∫
R3

+

(
y′

y

)i

g (y′, z′ | (y1, y, y2) , z)

×g (y2, (s+ h, t) | (y, x2, x2) , (s, t0))
×g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy2dy1dy′

−
∫
R+

(
y2
y

)i

g (y2, (s+ h, t) | (y, x2, x2) , (s, t0)) dy2

−
∫
R+

(
y1
y

)i

g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy1

]
.(19)

Therefore, substituting (18) in (16), we have∫
R+

R (y)
∂2g (y, z | x, z0)

∂s∂t
dy =

∞∑
n=1

(−1)n
∫
R+

R(n) (y) ynµn (z) g (y, z | x, z0) dy,(20)

where

µn (z) = lim
h,k→0

µh,k
n (z)
hk

.(21)

Integrating by parts in the right-hand side of the inequality (20) and using R(k) (±∞)
= 0, we obtain∫

R+

R (y)
∂2g (y, z | x, z0)

∂s∂t
dy ==

∫
R+

R (y)

( ∞∑
n=1

µn (z)
∂n (yng (y, z | x, z0))

∂yn

)
dy.
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Since R is an arbitrary function, finally we have

∂2g (y, z | x, z0)
∂s∂t

=
∞∑

n=1

µn (z)
∂n (yng (y, z | x, z0))

∂yn
.(22)

Step 5: Next, we calculate µn (z) using the conditional moments given in (8).
First, substituting (19) in (21)

µn (z) = lim
h,k→0

1
hk

n∑
i=0

(−1)i

i! (n− i)!

[∫∫∫
R3

+

(
y′

y

)i

g (y′, z′ | (y1, y, y2) , z)

×g (y2, (s+ h, t) | (y, x2, x2) , (s, t0))
×g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy2dy1dy′

−
∫
R+

(
y2
y

)i

g (y2, (s+ h, t) | (y, x2, x2) , (s, t0)) dy2

−
∫
R+

(
y1
y

)i

g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy1

]

= lim
h,k→0

1
hk

n∑
i=0

(−1)i

i! (n− i)!
[A−B − C] .(23)

where A, B and C denote the corresponding integrals. To calculate A, we use the definition
of conditional expectation and (8):

A =
∫∫∫

R3
+

(
y′

y

)i

g (y′, z′ | (y1, y, y2) , z) g (y2, (s+ h, t) | (y, x2, x2) , (s, t0))

×g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy2dy1dy′

=
∫∫

R2
+

1
yi
E
[
(X (z′))i | X (s, t+ k) = y1, X (s, t) = y,X (s+ h, t) = y2

]
×g (y2, (s+ h, t) | (y, x2, x2) , (s, t0))
×g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy2dy1

= exp

{∫ s+h

s

∫ t+k

t

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}

×
∫
R+

(
y2
y

)i

g (y2, (s+ h, t) | (y, x2, x2) , (s, t0)) dy2

×
∫
R+

(
y1
y

)i

g (y1, (s, t+ k) | (x1, x1, y) , (s0, t)) dy1

= exp

{∫ s+h

s

∫ t+k

t

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}
×B × C.(24)

Then, we need to calculate B and C first. Using (8),

B = exp

{∫ s+h

s

∫ t

t0

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}
.(25)

C = exp

{∫ s

s0

∫ t+k

t

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}
.(26)
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Substituting (24), (25), and (26) in (23), we obtain

µn (z) = lim
h,k→0

1
hk

n∑
i=0

(−1)i

i! (n− i)!

[
exp

{∫ s+h

s

∫ t+k

t

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}

× exp

{∫ s+h

s

∫ t

t0

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}

× exp

{∫ s

s0

∫ t+k

t

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}

− exp

{∫ s+h

s

∫ t

t0

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}

− exp

{∫ s

s0

∫ t+k

t

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ

}]
.(27)

On the other hand, we can write∫ t

t0

ã (σ, τ) dτ = ã1 (σ, t) − ã1 (σ, t0) ,
∫ t

t0

B̃ (σ, τ) dτ = B̃1 (σ, t) − B̃1 (σ, t0) ,∫ s

s0

ã (σ, τ) dσ = ã2 (s, τ) − ã2 (s0, τ) ,
∫ s

s0

B̃ (σ, τ) dσ = B̃2 (s, τ) − B̃2 (s0, τ) .

Since X (s, τ) is constantly equal to x1 when τ ∈ [t, t+ k], and X (σ, t) is constantly equal
to x2 when σ ∈ [s, s+ h],

ã1 (σ, t0) = 0
B̃1 (σ, t0) = 0

}
when σ ∈ [s, s+ h] ,

ã2 (s0, τ) = 0
B̃2 (s0, τ) = 0

}
when τ ∈ [t, t+ k] ,

and then,∫ s+h

s

∫ t

t0

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ =

∫ s+h

s

(
iã1 (σ, t) +

i2

2
B̃1 (σ, t)

)
dσ,

∫ s

s0

∫ t+k

t

(
iã (σ, τ) +

i2

2
B̃ (σ, τ)

)
dσdτ =

∫ t+k

t

(
iã2 (s, τ) +

i2

2
B̃2 (s, τ)

)
dτ.

By the Taylor expansion,

µn (z) =
n∑

i=0

(−1)i

i! (n− i)!
lim

h,k→0

1
hk

{
−1 +

[(
iã (z) +

i2

2
B̃ (z)

)

+
(
iã1 (z) +

i2

2
B̃1 (z)

)(
iã2 (z) +

i2

2
B̃2 (z)

)]
hk + o (hk)

}
.(28)

Using now

n∑
i=0

(−1)i

i! (n− i)!
=

1
n!

n∑
i=0

(
n

i

)
(−1)i 1n−i =

1
n!

(−1 + 1)n = 0,
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taking limit in (28) and substituting the expressions of ã1 (s, t), ã2 (s, t), B̃1 (s, t) and
B̃2 (s, t) , given in (5), and the expressions of ã (s, t) and B̃ (s, t), given in (7), we have

µn (z) =
n∑

i=0

(−1)i

i! (n− i)!

[
iã (z) +

i2

2
B̃ (z) +

(
iã1 (z) +

i2

2
B̃1 (z)

)(
iã2 (z) +

i2

2
B̃2 (z)

)]

=
n∑

i=1

(−1)i

(i− 1)! (n− i)!

[
a(z) − a1(z)a2(z) +

i− 1
2

(B(z) −B1(z)B2(z))

+ i

(
a1(z) +

i− 1
2

B1(z)
)(

a2(z) +
i− 1

2
B2(z)

)]
,

It is easy to obtain (9) and, for n ≥ 5, µn (z) = 0, because

n∑
i=1

(−1)i

(i− 1)! (n− i)!
= 0,

n∑
i=1

(−1)i
i

(i− 1)! (n− i)!
= 0,

n∑
i=1

(−1)i i (i− 1)
(i− 1)! (n− i)!

= 0,
n∑

i=1

(−1)i i (i− 1) (i− 1)
(i− 1)! (n− i)!

= 0.
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dimensional diffusion processes with exogenous factors: Application to modelling in Economics. Appl.
Stoch. Models and Data Analysis 7, no. 4, 295–316.
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