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THE DEGREE OF PROPER HYPERSUBSTITUTIONS
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ABSTRACT. Let V be a variety of type 7. A hypersubstitution which preserves all
identities of V is called a V-proper hypersubstitution. The set P(V') of all V-proper
hypersubstitutions forms a monoid, which is a submonoid of the monoid of all hyper-
substitutions of type 7. The hypersubstitutions in P(V') can be partitioned according
to an equivalence relation ~v first introduced by P lonka. The authors introduce the
name ”degree of proper hypersubstitutions with respect to V” for the number d,(V)
of distinct equivalence classes under this relation, and study the properties of this
parameter.

1 Introduction Let (f;);es be an indexed set of operation symbols of type 7 and assume
that f; is n;-ary and n; > 1 for all ¢ € I. We denote by W, (X) the set of all terms built up
from variables from a set X and operation symbols from {f; | ¢ € I'}. Hypersubstitutions
are mappings from {f; | ¢ € I'} into W, (X) preserving the arities. Any hypersubstitution
o induces a mapping ¢ : W, (X) — W, (X). The mapping ¢ is defined in the following
inductive way :

(i) 6[z] := x for every variable x € X.

(i) &[fi(t1, -+ ytn,)] == o(fi)(G[t1], -+ ,0[tn,;]) for any operation symbol f; and terms
[ARRRRIN 2P

7

Using this extension one defines a multiplication o1 o 09 := &1 o 09, where o is the
usual composition of functions. Using the identity hypersubstitution defined by o;4(f;) =
fi(x1, -+ ,xy,) for all i € I, one obtains the monoid (Hyp(7);on,0:4) of all hypersubsti-
tutions of type 7. An identity s ~ ¢ in the variety V of all algebras Alg(r) of type 7 is a
hyperidentity of V if 6[s] ~ &[t] is an identity in V for any o € Hyp(r). A variety V is
called solid if each of its identities is a hyperidentity.

We will use the following notation: Let IdV be set of all identities satisfied in the variety V/
: A |E s &~ t means that the algebra A of type 7 satisfies s ~ t as identity. Let vb(s) be the
set of variables occurring in s. Then s =~ ¢ is regular if vb(s) = vb(t). Let le ftmost(s) and
rightmost(s) be the first and the last variables, respectively occurring in s. Then s & t is
called outermost if le ftmost(s) = leftmost(t) and rightmost(s) = rightmost(t).

Let P(V) be the set of all V-proper hypersubstitutions ([13]), i.e. the set of all hypersub-
stitutions of Hyp(7) which preserve all identities in the variety V,so P(V):={o | Vs~ t €
IdV (6[s] =~ 6[t] € IdV)}. Tt is easy to see that P(V) forms a submonoid of Hyp(7). The
variety V' is solid iff P(V) = Hyp(r). For a hypersubstitution o € Hyp(7) and an algebra
A = (A; (fiY)icr) of type T we define the derived algebra o (A) = (4; (o(fi)*)ics), meaning
that, for the fundamental operations f;7“Y) of the derived algebra we have ;7Y = a(f)?
for all i € I.
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We also need the following “ conjugate property”, which holds for all algebras A and all
hypersubstitutions o.
AEd[s|~d[t| & o(A) Es~t.
In [13] the following binary relation on sets of hypersubstitutions was introduced.
Definition 1.1 Let V be a variety of algebras of type 7. Then
o1~y 09 <= Vi € I(O’l(fi) = O'Q(fi) € IdV)

Clearly, ~y is an equivalence relation on the set Hyp(7), but in general it is not a congruence
relation. By induction on the complexity of term definition one shows that o7 ~y o9 implies
that there follows 61[t] =~ 62[t] € IdV for any term t € W, (X) ([4]). Therefore, from
o1 ~y 09 we obtain

(o1 0n0)(fi) = 61lo(fi)] = 62[0(fi)] = (o2 0n 0)(fi) € 1dV
for all ¢ € I, and thus o7 oy 0 ~y 09 o 0. This shows that ~y is a right congruence. If

V' is a solid variety, then ~y is both a left and a right congruence and therefore it is a
congruence. The following proposition is also well-known.

Proposition 1.2 ([13]) Let V be a variety of type 7. Let s =t € IdV, 61[s] = 61[t] € IdV
and o1 ~v o2. Then §2[s] = 63t] € IdV.

This result means that P(V) is a union of equivalence classes with respect to ~y. The
elements of Py(V) := [04]~, are called inner hypersubstitutions. The inner hypersubstitu-
tions form a submonoid of P(V'). In this paper, we are interested in the cardinality of the
quotient set P(V)/~y where ~y is the restriction of the relation ~v defined on Hyp(7) to
the subset P(V).

Definition 1.3 The cardinal number d, (V) := |P(V)/~yv | is called the degree of proper
hypersubstitutions with respect to the variety V.

One extreme case is d,(V) = 1. In this case P(V) = Py(V) = [0id]~, - In [6] varieties
having this property are called unsolid. This suggests a classification of varieties using the
degree of proper hypersubstitutions.

2 Derived Algebras The class Alg(7) of all algebras of type 7 together with the ho-
momorphisms between them forms a category. If we map each algebra A € Alg(r) to
the derived algebra o(A) and each homomorphism h : A — B to itself, then we get an
endofunctor F,, of the category Alg(T).

Proposition 2.1 For every hypersubstitution o of type T we get a functor F, : Alg(T) —
Alg(T).
Proof.  We prove first that F,(h) : 0(A) — o(B) is a homomorphism. For the homo-
morphism h : A — B, for every n-ary term t of type 7 and for the induced term operations
t4 and 8 we have h(t*(a1,--- ,a,)) = t3(h(a1), -, h(ay)) for every n-tuple (ay,--- ,a,)
of elements from A. Then for the term o(f;) we have:
h(fia(A) (alv T )a’ﬂi))

= h(a(fi)A(alv"' aam))

= U(fi)B(h(al)"" ah(am))

1P (Mar), , hlan,))

and this shows that F,(h) = h : 0(A) — o(B) is a homomorphism for every ho-
momorphism h : A — B. Now we check the conditions which a functor has to satisfy.
Let hy : A — B and hy : B — C be homomorphisms. Then we have F,(hgy o hy) =
hg o hy = F,(ha) o Fy(h1) and for the identity homomorphism id4 : A — A we have
Fy(ida) = ida = id,(4) since the algebras A and o(A) have the same universes. ]
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Since any functor preserves isomorphisms, we have

Lemma 2.2 Let A and B be algebras of type T and let o be a hypersubstitution. If A= B,
then o(A) = o(B).

Using the isomorphism of derived algebras we define a binary relation ~;s, on the set
Hyp().

Definition 2.3 01 ~5, 02 <= VA € Alg(7)(01(A) = 02(A)).
Clearly ~;s, is an equivalence relation on Hyp(7). There arises the question of whether
~iso 18 a congruence relation on the monoid (Hyp(7);on,0:q4). To prove this we need some

preparation.

Lemma 2.4 Let 01,09 € Hyp(T), let A be an algebra of type T and let t be an n-ary term
of type 7. Then from o1(A) = 03(A) there follows

h(a—l [t]A(ala T aan)) =02 [t]A(h(al)v ) h(an)) (*)

for an isomorphism h : o1(A) — o2(A).

Proof. We will give a proof by induction on the complexity of the term ¢t. Let ¢
z; € X, be a variable. Then h(61[z:]A(a1, - ,an)) = h(e" (a1, - ,an)) = h(a:)
oolz;)A(h(ar), - ,h(ay)). Let t = fi(t1, -+ ,tn,). Assume now inductively that (x) is
satisfied for t;,7 = 1,--- ,n;. Then
h(&l[fi(tla T atni)]A(alﬂ c aa’n))
= h(o(fi) o] ?, - ouftn M (ar, - s an))
= oao(fi) (M1 [t:] M (a : 5
= oa(fi)*(G2[t1]4 (h(a
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Theorem 2.5 The relation ~;s, is a congruence relation on the monoid (Hyp(T); on, 0id).

Proof.  We prove that ~;s, is a left and a right congruence on (Hyp(7T);on,0i4). As-
sume that o1 ~;s 02 and 0 € Hyp(r). Then for every algebra A4 we have o1(A) =
o2(A), so by Lemma 2.2 it follows that (o op 02)(A) = og(01(A)) = g(02(A)) = (0 op
02)(A), and thus o op 01 ~js 0 op 02. If we substitute the term o(f;) for ¢t in (x)
from Lemma 2.4 , then we get from o1(A) = a2(A) that h((G1[o(fi)]) a1, - ,an,)) =
(G2l (f))A(h(a1), -+ ,h(ay,)) for an isomorphism h : o1 (A) — o2(A). From this equa-
tion we obtain (71 on ) (f1))A(a1, + an)) = (02 00 O)(f3))A(R(ar), - , h(an,)). Since
((0; on o)(fi))*,j = 1,2, are the fundamental operations of the algebras (o o o)(A)
and since h : A — A is bijective, we have (o1 op 0)(A) =2 (02 o 0)(A) and then
01 0p 0 ~igo 02 0 0. ]

Let V be a variety of type 7. Then for hypersubstitutions o1, 02 € Hyp(7) we define :

Definition 2.6 01 ~y_;s, 02 <= VA € V(01(A) = 02(A)).
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Clearly, ~iso=~ a1g(r)—iso- If V1, V2 are varieties of type 7 and V; C V3, then

~iso SV, —iso S Y, —iso- Since from o1 ~y o9 there follows o1(A) = o2(A) for all A € V
and since from o1(A) = 02(A) we get 01(A) = 02(A), we have also ~y Cry_is, for every
variety V of algebras of type 7. Moreover, we have Py(V) C [0i4]v—iso € P(V).

Proposition 2.7 Let V' be a variety of type T and let 01,02 € Hyp(T). Then the following
holds : If s =t € IdV, if 01 ~vy_iso 02 and if 61[s] = 61[t] € IdV, then 62[s] = 62[t] € IdV .

Proof. From o1 ~y_;5 02 there follows o1(A) = o2(A) for every A in V. By the
conjugate property from 641[s] = G1[t] € IdA we get s = t € Idoi(A) and by the isomor-
phism o1 (A) = 02(A) we have also s = ¢t € Idos(A) or d2[s] = &2[t] € IdA. Therefore
(}2[8] = 62[t] e IdV. | |

As a consequence we have

Corollary 2.8 The monoid P(V') of all V-proper hypersubstitutions of type T is a union
of equivalence classes with respect to ~v _;so -

The relation ~y _;s, is an equivalence relation and a left-congruence, but in general not a
congruence on (Hyp(T); on, 0id).

Definition 2.9 The cardinality isd,(V) := |P(V)/~v_iso | is called the isomorphism de-
gree of proper hypersubstitutions with respect to the variety V.

3 Some General Results We mentioned already that for a solid variety V the relation
~y is a congruence on (Hyp(7); op, 0;4) and therefore, the restriction of ~y is a congruence
on (P(V);op,0i4). If V is solid, then by Lemma 2.2 the relation ~y _;s, is also a congruence.
Now we want to characterize solid varieties with d,,(V') = 1 and with d, (V) = 2, respectively.
For d,(V) =1 in [6] was proved:

Proposition 3.1 A non-trivial variety V is solid and has d,(V) =1 iff T = (1,---,1,---)
and V.= Mod{fi;(z) = x | i € I}. (This means that every operation symbol is unary and
satisfies the same identity f;(z) ~ x.)

Now for d,(V') = 2 we have :

Proposition 3.2 A non-trivial variety V' of type T is solid and has dp,(V) = 2 iff 7 = (1)
and V- = Mod{ f(x) =~ f(f(z))} or V = Mod{z ~ f(f(x))}.

Proof. If 7 = (1) and V = Mod{z ~ f(f(z))}, then Hyp(T) = [0z]~y U [0fz)l~y -
It is easy to check that o,,0¢,) € P(V) and » =~ f(z) ¢ IdV. Thus |[P(V),v| =
Hlozl~v, [0f@))~v } = 2 and P(V) = Hyp(r), i.e. V is solid and dp(V) = 2. By similar
arguments we get that V.= Mod{f(z) ~ f(f(x))} is solid and d,(V) = 2. Suppose
now that V is solid and dp(V) = 2. Let 7 = (n;)ier with n; > 2 for some ¢ € I. Then
[Uécl]fvv - [0$2]NV or [Uﬂcl]fvv = [Ufi(zhzz,-",lz)]'\’v or [0$2]~v = [O-fi(x1751727"'75132)]’“v‘ Then
x1 Ry € IdV orxy &~ fi(x1,29, -+ ,x2) € IdV or 22 = fi(x1,22, -+ ,22) € IdV. Since V is
non-trivial x1 &~ xo € IdV is not possible. Since V is solid, it contains the variety RA;, of all
rectangular algebras (see e.g. [4]), i.e. the variety RA, which is generated by all projection
algebras of type 7. But this is a contradiction since neither x1 ~ f;(x1, 29, -+ ,x2) € IdRA,
nor xo ~ fi(x1,%2, -+ ,x2) € IdRA,. This shows that 7 = (1,---,1). Since dp(V) # 1 by
Proposition 3.1 there is an ¢ € I such that x = f;(z) ¢ IdV. This shows that Hyp(7) =
[02]~y U l0f, )]~y since dp(V) = 2 and P(V) = Hyp(r). Assume that | I |> 1. Then
there is a j € I\ {i} and oy, (2) € [0z]~y OF 0f;(0) € [0f, ()]~ Lo T = fi(x) € [dV
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or fi(xz) = fj(x) € IdV. Applying the hypersubstitutions oi,09 which map f; to fi(z)
and fi to fi(z) for all k # j and f; to « and f to fi(z), respectively for all k£ # j to
z ~ fij(x) or to fi(z) = f;(x) we get x =~ fi(x) € IdV, a contradiction. Thus 7 = (1).
Further we have 0y, (f,(z)) € [0z]~y OF Gy, (f,(2)) € [0fi(2)l~vs 16 @ = fi( fi(x)) € 1dV or
filx) = fi(fi(z)) € IdV. In the first case we obtain f;*(z) ~ fi*™'(x) € IdV (where
fi¥(@) == fi(--- fi(z)---)) for k,1 € N and in the second case we have f;*(z) ~ f!(x) € IdV
for k,1>1,k,1 € N. Assume that = ~ f;(fi(z)) € IdV and f;"(z) = f;"™""(x) € IdV for
some k,l € N. Then both identities give x ~ f;(x) € IdV, a contradiction. Assume that
fi(x) = fi*(x) € IdV and z ~ f;"(x) € IdV for some 1 < k € N. Then both identities give
x = fi(z) € IdV, a contradiction. Altogether, this shows that V = Mod{f(z) ~ f(f(x))}
or V.= Mod{zx ~ f(f(x))}. m

Clearly, if V, V' are solid varieties of the same type and V/ C V, then d,(V') < d,(V).
The following lemma provides a lower bound of d,(V') for a solid variety V. Let H, be the
set of all functions defined on {1,--- ,n} and let I'ms be the image of s € H,,.

Lemma 3.3 LetV be a non-trivial solid variety of type 7 = (n;)icr such that n ;= max{n; |
i € I} exists. Then d,(V) > (Iern;) +n™ —n.

Proof. case 1: n=max{n; |i €I} =1.

Clearly, the variety V' = Mod{fi(x) ~ = | i € I} is contained in any non-trivial solid
variety of type 7 = (1,---,1) and has d,(V’) = 1. Therefore d,(V) > 1.

case 2: n:=max{n; |i €I} > 1.

Then there is a j € I such that n; = n. A hypersubstitution which maps each operation
symbol to a variable is called a projection hypersubstitution. There are exactly Il;crn;
different projection hypersubstitutions of type 7 = (n;);cs. Since V is non-trivial for any
pair 0,0’ of distinct projection hypersubstitutions we have o 4y ¢’. Since V is solid, ev-
ery projection hypersubstitution is V-proper and therefore P(V)/~y contains the IT;crn;
pairwise different blocks generated by the projection hypersubstitutions.

Now we consider the hypersubstitutions ¢/ which map the n-ary operation symbol f;
to fij(xs1), - Tsmy) for any s € H, and f;,i # j,i € I, to the (fundamental) term
fi(z1,- -+ ,xy,;). We show that these hypersubstitutions generate pairwise different blocks
with respect to ~y . We will verify that

Claim: f;(2s1), -, Tsn)) = fi(@sr1y, s Ty (ny) € 1dV for all s,5" € Hy,, 5 # 5.

Suppose that there are distinct mappings s,s’ € H, such that f;(zsq), -+, Tsmn)) =
[i(@wgay, -+ xgn)) € IdV. From s # s’ there follows that there is a £ € {1,---,n}
such that s(k) # s'(k). Let o be a projection hypersubstitution with o(f;) = x;. Then
lfi(Tsry, s Tsn))] = Toiy R Ty = TLfi (1), 5 Tor(n))] € IdV. But this means
that V is trivial, a contradiction. The claim shows that o4 %y o7, for s # s'. Therefore
P(V)/~y contains the n™ pairwise different blocks generated by these hypersubstitutions.
Now we want to verify that no projection hypersubstitution can collapse (with respect to
~y) with a hypersubstitution of the form o7 as above if the mapping s is non-constant. Sup-
pose that there are a projection hypersubstitution ¢ and a non-constant mapping s € H,
with o ~y of. Then we have o(f;) = zj, = fj(zs1), s Zsm)) = 0L(f;) € IdV. Since
|Ims| > 1, there is a k € {1,---,n} such that s(k) # j; and thus z; # x,y). Let
o’ be a projection hypersubstitution with o'(f;) = zs). Then ¢'[z;] = x;, = w44 =
0’'[fi(zs(1), - > Zs(n))] € IdV, a contradiction since V' is non-trivial. Since there are exactly
n hypersubstitutions mapping f; to a term of the form f;(z.,--- ,z.) for somec € {1,--- ,n}
we get dp (V) > (ILiern;) +n" —n. ]
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The following generalization of Propositions 3.1 and 3.2 shows how d,(V') for a solid
variety V' can influence the type of V' as well as the identities valid in V. We consider the
case that d, (V') is minimal.

Proposition 3.4 Let V be a non-trivial solid variety of type 7 = (n;)icr,ni > 1 for all
i € I such thatn = max{n; | i € I} exists. If d,(V) = (ILierni)+n" —n < Vo, then there is
a j € I such that n; = n, while for all other i # j we have n; = 1 and the identity f;(x) =~ x
hold in V. Moreover, for all terms t € W, (X,,) one of the following conditions is satisfied

(i) 3le{l, - ,n}t=xz € ldV),
(ii) 3 s € Hy,s is non-constant and t =~ fi(xs1), -+, Tsm)) € 1dV.

Proof.  Since max{n; | i € I} exists there is a j € I such that n; = n. We show that
n; = 1 for all ¢ € I with ¢ # j. We may assume first that n > 1. Suppose that there is a
k € I with k # j and ny > 1. Let id, € H, be the identity mapping and let ¢” be the
hypersubstitution defined by o’ (f;) = f;(z1,- -+ ,2,) and 0”(f;) = x,, foralli € I\{j}. By
the claim in the proof of Lemma 3.3 we have o’ £y o for all s € H,, \ {id,,} where o7 is the
hypersubstitution mapping f; to f;j(zsa), -, Tsm)),s € Hy and f; to fi(xy,- -, xy,) for
any ¢ # j,1¢ € I, which was used in the proof of Lemma 3.3. Since V is solid and n,n; > 1 we
have ., ~ fj(z1, - ,2n) € IdV for allm € {1,--- ,n} and &; = fr(x1, -, 2, ) & IdV for
alll € {1, .- ,ni} . Then there follows o”(fx) = zp, = fr(z1, - ,2pn,) = Uf‘d”(fk) g 1dV
for every k # j and o”(f;) = fi(z1,--- ,xn) m x;, = o(f;) € IdV for 1 < 5, <n; <n
and any nj-ary projection hypersubstitution o. We obtain o %y U{dn and ¢ £y o. This
means, [0”]., & {[o]~, | o is a projection hypersubstitution } U {[c?]., | s € Hy, s # idn}
and d,(V) > (I;erni) + n™ —n, a contradiction. Therefore ny = 1 for all k € T\ {j},
ie. 7=(1,---,n,1,---). We want to show that V satisfies the identities f;(x) ~ z for
every i # j,i € I. Let ’” be the hypersubstitution defined by o’ (f;) = f;(x1,- -+ ,z,) and
" (f;) = x1 for all i € T\ {j}. Clearly, ¢’ 4y o for any projection hypersubstitution o
since T, & fj(@1, - ,zn) & IdV for all1 < m < n. Further, 0’’ #y ol for all s € H,\{id,}
by the claim in the proof of Lemma 3.3. Since Hyp(r)/~v= {[o]~, | o is a projection
hypersubstitution } U {[o?]~, | s € H, and |Ims| > 1} thus (by the proof of Lemma
3.3) we must have 0" ~y 0;4. Now, for t € W.(X,,) we have to verify (i) or (ii). We
define the hypersubstitution oy by o¢(f;) := ¢ and o¢(f;) := fi(z1) for all i € I\ {j}.
From Hyp(t)/~v= {[o]~, | o is a projection hypersubstitution } U {[c?]., | s € H,
and |Ims| > 1} follows that there is a projection hypersubstitution o with o, ~y o or
that there is a non-constant mapping s € H, with o, ~y ol. In the first case we have
oil(fj) =t = xj, = o(f;) € IdV for some 1 < j; < n and in the second case we have
ail(f;) =t = fi(xsay, - Tsn)) = ol(f;) € IdV. If n = 1, then by Proposition 3.1 we get
V = Mod{fi(x) = x| i € I} and from these equations for any ¢t € W (X;) we can derive
the identities t ~ x1. [ ]

We next show that the converse is also satisfied. Altogether we have
Theorem 3.5 Let V' be a non-trivial solid variety of type 7 = (n;)icr,n; > 1 for alli € I
such that n = max{n; | i € I} exists. Then d,(V) = (ILicrn;) +n" —n < Vg if and only if
the following conditions are satisfied :

(i) There is a j € I such thatnj =mn andn; =1 for alli € I,i # j.

(ii) fi(z) =z € IdV for any unary operation symbol f; i # j.
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(iii) For any term t € W-(X,,) one of the following conditions holds:

(a) 3led{l,--- ,ntt=ax € IdV),

(b) 3 s € Hy with | Ims |> 1(t = fj(xs1), -, Tsm)) € 1dV)
(where f; is the n-ary operation symbol).

Proof. For the type 7 = (1,--- ,1,n,1,---,1,---) we have I;crn; + n™ —n = n™.
Therefore we have to show that d,(V') = n™ if V satisfies all conditions given in the theorem.
Let f; be the n-ary operation symbol and let 2; € {z1,---,2,}. For the n-ary term
t= fj(x, -, m) by (iii)

we have the following possibilities: for each I € {1,---,n}, we have fj(x;, - ,2;) =
xp € IdV for some 1 < p < n or fj(x, - ,m) = fi(xs1), " »Tsny) € 1dV for some
s € H, with |[Ims| > 1. The latter case is impossible by the solidity of V, and in the former
case we can rule out p # [ again by the solidity of V. Therefore f;(x;,---,x) = x; € IdV
for I € {1,---,n}. The identities f;(x) = x € IdV for all i € I\ {j} and the identity
fi(z, - ,x) = & € IdV show that W, (X;)/IdV = {[z]rqv}. This means that Hyp(r)/~v
contains precisely all classes of hypersubstitutions mapping f; to x; for every i € I,i # j

and f; to one of the terms f;(zs(1), - ,Z4(n)) for s € Hy. Since all these hypersubstitutions
are proper we have d, (V') = n". Together with Proposition 3.4 we have a proof of Theorem
3.5. ]

The variety RA, generated by the set of all projection algebras of type 7 is called the variety
of rectangular algebras. RA, is for any type 7 the least non-trivial solid variety of type 7.
For type 7 =(1,--- ,m,---,1) we obtain d,(RA;) = n".

One could also consider the cardinality of P(V') instead of |P(V')/~y |.

Definition 3.6 sd,(V) := |P(V)| is called the strict degree of proper hypersubstitutions
with respect to the variety V.

Example 3.7 Let cv,(t) be the total number of occurrences of the variable o € X in the
term t. If & = x; we will write for short cv;(t) instead of cvy,(t). Then we will show
that for the type (2) variety V = Mod{(xy)(zw) ~ z(y(zw))}, we have sd,(V) = 3. Let
ot € P(V) be the hypersubstitution which maps the binary operation symbol f to the binary
term t. Then 6;[(zy)(zw)] ~ 6¢[z(y(2w))] € 1dV where cv,(6¢[(zy)(2w)]) = (cvi(t))? and
cvg (G| (y(2w)]) = cvi(t). Since for every identity u ~ v in V the numbers cv,(u) and
cvo(v) for all @ € X are equal, we have cvy (t) < 1. Moreover, we have cvy, (6¢[(zy)(zw)]) =
(cva(t))? and cvy, (6¢[x(y(2w)]) = (cva(t))® by the previous argument we get cva(t) < 1.
Therefore, P(V) C {04,025, Ox120, Onsz, }- 1t 18 €asy to see that only o4, ,04, and o4, 4,
are V-proper; P(V) = {04,, 04y, 0z1z, ; and sdp(V) = 3. Since in V there are only regular
identities and since V' is non-trivial, none of the equations x1 ~ z2,r1 & x1x2, T3 ~ T1T2 is
an identity in V' and thus we have also d,(V') = 3.

Now we look for the largest number d,(V'). The case that the index set I is finite is
especially important. For this case we want to prove that d,(V) < R. For the proof we
need some preparation. First of all we want to assign to each n-ary term ¢ a natural number
which we call the label of t.

Definition 3.8 Let 7 = (n;);c; be a type where I is at most countably infinite. Let
s : I — N be an injection. Then we define the sequence labs as follows:

(i) labs(zx) = k for each variable zj, € X,,.
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(ii) If xgy, -+ ,a, € X, and if f; is an n,;-ary operation symbol,

N

then labs(fi(zr,, - s %k, ) = s(i)k1 -+ kn,.

(iii) If ¢y,---,tn; are n-ary terms for some natural number n > 1 and if f; is an nj-ary
operation symbol, then lab,(f;(t1,--- ,tn;)) = s(j)labs(t1) - - - labs(ty,; ).

In this way, to each term ¢ we associate a natural number. It is easy to see that labs(t) #
labs(t') whenever t # t'. This means that the mapping which maps each term to its label is
one-to-one. Then we have

Proposition 3.9 Let 7 = (n;)icr be a type which is at most countably infinite. Then
W, (X,)| = Ro for each n > 1. Moreover, |W.(X)| = Ro.

Proof.  The labelling of every n-ary term defines a one-to-one mapping lab, : W, (X,,) —
N. Therefore, |W-(X,,)| <| N |= Rg. But even if the type contains only one operation sym-
bol, for each natural number n there is a term ¢ € W, (X,,) such that in ¢ the operation

symbol occurs n times. Thus, |W,(X,,)| = Ng. Since W, (X) := |J W, (X,) is a countable
n=1

union of the countable sets W, (X,,), it is countable. ]

It is well-known that for a countable set A and a natural number [ the set
A = {SC Al|S| <1}
is also countable. We use this fact to prove the following theorem.

Theorem 3.10 Let 7 = (n;)ies be a finite type, i.e. I is a finite set. Then |Hyp(1)| < No.

Proof.  Since I is finite, there is a natural number [ such that |{f; | i € I}| = . Any

hypersubstitution of type 7 maps each n;-ary operation symbol to an n;-ary term. Let
n:=max{n; | i € I'}. Then o({f; | i € I}) C W,(X,,) and |o({f; | ¢ € I})| < I. Since by
Proposition 3.9 the set W, (X,,) is countable, we get |Hyp(7)| < Ro. ]

Since P(V)) C Hyp(7),|P(V)/~v | <|P(V)| and |P(V)/~v_iso | < |P(V)| we have :

Corollary 3.11 Let T = (n;)ier be a finite type. Then for any variety V of type 7, dp(V') <
Ro, sd,p,(V) < Vg and isd, (V) < Ry.

The variety Alg(7) of all algebras of type 7 is solid, thus Hyp(7) = P(Alg(r)). As-
sume that 7 = (n). Then |Hyp(7)| = |W-(Xy)| = No and |P(Alg(7))| = No. Since
s ~ t € IdAlg(r) iff s = t the relation ~ 4;4(;) is the diagonal and thus |P(Alg(7))| =
|P(Alg(T))/~a19(r) | = Ro. This shows d,,(V) = sd, (V') = R and isd, (V) < R.

Now we want to give an example of a variety V' of type 7 = (2) such that isd,(V) =
IP(AIG(V))/~ aigv) | = Yo

Proposition 3.12 For the variety V. = Mod{f(z,z) = x} of type 7 = (2) there holds
ZSdp(V) = No.

Proof. = We inductively define a sequence (o )r>1,ken of hypersubstitutions as follows
(i) o1(f) == flx1,22)
(ii) og+1(f) = for(f),x2) for k € Nk > 1.
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It is easy to see that V is solid and therefore P(V) = Hyp(r) and thus o, € P(V) for
all k > 1,k € N. Now we prove that for k& # [ we have o v _;s0 07. For each natural
number n > 1 we define the following algebra S,, = (Sy; fn). Let Sy := {a1, - ,ant2}
be an (n + 2)-element set and let the binary operation f, : S, x S, — Sy, for each pair
ai,aj,4,7 € {1,--- ,n+ 2} be defined as follows

a; if i=j
a;41 for 1<j<nandj+1<i<n,
aj+1 for 1<i<nandi+1<j<n,
Gn4o otherwise.

In(ai,a;) =

Since f,, is idempotent S,, belongs to the variety V. For 1 < k <l € N we want to show
that 0,(S;) 2 01(S;). Let 1 < i <l and i+ 1 < j, so that we are considering only the last
two cases in the general definition for f;. Then we prove by induction on r that

Sif. N o if r+j>10+1
ar(f) ’(a“a])—{ ary; i r+5 <141 (*)

For r = 1 we have

if j>1,1er+7>1+1

St(g. q.) = o) = 4 2
o1(/) (““aﬂ)ﬁ(“““]){ aj1 if j<, e r4j<i+1.

Inductively, we assume now that

s . N aj4+2 if p+j>l+1
op(f) ’(az,aj)—{ ap+; if p4+j<i+1.

Then we have
opr1 ()% (i, a5) = filap(f)® (ai, a5), a;)
_f filarye,ay) if pHji>1+1
| flapygiay) i p+j <+ 1L
Since p+j > 1+ 1 implies p+ 1+ j > 1 + 1, we get fi(ajy2,a;) = ai42. Moreover, we
have

filapsja;) =4 92 if ptj>1l,ieptltj>itl
Ap+j, aj apy14; if p+j<landp+1+j<I+1.

This proves () and for 4,5 € {1,--- ,1+ 2} there holds

o1(f)% (ai,a;) = { a2 if i#£j

a;  if i=j.

But for k& < [ we have ajy2 # agpro = ox(f)% (a1, az). This prove o4 (S;) % 01(S;) and thus
Ok 7%v—_iso 01. Because of Corollary 3.11 we have isd, (V) = No. ]

Since ~y is a subrelation of ~v _;5, we have
Corollary 3.13 For V = Mod{f(z,x) =z} we have d,(V) = Rg.

In the next section we consider varieties of bands.
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4 The Degree of Proper Hypersubstitutions for Varieties of Bands and Me-
dial Semigroups Bands are idempotent semigroups. Let B be the variety of all bands.
There are a countably infinite number of subvarieties of B, and the structure of the lattice
they form has been completely determined ([2], [8], [9]). The diagram of the lattice of all
varieties of bands shown below is due to Gerhard and Petrich ([10]). Each of these varieties
is defined by the associative and idempotent laws, plus one additional identity. We will be
particularly interested in several of these varieties listed here and shown by the diagram

RegB

LReg

TR = Mod{z1 =~ z2},

LZ = Mod{z122 =~ x1},

RZ = Mod{z x5 =~ x2},

SL = Mod{x1(zex3) = (x172)x3, 1% ~ 1, 1172 ~ 271},

RB = Mod{zi(v223) ~ (v122)x3 ~ 1123, 712 ~ 71},

NB = Mod{x(xow3) ~ (x172)x3, 1% &~ 11, 11720374 = T1T372T4},
RegB = Mod{x1(vax3) ~ (v122)73,71° ~ 71, T17271 7371

~ 3313723?33?1}7

LN = Mod{z(z273) ~ (v122)73, 712 = T1, 717273 ~ 17372},
RN = Mod{zi(z223) ~ (v122)3, 212 ~ o1, 17273 ~ T27173},
LReg = Mod{xi(w223) ~ (v122)73, 212 ~ 71,172 ~ 210271 },
RReg = Mod{xi(xex3) = (x122)T3,21° &~ T1,T1T2 & o122},
LON = Mod{z1(zex3) = (x122)23,¥1° & X1, T1T2T3 & T1T2T123 },
RQN = Mod{x1(wow3) ~ (x172)73, 71 ~ X1, 717203 ~ T1T3T273 }.

N

~
~
~
~
~
~
~
~

First of all we show that every variety V of bands satisfies ~y =~y _;s, .
Proposition 4.1 For each variety of bands we have ~y=rvy ;s .
Proof. We have to show that ~y_;5,C~y. We denote by S1(S2) a two-element left-zero

(right-zero) semigroup and by Sz a two-element semilattice. We denote the hypersubstitu-
tion by o; which maps our binary operation symbol to the term ¢. If B is the variety of all
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bands, then Hyp(2) /~p= {[021]~p, [02s]~ps [02122]~ 5 [Onsai |~ ps 0012001 s s (0200120~ T
The variety NB is the least variety of bands which contains S; and Sy and S3. There-
fore, for each variety V' of bands we have either 81,582,835 € V (if NB C V) or V €
{TR,LZ,RZ,SL,RB,LN, RN, LReg, RReg} (it NB ¢ V). The following isomorphisms
are easy to check:

02, [S1] = 81 02, [S2] =2 1 02, [S3] = S1
02, [S1] = S2 O, [S2] = Sa 02, [S3] = Sa
Oz [S1] = S1 Ozi20[S2] = So Oura,|S3] = S3
Oz, [S1] = So Oz, [S2] = S1 Oroa, |S3] = S3

EESEPES [Sl] =5 Ozyzom [82] =28 Oziza21 [83] = 83
szxlxz [Sl] g 82 Jzlexz [82] g 82 szzlzz [83] g 83'

Using this list of isomorphisms it is easy to check that for any two hypersubstitutions
01,02 € {021,000, 0n100, Ovomys Oxymany s Oxsmrzs f With o1 oy o9 there is an i € {1,2,3}
such that 01 [Sz] %\‘:b O'Q[Si], i.e. with o1 7(11/,,‘50 g9. Let 01,02 € Hyp(2) with 01 ~YV—iso 02.
Then 01,02 belong to one of the six classes with respect to ~v, i.e. there are o1’,00" €
: / I
{U$1ﬂgxzagx1zzvazzzlvlexleagxlezz} with 01 ~v 01 and 02 ~y 02 From ~yCvyiso
we obtain 01 ~y_js 01’ and o2 ~y_;s 02’ and thus o1’ ~y_;5 02'. By the previous
considerations we have o1’ ~y 02’ and then also 1 ~y 02. This shows ~y_;5,C~y . [

Now we determine d,(V) (and thus isd,(V)) for each variety V of bands. Since the
2-generated free algebra over the variety of bands contains 6 elements, for each variety V
of bands we have dp(V) < 6. In the following theorem we need the concept of a dualsolid
variety of type 7 = (2). The variety V of type 7 = (2) is dualsolid if 64,4, [] & Gpya, [t] € [dV
for every identity s = t satisfied in V.

Theorem 4.2 Let V be a variety of bands. Then
d,(V)=14fV e{TR,LZ RZ, SL},

d,(V) =2 iff V € {LN, RN, LReg, RReg},

dp(V) =3 4ff V is not dual solid and V ¢ {LZ,RZ,

LN, RN, LReg, RReg, LQN, RON'},

dp(V) =4 iff V is dual solid and either V¢ {TR,SL,NB, RegB} or V € {LQN, RQN},
d,(V) =6 iff V€ {NB, RegB}.

Proof. It is easy to see that d,(TR) = dp(LZ) = dp(RZ) = dp(SL) = 1. Further,
Hyp(2) = [le]NLN U [sz]NLN U [lewz]NLN U [szxl]NLN since x1x21 X T1x2, TaX1T2 =
xox1 € IdLN and x1 = T2, T1 & T1T2,T1 & ToT1,T1T2 ~ xax1 € IdLN. The hypersubstitu-
tions o, and oy, ., are LN-proper. If we apply 6., to x12923 & x12372 We obtain z3 ~
which is not satisfied in LN and applying 6,4, t0 12223 & 12322 give X3TaZ1 & T2X371
which is also not satisfied. Therefore P(LN)/ ~LN|p = {[02]~in:[02i2,]vn} and
dp(LN) = 2. Similarly we show that d,(RN) = 2. We show in a similar way that
dy(LReg) = d,(RReg) = 2. From the properties of the basis of the identities in NB
there follows that in N B there are only outermost and regular identities. It is easy to check
that Hyp(2) = [0, ]vnp Ul0ws]ons U0z 20lnw s Ul0wsai o s U0z 2001 Jon s Ul0zami20] v ws
and that this is a partition of Hyp(2). Since NB is solid, we get d,(NB) = 6. In a sim-
ilar way we prove that d,(RegB) = 6. It is clear that Hyp(2) = [0s;]~pp U [0zs)ops U
[Czras)~ns U [0z ]~rs and that there is no collapsing of these classes since all identi-
ties in RB are outermost. Since RB is solid, we get P(RB) = Hyp(2) and this gives
d,(RB) = 4. Now we consider the varieties LQN and RQN. It is easy to check that

Hyp(2) = [Um]NLQN U[Uz2]~LQN U[waz]NLQN U[Uz2x1]~LQN U[wazm]NLQN U[Uz2x1xz]~LQN .
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Since from the identity basis we can only derive regular and outermost identities oy, , 04, are
LQN-proper. The identity hypersubstitution is also LQN-proper. We show that 04, 4,2,
is LQN-proper. If we apply G4,4,2, to the associative law or to xizezs =~ 1297173 We
obtain x1Tor3rox1 & T1T2x1T3T1T2x, Which is a consequence of x1xox3 ~ T1Tox1x3 €
IdLQN. If we apply 64,2,2, to the idempotent law we get an identity which is satisfied in
LQN. The hypersubstitution oy,4,z, is not LQN-proper since the application to x1xsz3 ~
T1ToX1 XT3 EIVES T3ToX1ToTs A X3T1T2x1X2x1T3. {From this identity we can derive the me-
dial law which is not satisfied in LQN. Altogether we have |P(LQN)/~ronip(zon) | =
|{[0-371]NLQN7 [0$2]NLQN5 [0$1$2]NLQNa [leﬂchl]NLQNH =4= dp(LQN) In a similar way we
show that d,(LQN) = 4. Let now V be a dual solid variety different from TR, SL, RB, NB
and RegB. Then we have Hyp(2) = [04; ]~y Ul0zs] oy U0z 20 ]~y U0z021 |~y U0z 2021 oy U
[Czsmyms )~y - Since V' is dual solid, the hypersubstitutions 04,4, and 04,5, are V-proper. As
a consequence of V' # TR, SL and since V is dual solid we have o,,,0,, € P(V). The ap-
plication of 0,,4,., to the associative law provides z1x2x37971 = x122T123212221. | From
this equation we derive x1xox3x1 ~ T1T2217371 in the following way

12231 < T1T2X3X3T2X3T1

T1T2X3L1L3LIL2L3LL

Q

T1T2X3L1LILIL2L1L3T]

Q

T1X2X1X3L1T3L1L2L1L3IT]

Q

T1X2X1X3L1X2L1L3T1
T1T2X1X3T1X1X2X1T3X1

L1X2Tx1X3T71 .

This shows V C RegB. But TR,SL, RB, NB and RegB are the only dual solid sub-
varieties of RegB. Since V is different from these varieties we have 0y 5,0, € P(V).
The same argument shows 0uyqz,2, € P(V). Since RB C V the set IdV of all identi-
ties satisfied in V' consists only of outermost identities and this shows |[P(V)/~v|p(v)
| = {[0z1]~ys [Ozalmvs [Tzias) v s [Tzami Joy | = 4,06, dp(V) = 4. Finally, if V' is a not
dual solid variety different from LZ, RZ, LN, RN, LReg, RReg, LQN, RQN, then Hyp(2) =
(02, ]y U l0zs]ny U0zi20]ny U [0wsa,]or U (0210000 ]y U [0250,05]~y - We can prove that
Owy21: Oy zawss Onowims & P(V) Then |P(V)/NV\P(V) |
= {[021]~v s [Oza)mov s [Tzims]~w H = 3, 1. dp(V) = 3. Since there are no more varieties of
bands, in each case we have also the opposite direction. [ ]

A semigroup is called medial if the medial law xyxow314 ~ T1T3T274 1S satisfied as an
identity. We consider varieties of medial semigroups satisfying the identities x2xy ~ 1123 ~
x1x2, i.e. all subvarieties of the variety Vi := Mod{xi(2z2x3) ~ (z122)T3, T1Z22324 ~
T1T3T2T4, x%xg 2 xlxg ~ x122}. The two-generated free algebra over this variety consists

exactly of the classes [xl]NVbig, [xg]NVbig,

[xlmQ]vaig ) [mel]NVbig’ [.L“%]vaig ) [mg]fvvbig ) [$11‘2$1]vaig ) [1‘23311‘2],\,‘,“9 .

Therefore, for any V' C V4, we have |[Hyp(2) ~v| < 8 and then also d,(V) < 8. If V is also
a variety of bands, then V' C NB since N B is the greatest medial and idempotent variety
of semigroups. In this case the degree of proper hypersubstitution is given by Theorem
4.2. Therefore we may assume that V' ¢ NB. Therefore [04,]~y, # [Ozizs]ov s [Tz oy #
(Ossai]mvs (02 oy # [002]oy s [02,]oy # [04,]~y . The identities of Vi, have a particular
form. An equation s & t of terms of an arbitrary type 7 is called normal if either both
terms s and t are equal to the same variable or none of them is a variable. A variety in
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which all identities are normal is called a normal variety. The concept of normalization was
first studied by Mel'nik([12]) and Plonka ([13]) and later by Graczynska ([11]), Chajda ([3]
and Denecke/Wismath ([7]).

Let N(7) be the set of all normal equations of type 7. If V is a variety of type 7, we
may consider all normal identities valid in V, i.e. IdV N N(7) and the variety N(V) :=
Mod{IdV N N(1)}. The variety N(V) is called the normalization of V. By definition of
N(V) we have N(V) =V V ModN (7). Here ModN(7) is the least normal variety of type
7. It is easy to see that for type 7 = (2) the variety N(7) agrees with the variety Z of all
zero-semigroups. Therefore the normalization of any variety V of semigroups is given by
N(V)=V Vv Z. Let L(V) be the lattice of all subvarieties of the non-normal variety V. E.
Graczynska proved in [11] that the lattice £L(N(V)) is isomorphic to the direct product of
the lattice £(V') and a two-element chain. Our first observation is:

Proposition 4.3 Vi, is the normalization of the variety NB, i.e. Vy;g = NBV Z.

Proof.  Since any identity in Vj;4 is normal, outermost and regular we have NBV Z C

Vbig- It is easy to see that every normal, outermost and regular equation is an identity in
Viig- Therefore, IdA(NBV Z) C IdVyg, i.e NBV Z D Viyg. ]

By Graczynska’s result ([11]) the subvariety lattice £(V4iq) is given by the direct product of
L(NB) and {T'R, Z}. Since the subvariety lattice of NB is completely known, £(V4;4) con-
sists of the following varieties. It is easy to calculate the degree of proper hypersubstitutions
for every subvariety of Vp;g4.

variety defining system degree
of identities of proper
hyper-
substitution

ZNVTR =7=Mod{zy = zt}

ZN LZ = Mod{ass.,zy ~ xz}

ZN RZ = Mod{ass.,zy = zy}

ZVSL = Mod{ass.,zy ~ yx, vy ~ v’y ~ vy*}
ZV RB = Mod{ass.,zy ~ xzy}

ZNV LN = Mod{ass., zxy =~ zyx,xy ~ v’y ~ vy}
ZV RN = Mod{ass.,zyz ~ yxz, vy ~ v’y ~ vy*}
ZVNB =V,

D wWwwood—= NN
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