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ABSTRACT. The vast majority of work done on inventory system is based on the critical
assumption of fully observed inventory inventory level dynamics and demand. Modern
technology, like the internet, offers a tremendous number of opportunities to businesses
to collect imperfect but useful information which helps them planning efficiently to meet
future demand. A good example is the internet. Visits to commercial web sites constitute
a source of partial information on future demands of one or more of the commodities (or
services) offered by companies. Many factors contribute to make inventories hard to be
fully observed by the management. Using Hidden Markov Models techniques we exploit
partial information on inventory systems to estimate the current inventory level as well

as future demands. The parameters of the model are updated via the EM algorithm.

1. INTRODUCTION

Modern technology, like the internet, offers a tremendous number of opportunities to
businesses to collect useful information which helps them planning efficiently to meet future
demand. Visits to commercial web sites constitute a source of partial information on future
demands of one or more of the commodities (or services) offered by companies. Warnings by
e-mail (or by some other means such as mobile phone short message service) of customers
on change in the price of a commodities provide a source of potential sales.

Another way of acquiring partial information on future demand is provided by a company
that uses sales representatives to market its products. Each contact of a sales representative
with a customer yields a potential demand. Sometimes sales representatives prepare sales
vouchers as means for quoting the customers showing willingness to buy. Since it usually
takes some time for a potential sale to be materialized, the collection of sales representatives’
information as to the number of customers interested in a product (such as the number of
outstanding sales vouchers) can generate an indication about the future sales of that product
[21].

Treharne and Sox [22] discuss a non-stationary demand situation where the demand is
partially observed. They model the demand as a composite-state, partially observed Markov

Decision Process.
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Another example is provided by DeCroix and Mookerjee [15] who consider a periodic
review problem in which there is an option of purchasing demand information at the begin-
ning of each period. They consider two levels of demand information: Perfect information
allows the decision maker to know the exact demand of the coming period, whereas the
imperfect one identifies a particular posterior demand distribution.

Karaesmen, Buzacott, and Dallery [17] consider a capacitated problem under partial
information on demand and stochastic lead times. They model the problem via a discrete
time make-to-stock queue.

Many factors contribute to make inventories hard to be fully observed by the man-
agement. Among these factors are thefts, shoplifting, damaged or misplaced items, low
production yield processes [23], perished items [20] etc.

An earlier literature review on partially observed systems can be found in Monahan [19].
Since then, there have not been much research activity in the study of partially observed
inventories.

Bensousan et al. [9, 10, 11, 12, 13], Treharne and Sox [22] study partially observed
demands in the context of discrete time optimal control. In their studies, the demand is
Markov modulated but the underlying demand state is unobserved. Another example of a
Markov modulated model is discussed in Beyer et al. [14].

Models discussing filtering and parameter estimation using hidden Markov models tech-
niques are consider by Aggoun et al. [2, 3, 4, 5] and Aggoun [1].

In this article we extend the model discussed in Aggoun [1]. We consider a discrete-time,
discrete state inventory model with unobserved inventory level and perished items where
the demand is a partially observed finite-state process modulated by a Markov chain. This
information is made available at the beginning of each period. These two processes, in turn
modulate a replenishment process. In other words the amount to be ordered and stocked
to satisfy the (estimated) demand which must be met, say in the next period, relies on the
partial information on futures sales collected and made available in the current period.

For the sake of simplicity and to be dealing with only finite state processes, we assume
that information does not accumulate without bound. That is, information on potential
sales from earlier periods are discarded.

This article is divided into six sections and is organized as follows. In §2 we define the
model. In §3 we describe the reference probability method used in computing our filters. In
84 and §5 we derive filters for various quantities of interest. The parameters of the model

are re-estimated via the EM algorithm in §6.

2. MODEL DESCRIPTION

For the benefit of the reader we briefly recall few facts about finite-state-homogeneous

Markov chains.
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Definition 1. A discrete-time stochastic process {n, }, with finite-state space S = {s1, s2,...,8L},
defined on a probability space (0, F, P) is a Markov chain if

P(Mnt1 = Sinys | 10 = Sigs -3 = 8i,) = P(nt1 = Siy iy | M = 8i,)s

for alln > 0 and all states s;,,...,8;,,5,,., €595.

{nn} is a homogeneous Markov chain if
A
P(ni1 =55 | i = i) = 753

is independent of n.
The matriz I1 = {m;;} is called the probability transition matriz of the homogeneous

Markov chain and it satisfies the property Zjvzl T = 1.

Note that our transition matrix IT is the transpose of the traditional transition matrix
defined elsewhere. The convenience of this choice will be apparent later.

Counsider the filtration {F,,} = o{no,m,..., M }-

Write Yy, = (L, =s1)s Linn=s2)s- - > L(nn=s1.))> Where I 4y is the usual indicator function
of a set A.

Since at each time n only one entry of the vector Y,, is not 0 and equal to 1, then Y is a
discrete-time Markov chain with state space the set of unit vectors e; = (1,0,...,0),..., ey =

(0,...,1)" of RL. However, the probability transitions matrix of Y is II. We can write:
E[Yn | -:anl] = E[Yn | Ynfl] = HYnfla

from which we conclude that I1Y;,_; is the predictable part of Y, given the history of Y up
to time n — 1 and the non-predictable or ‘noise’ part of Y,, must be M, = Y, —11Y,,_1. In
fact it can be easily shown that M, € R is a mean 0, F,-vector martingale and we have
the semimartingale (or Doob decomposition) representation of the Markov chain {Y,,} (see
[6, 16]):

(2.1) Y, =Y, _y + M,.

With Y one of the unit (column) vectors e;, 1 < ¢ < N, prime denoting transpose, and
using the inner product notation (a, b) = a’b, this idempotent property allows us to write the
square YY" as Zf\il (Y, e;) e;el; and so obtain closed (finite-dimensional), recursive filters in
Section 6.

More generally, any real function f (Y') can be expressed as a linear functional f(Y) =
(f,Y) where (f,e;) = f(e;) = fi and f = (f1,..., fn). Thus with Y? = (Y, e;),

N
(2:2) FO) =Y fle)y =Y gy

i=1

Our model consists of the following components.
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(2.3)
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1. Let Y}, be the number of potential demands available at the beginning of period n.

Let I1,..., I, be a partition of the set of natural numbers {0,1,2,...}.
For 1 <4,5 < L, write

Pji = P(Yn [S Ij | Yn—l S Ii),

L

and P = (pji), iji = 1. Again the unusual notation p;; instead of p;; is used
j=1

for convenience. Therefore the process Y is an L-state discrete-time Markov process

Y ={V,1 <k}

Without any loss of generality, as explained above, we shall identify the state space
of Y with the canonical basis £ = {e1,eq,...,er}. Again the essential point of this
canonical representation of a Markov chain, is that the state dynamics can be written

down in the form
Y, =AY, 1+ V,.

Here V is a (P,0{Y1,Ya, ..., Y, })-martingale increment and A € RL*L is a matrix of
state transition probabilities such that P(Y,, = j | Y,—1 =) 2 @i

The physical interpretation of this representation is that we are assuming that at
each period n, the number of potential demands Y,, is not completely independent of
the past. However the dependence we assume (dependence on Y;,_1) is the simplest

mathematical scenario.

. Similarly we assume that the actual demand process D is a finite-state process with NV

states {d, ...,dn}. Without loss of generality, we identify the state space {dy,...,dn}
with the sets of standard unit vectors {fi, fa, ..., fx} of R¥. We shall assume that:

P(Dn = fm | Dla~~~7Dn717Y0aY1a~~~7Yn71): P(Dn = fm | anlaYn71)~

Write byei = P(Dy, = fim | Dn—1 = fo,Yn—1 = €;) and
B = {bmei}, m,l=1,...,N; i=1,...,L.
N

Therefore Z bmei = 1 and we have the semimartingale representation

m=1

Dn = BDn—l & Yn—l + Wn

Here W, is a sequence of martingale increments. For (column) vectors = € RL, y € RY
their tensor or Kronecker product = ® y is the vector zy’ € REV.

Note here that the actual demand D,,, at time n, is related to the actual demands
{Di,k < n} as well as potential demands {Yj,k < n} observed in the past but,
again, we are assuming the mathematically simplest kind of dependence between

these stochastic processes.
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3. Each item in the stock at the beginning of the n-th period is assumed to be perished
(damaged, stolen etc.) with probability (1 — «) independently of the other items,
where 0 < e < 1 or is intact with probability «.

We shall be using the Binomial thining operator “ o ” which is well-known in Time
Series Analysis [7], [18]. This operator is defined as follows.

For any nonnegative integer-valued random variable X and a € (0,1), a0 X =

X
Z@ j, where 91,2)»,... is a sequence of of i.i.d. random variables independent of
j=1
X, such that P(Y; = 1) =1 - P(Y; = 0) = a. Now let X,, be an integer-valued

random variable representing the number of items in stock at the beginning of period

n in the inventory with dynamics

N
(2.5) Xn=00Xy 14+ U1~ di(Dn1, fo),
=1
with X constant (integer) or its distribution known. If X, _; is negative then « o
X,—1 =0. Note that a negative X, is interpreted as shortage.

Equation (2.5) simply means that the inventory level available at the beginning of
the n-th period is whatever survived from earlier periods plus a certain replenishment
minus one of the possible demands {dy, ..., dx} which incurred in the previous period.

4. A replenishment process U such that for n > 1,
PU, =u|o{Uk, X, Yie, Dk, k <n—1}) = &(u, Up—1, Xnn—1,Yn—1, Dn_1).

It is natural to assume that the replenishment at time n, U,, depends on the
information available at time n — 1.

5. As in [9] we suppose there is a finite storage capacity a, the inventory can take values

in the interval [0, a]. This interval can be partitioned into M + 2 disjoint intervals,

namely,
Iy = [CL(), CL()]; I = (CLO, al]; Iy := (alv a2]§ oIy = (aMflv CLM];
Inry1 := [apr, ang], for 0 = ag < ay < --- < apr = a. The observations process is then

In=z, X, el,,0<2z<M+1.
In practice, the interval observations as defined above would happen when the inven-
tory is stored in modules, e.g., bins, shelves or different locations. The manager can
see empty and full bins by simply walking in the storage area. In a typical case, the
bins may be prioritized in such a way that items in bin ¢ are not used until items in
bin i + 1 are finished. Then a; would be the first bin’s capacity, as would be the first
and second bins’ cumulative capacity, etc. If three bins are full, the fourth is semi-full
and the others are empty, the manager would conclude I,, € Iy = (a3, a4] and observe
the signal Z,, = 4.

Process Z is a discrete-time Markov Chain with the state space {0,1,..., M + 1}

which we identify with the sets of standard unit vectors {go, ..., gar+1} of RM+2,
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Write P[Z, = gs | Zn—1 = gr] = ¢rs, and C = {crs}, 7,8 =0,..., M + 1.
Write the following complete filtration Y, = o{Zj, U, Yi, k < n},
Gn = 0{ Xk, Zi,, Ug, Yk, Dy, k < n}.

3. REFERENCE PROBABILITY

In our context, the objective of the method of reference probability is to choose a measure

P, on the measurable space (€2, F), under which:

(i) Process D is a sequence of i.i.d. random variables uniformly distributed on the set
. 1
{f1, f2,..., fn}, that is P(D, | Gn—1) = g

(ii) Process Y is a sequence of i.i.d. random variables uniformly distributed on the set

1
{e1,e2,...,er}, that is P(Y,, | G—1) = I

(iii) Process Z is a sequence of i.i.d. random variables uniformly distributed on the set

. 1
{90,92, .-, gm+1}, that is P(Z, = gs | Goo1) = M2
(iv) Process U is a sequence of independent random variables such that P(U, = u |

Gn-1) = &n(u).
Further, under the measure P, the dynamics for X are unchanged.
This mathematical trick is the key to the derivation of our results.
The probability measure P is referred to as the 'real world’ probability measure, that is,

under this probability measure

Y, =AY,_1 +V,,

D, =BD, 1Y, 1+ W,,

Zn=CZp_ 1+ My,

PU,=u|Gn-1) =&, Up-1,Xn-1,Yn-1,Dn-1).

(3.1) P

Definition 2. Denote by I' = {T'y,0 < k} the stochastic process whose value at n is given

by
(3.2) T = [[m:
k=0

where v = 1 and

L

- :ﬁk(Uk,Uk1,;(£cU1;Yk1,Dk1) H (Laj;)Yeen) e
& (Ug it
(3.3) !
N L M+1
H H(meéi)(Dn7fﬂl><Dk717fZ><Yk—17ei> H ((M+2)CST)(Zk717gr)<Zk7gs>.
m,l=11i=1 r,s=0

Note that the notation (Y, e;) is equivalent to the indicator function
I(Yk = ei),
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— dP
We define the ’real world’ measure P in terms of P, by setting P 2 I',,. The existence

Gn
of P follows from Kolmogorov Extension Theorem.

Lemma 1. Under the reference probability measure P, E[yy | Gx—1] = 1, where E denotes

expectation under P.

Proof. In view of (3.3) and the distributions assumptions under £

Elyk | Gr—1]
L N

= Z Z NLa;jibmei(Di—1, fo) Y1, €:)

i,J=1m =1
M+1
Z (M + 2)Csri<Zk—1agr><Zk798>

r,5=0

Z &k (u, Up— 1,(X1; 1’€l’fﬁ)§k(u)<Yn,ej><Dmfm><Zk798> | Gr—1]

L N
Z Z Z mei(Dr—1, fo) (Yi—1,€:)

mf=1i=1

M+1

Z cs’r‘i<Zk—1ng’><ZkagS> = 1

7r,5=0

4. RECURSIVE ESTIMATION

What we wish to do now is to derive, under the ‘ideal’ reference probability measure P
a recursive formula for the unnormalized conditional joint distribution of the demand and

the inventory given the observed data at each epoch n. Using Bayes’ Theorem [16, 6]

E[Lu(Do, fi) (X, = 2) | V]
[T | %] '

B|(Du f)I(Xu =) | Y| =

Write E[Fn<Dn,fU)I(Xn =) | yn} = pn(v, ).

Theorem 1. Denote by po(v,x), the initial probability distribution of (Do, Xo). The un-

normalised probability p, (v, x), satisfies the recursion

pn(v, )
L M+1
=[] (Lag)¥me? e TT (M + 2)cgp) P99 [0y ) < 2 < ay)

i,j=1 r,5s=0

N L
Z Z boei(Yn—1,€;) Z Bin(3, o, +dg — Up—1)
(=1 i=1

32x+de—Up—1
ar—1<3<ar,
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« gn(Un, Uﬂ—laza €, fﬁ)
&n(Un)

*1(6’3)7

where

Bin(3,a,x +dp — Up—1) = <x n d[é 1) (cu)””Jr‘“*U"*1 (1- a)rl*d”U"*l,

Proof. In view of (3.3), (3.2) and de independence assumptions under P

pn(v, @)
L M+1
— H (Laji)<ymej><ynflvei> H ((M+ 2)csr)<zn71:g'r><Z'm.‘18>
i,j=1 r,5=0
N L
E[anlwn,fq}) TT TI(Nbggs) P d (Prmrofer o)
m,f=1i=1
gn(Unv Unfla anla Ynfla anl)
L M+1
H (L(L )(Yn:€j><ynflvei> H ((M+ 2)csr)<zn71:g'r><Z'm.‘18>
i,j=1 r,s=0
N L
Enl n UTL)UTL— 7Xn— » C1y C
Zzbvh n—1,€ '>E|:Fn71<Dn71af€>§ ( ! Le fﬁ)
(=1 i=1 gn(Un)

N
INaoXp 1+ Up1— deanl, fe) =z)
=1
Ias—1 <z <as)l(ar—1 < Xn-1 <a,)| yn}
L M+1
— H (Laji)<ymej><Yn—1,€i> H ((M+ 2)CST)<Z”71’gr><Z"’gS>
J=1

1,j= r,s=0

N L
E n Un’Un_ 7X'n«— 7€i) 4
SO buelVarr ) E[Dus (D, fi) 2 Unte Xuossco /0
(=1 i=1
oX

— $n(Un)
I(O[ n—1 = — n71+d€+x)
Ias—1 <z <ag)l(ar—1 < Xn—1 <a,) | yn71:|

L M+1
= H (La..)<Yn,e_7><Yn_1,ei) H ((M+2)Csr)<Z"_1’gr><Z"’gS>
i,j=1 r,5s=0
N L
Z vah n—1, 61>I(as—1 <z S as) Z
(=1 1i=1 32x+de—Up—1
ar—1<3<a,
. gn(UnaUnflaﬁaeiaff)
Bin(, a,x + d¢ — Uy —
( R 7
E[Coe1(Damt, f)I(Xno1 = 5) | Y]

L M+1
= H (Laji)<yn;€j><yn—17ei> H ((M + 2)687‘)(27171:g'r><Z'rngs>
i,j=1 r,s=0
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N L
Zzbvh n—1,€; I(as—l <x S as) Z

(=1 i=1 3>a4de—Un_y
ar—1<3<a,
Bin(3, o, x + dy — Un_l)gn(Un’gLn([};f’ ‘i fe)p 1(£,3).
Here
Bin(3,a, 2 +dy — U,_1) = (w N dga_ U, 1) (@)@ de=Un-1(] — )32 detUn-a, O

5. PARAMETER UPDATING

In this section we show how, using the expectation maximization (EM) algorithm, the
parameters of the model can be estimated. In fact, it is a conditional pseudo log-likelihood
that is maximized, and the new parameters are expressed in terms of the recursive estimates
obtained in Section 6. We begin by describing the EM algorithm.

The basic idea behind the EM algorithm is as follows [8]. Let {Py,0 € O} be a family of
probability measures on a measurable space (2, G) all absolutely continuous with respect
to a fixed probability measure Py and let ) C G. The likelihood function for computing an
estimate of the parameter 6 based on the information available in Y is L (6) = [ ‘;}F,’g | y}
and the maximum likelihood estimate (MLE) is defined by 6§ € argmaxgeoL (0) .

The reasoning is that the most likely value of the parameter 6 is the one that maximizes
this conditional expectation of the density.

In general, the MLE is difficult to compute directly, and the EM algorithm provides an
iterative approximation method:

1. Set p = 0 and choose 0.

2. (E-step) Set 6* = ép and compute Q (-,0%), where Q (0,6*) = Ep- [log dP"

3. (M-step) Find 0,, € argmaxyco@ (6,6%) .

4. Replace p by p + 1 and repeat beginning with Step 2 until a stopping criterion is

»].

satisfied.
The sequence generated {ép, p> O} gives non decreasing values of the likelihood function

to a local maximum of the likelihood function: it follows from Jensen’s Inequality that
tog L (1) —1og L () > Q (1,6,

with equality if 6,41 = 6,. We call Q (6,6*) a conditional pseudo-log-likelihood.

Our model is determined by the set of parameters
0:=(aji, 1<4,j<L, csp, 0<7,8 <M+1, gy, 1 <m, ¢ <N)
Suppose our model is determined by such a set 8 and we wish to determine a new set

0= (&ji(n), 1<i,7 <L, ¢e(n), 0<r,s < M+1, Bmgi(n), 1<m,f< N)
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which maximizes the conditional pseudo-log-likelihoods defined below. To replace the pa-
rameters aj; by a;;(n) in the Markov chain Y and the parameters ¢, by és-(n) in the

Markov chain Z we define

n L - (Yi,ej)(Yi—1,ei) M+1 (Z1,95)(Zk—1,9r)
_ aji(n) Csr(n)
r,=ITIT | II | -

. . CST
k=114,5=1 r,5=0
. aj;(n) .
In case aj; = 0, take Gj;(n) = 0 and =——— = 1. The same thing holds for the parameter
Qjq
dP;
e Set 2| =T,,.
o 2R g,

Theorem 2. The new estimates of the parameters as.(n) and ¢s.(n) given the observations

up to time n are given, when defined, by

) Tij ) Trs
aji(n) = =i Car(n) = =,
n n

where TT(Lj’i), is a discrete time counting process for the transitions e; — e; of the (ob-

served) markov chain'Y, where i # j,

n

T = " (Vi1, e)(Yas 65),

k=1

3,"1 is the cumulative sojourn time spent by the Markov chain Y in state e;,

n
Jh =) (Yi-1,ei),
=1

Tn(s’t) is a discrete time counting process for the transitions g. — gs of the process Z, where

r#s,

n

’];L(ﬁ,f) = Z<Zk—1vgt><zk595>a
k=1

and J, 7, the cumulative sojourn time spent by the process Z in state g, is

n

TX = {Zk-1,g:).

k=1
Proof. Consider the parameter a;.
L n
logl',, = Z Z (Yo, e5) (Ye—1,e;) [logaji(n) — logaji)
i,j=1k=1
L
(5.1) = Z T log aji(n) + R (a)
i,j=1

where R (a) is independent of a.

Now the d;;(n) must satisfy

L
(5.2) Z aji(n) = 1.
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Observe that
L

(5.3) dwi=3

j=1
We wish, therefore, to choose the d;;(n) to maximize (5.1) subject to the constraint (5.2).

Write A for the Lagrange multiplier and put
L

L(a,X) =Y TWlogaj(n)+ R 4—A<§:aﬂ -—1)
i,j=1
Differentiating in A and aj;(n), and equating the derivatives to 0, we have the optimum

choice of G;;(n) is given by the equations

(5.4) CLﬂ(n)s”ﬂzo
L
(5.5) > ai(n) = 1.

From (5.3)-(5.5) we see that A = —J7 so the optimum choice of a;(n), 1 < i,j < L, is
T
. O
In

aji(n) =

Remark 1. Since each of the Markov chains Y and Z jumps at most n times up to time
n, we have:
0<TH<JL<n, 0<T < Jr <n.

Notation 1. For any process ¢,, n € N, write qgn = E|[¢n | Y] for its Y-optional projec-

tion.

Consider now the parameters b,,¢; in the matrix B. To replace the parameters b,,¢; by

I;mgi( ) we must now consider the Radon-Nikodym derivative

n L [+ n) (Do, fim){Dn—1,fe)(Yn—1,€:)
o mfz
n ];[ ];[ [ miz ‘|

dP; ~
Now we introduce a new probability by setting 7P — =T,,. Then
0
N L n N ) )
(5.6) E [1og T, | yn} =35 G g bei(n) + R ()

N
(5.7) bmei(n) = 1.
m=1
N N
Observe that Z G = S and conditional form Z G,TL”“ = §,fi
m=1 s=1

We wish, therefore, to choose the by, (n) to maximize (5.6) subject to the constraint (5.7).

Following the same procedure as above we obtain:
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Theorem 3. The mazximum log likelihood estimates of the parameters i)mgi(ﬂ) given the

(G

observation up to time n are given, when defined, by Z;mgi(n) = A
qn(Sh )

where G™ is the number of times the process D jumps from state f, to state f,, while the

Markov chain'Y 1is in state e;,

n

G = "(Dy-1, i)(Dr, fu) (Yio1,€1),

k=1
and S!' is the number of times the process D is in state f; while the Markov chain'Y is in

state ey,

n

(5.8) St =" (Dy1, 1) (Y1, €.

k=1
Remark 2. The revised parameters give new probability measures for the model. The se-

quences of densities I';, and L., are improved by construction, and the model parameters are

updated or tuned to the observations.

6. FINITE-DIMENSIONAL FILTERS FOR G anD Sl

Rather than directly estimating the quantities, G, and S recursive forms can be found
by estimating the related product-quantities, G*'D,,I(X,, = z) € RN and S!D,I(X,, =
x) € RY. The outputs of these filters can then be manipulated to marginalise out the
process (X, D), resulting in filtered estimates of the quantities of primary interest.

Write g, (G D, (X, = 2)) 2 E[[,GM D, I(X, =) | V).

Lemma 2. The process q,(G™D,I(X, = x)) is computed recursively by the dynamics

qn(Grl;nliDnI(Xn = 1))
L

M+1
= H (Lajq;)(Ynei)(¥a-rei) H (M 4 2)cgy ) Zn1:9)(Zn:9:)
1,j=1 r,5=0
N L
SN b (Yoore)Ias <z <a)) >
Lm=11i=1 3>x+de—Up_1
ar—1<3<a,
. gn(UnaUnflaﬁaeiaff)
Bin 3 o,x+ d¢ —Up—1
e A A
(An (G D I(Xn—1 =3)), fe) fm
L M+1
+ H(Laji)<yn,€j><yn—1,€i> H ((M+2)CST)<Zn,1,gT><Zn’gS>
Jj=1 r,5=0

bmli<Yn—1; ei>I(as—1 <z S as) Z

32x+d—Un—1
ar—1<3<ar,

fn(Una Un—lvﬁveiv fl)

Bin(3, o, +dj — Up—1) £ (0

pn—l(l, 3)fm



ON A STOCHASTIC INVENTORY SYSTEM 259

Proof. First note that G™' = G™ + (D,,_1, fi){Dn, fm){Yn_1,é€i). Therefore
qn(GMD (X, =) = [P GM™M D, I(X, =) | yn]
"’E[F (Dn—1, fi)(Dn, fu)(Yn-1,€) Dyl (X, = ) | yn]

The first expectation yields:

[F Gy Dol (X = ) | Yl
M+1
= H (Laji)<Y i) (Yn_1,ei) H ((M+2)CST)<Z"—179T><ngs)

i,j=1 r,5=0

N L
Z Z bm€i<Yn—1; ei>I(as—1 <x S as) Z

Lm=11i=1 3>x+de—Up_1
ar—1<3<a,

gn(Una Unflaﬁa €i, f@)
| &(Un)
<qn(G7?1—thn—1I(Xn—l =3)), fo) fm

Bin(3,a,x +dp — Up—1)

The second expectation is simply

E[Fn< n— 17fl><Dnafm>< n— 1;61>D I( )|yn}

L M+1
H <Yn,€] (Yn_1,€ei) H ((M+2)CST)<Zn71,gr)<ngs)

r,s=0

ml1< n—1,€ > (asfl <x§as) Z

32x+d—Un—1
ar—1<3<ar,

fn(Una Un—laﬁv €y, fl)
&n(Un)

Bin(3, o, +dj — Up—1) ~1(0,3) fan- O

Write dn (S} DI (X, = ) £ E[T,S5D,, | Va].

A similar argument yields the following results.

Lemma 3. The process q,(SYD,I(X,, = z)) is computed recursively by the dynamics

qn(SriiDnI(Xn = 1))
L M+1

= H (Lajq)(Ynei)(¥a-re) H (M 4 2)cqy ) Zn=1:9)(Zns9:)

i,j=1 r,5=0

N

Z Z bm€i<Yn71a ei>I(asfl <z < as) Z
Lm=11i=1 3>x+de—Up_1

ar—1<3<a,
gn(Una Unflaﬁa €4y f@)
Bin(3, o, x + dy —
. B
<qn( 1Dn (Xn—1=3)), fe) fm
L M+1

+ H Yn;ej Yn 179|> H ((M + 2)CST)<anlvgr><Zn;gs>

Jj=1 7,5=0
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N
Z bmli<Yn—1; ei>I(as—1 <z S as) Z
m=1

Bin(3, o, +dj — Up—1)

32x+d—Un—1
ar—1<3<ar,

&-’I’L(Unv U’I’L*lvaveiv fl)

fn(Un) pn—l(laﬁ)fm-

The filter recursions given above provide updates to estimate product processes, each

involving the process (X, D). What we would like to do, is manipulate these filters so as

to remove the dependence upon the process (X, D). Let ®,, be any of our processes. Then
with 1 =(1,1,...,1)
> (@ (@nDnI(Xp =12)),1) =Y (E[Tn®,Dnl(X, =12) | Vo], 1)

= S LI, = 2)(D1) | V4

x

=EB[Tn0, Y I(Xp=2)| V] = qu(®n).
It follows that our quantities of interest are computed by
4 (G") = D (an(G Dl (X, = 2)), 1),

4n(S1) = X (a4 (SEDLI(X, = 1)), 1),
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