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A NOTE ON [a,b]"-COMPACTNESS AND |[q,b]"-REFINABILITY
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ABSTRACT. In this paper, we shall show: (1) Properties [a, b]”-compactness, [a, b]"-
refinability and weakly [a, b]"-refinability are preserved under taking countable closed
sums, Fy-subsets and preimages of perfect mappings.

(2) (GCH) Let X be a space with ¢(X) < nand Y be a bounded n-compact space for
some cardinal n. If X is [a, b]"-compact (resp. [a, b]"-refinable, weakly [a, b]"-refinable)
and L(Y) < a, then X X Y is [a, b]"-compact (resp. [a,b]"-refinable, weakly [a,b]"-
refinable).

(3) Suppose that a is a regular cardinal with a > wi. Let X be a separable metric
space and Y be a P(w)-space. If Y is [a,b]"-compact (resp. [a, b]"-refinable, weakly
[a, b]"-refinable), then X X Y is [a, b]"-compact (resp. [a,b]"-refinable, weakly [a, b]"-
refinable).

1. INTRODUCTION

Throughout this paper, X and Y denote topological spaces and a,b, m and n denote
infinite cardinal numbers. All spaces are assumed to be topological spaces with no separation
axioms and all maps are assumed to be continuous.

In [1], Alexandroff and Urysohn introduced [a, b]"-compactness. After that, Hodel and
Vaughan [5] investigated the relation between [a, b]"-compactness and [a, b]-compatness and
they introduced [a, b]"-refinability. Weak [a, b]"-refinability was introduced in Worrell and
Wicke [9] where it was shown that weakly [w,00)"-refinable, countable compact space is
compact.

In this paper, we shall investigate [a, b]"-compactness, [a, b]"-refinability and weak [a, b]"-
refinability.

The cardinality of a set A is denoted by |A|.

Definition 1. A space X is said to be [a, b]"-compact if every subset M of X such that
a < |M|<band |[M|=mis aregular cardinal has a complete accumulation point, i.e., a
point p € X such that for every neighborhood O of p, |O N M| = |M]|.

A space X is [a, 00)"-compact if it is [a, b]"-compact for every b > a.

Definition 2. A space X is said to be [a, b]"-refinable if for every open cover U of X such
that a < [U| < b and || = m is a regular cardinal, there is a collection {V, : o € A} of
open refinements of U with |A] < m such that for each point p € X, ord(p, V,) < m for
some a € A. Here ord(p, Vo) ={V :p eV € Vo }.

A space X is [a, 00)"-refinable if it is [a, b]"-refinable for every b > a.

Definition 3. A space X is said to be weakly [a, b]"-refinable if for every open cover U of
X such that a < |U/| < b and || = m is a regular cardinal, there is an open refinement

2000 Mathematics Subject Classification. 54B05, 54B10, 54C10, 54D20.
Key words and phrases. [a,b]"-compact, [a, b]"-refinable, weakly [a, b]"-refinable.



92 YOSHIFUMI SHIRAYAMA

V = Ugea Va of U with |A| < m such that for each point p € X, 0 <ord(p, Vs) < m for
some a € A.
A space X is weakly [a, 00)"-refinable if it is weakly [a, b]"-refinable for every b > a.

It is clear that df-refinable space is [wy,00)"-refinable space, and weakly d6-refinable
space is weakly [wy, 00)"-refinable space.

A cardinal is an initial ordinal and an ordinal is the set of its predecessors. Thus, for a
subset M of a space X with |M| = m, we can denote M = {x, : @« < m}. Similarly, for a
cover Y of X with |[U| = m, we can denote U = {U, : w < m}.

The following theorem plays a fundamental role in the theory of [a, b]"-compactness. We
shall give this theorem with a proof for the convenience of readers.

Theorem 1. [1] For any space X the following conditions are equivalent.
(a) X is [a, b]"-compact.
(b) Ewvery open cover U of X such that a < |U| < b and |U| =m is a regular cardinal has
a subcover U' such that |U'| < m.

Proof. (a) = (b). Assume that (a) holds and (b) does not hold. Then there is an open
cover U of X such that a < || < b and || = m is a regular cardinal and ¢ has no
subcover whose cardinality < m. We can denote U = {U,, : a < m}. For each oo < m, since
X N Ug<aUg # 0, we can choose x4 € X N\ Ug<oUp.

Put M = {zq : @ < m}. Then |M| = m. Since X is [a, b]"-compact, there exists a
complete accumulation point p of M.

Choose an o < m such that p € U,. Since xy € X N\ UgcrUg, xx ¢ U, for every A > a.
Thus |Uy N M| < m. This contradicts that p is a complete accumulation point of M.

(b) = (a). Assume that (b) holds. Let M be a subset of X such that a < |[M| < b and
|M| = m is a regular cardinal. Assume that M has no complete accumulation point. Then,
for each z € X, there is a neighborhood O, of = such that |O, N M| < m.

We may assume that M is an well-orderd set and put M = {z, : @« < m}. For each
a <m, put Uy, =U{O : O is an open set of X such that ) # ONM C {z5: 8 < a}}. Then
M C U{U, : o < m}. To show this, let z € M. There is a neighborhood O, of z such that
|O; N M| < m. Thus O, "M C {xp: 3 < a} for some a < m. Since O, NM # 0, O, C U,.

Put U = {U, : @ < m}U{X \ M}. Then U is an open cover of X and || = m. By
the condition (b), there is a subcover U’ of U with [U’| < m. Then there is a A < m such
that U' = {U, : o < A} U{X ~ M}. Therefore M C U{U, : a < A}. Since A\ < m and
Uy N M| < m for every &« < A and m is a regular cardinal, |[M| = | Ug<r Uy N M| =
Y aex [Ua N M| <m = |M]|. This is a contradiction. O

We use Theorem 1 to prove our results in this note.

2. COUNTABLE CLOSED SUMS AND F,-SUBSETS

A subset F' is called an F,-set of X if F' is presented by a countable union of closed
subsets of X.

In this section we shall show that [a, b]"-compactness, [a,b]"-refinability and weakly
[a, b]"-refinability are preserved under taking Fi-sets and countable closed sums.

Let a be a cardinal with a > w;.

First we shall prove the following.

Theorem 2. Let Y be a closed subset of X.
(1) If X is [a, b]"-compact, then Y is [a, b]"-compact.
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(2) If X is [a,00)"-compact, then'Y is [a,00)"-compact.

(3) If X is [a, b]"-refinable, then Y is [a, b]"-refinable.

(4) If X is [a, 00)"-refinable, then Y is [a,00)"-refinable.

(5) If X is weakly [a, b]"-refinable, then Y is weakly [a, b]"-refinable.
(6) If X is weakly [a,00)"-refinable, then Y is weakly [a, 00)"-refinable.

Proof. (2), (4) and (6) follow from (1), (3) and (5), respectively.

To prove (1), (3) and (5), let U be an open cover of Y such that a < || < b and |[U| =m
is a regular cardinal. We can write U = {Uj : A < m}. For each A < m, let G be an open
subset of X such that Uy = Gy NY, and put G = {Gx : A < m}U{X \Y}. Then G is an
open cover of X and |G| =m

(1). Since X is [a, b]"-conpact, there is a subcover G’ of G with |G'| < m.
Put ' = {GNY : G € G’}. Then U’ is a subcover of U with || < m. Hence Y is
[a, b]"-compact.

(3). Since X is [a, b]"-refinable, there is a collection {H, : o € A} of open refinements of
G with |A| < m such that for each « € X, there is an « € A such that ord(z, Hy) < m

PutV,={HNY : H € Hy}. Then {V, : a € A} is a collection of open refinements of U,
and for each y € Y there is an o € A such that ord(y, V) < m. Hence X is [a, b]"-refinable.

(5). Since X is weakly [a, b]"-rifinable, there is an open refinement H = Uypea™Mq of G
with |A| < m such that for each © € X, there is an o € A such that 0 < ord(z, Hes) < m

Put Vo ={HNY : H € Ho} and V = UgeaVs. Then V is an open refinement of U,
and for each y € Y, there is an a € A such that 0 <ord(y,V.) < m. Hence Y is weakly
[a, b]"-refinable. O

Theorem 3. Let X be a space and assume that X is the union of countably many closed
subspaces Yy, n € w of X.

1) If each Y, is [a,b]"-compact, then X is [a, b]"-compact.

) If each Y, is [a, 00)" -compact, then X is [a,00)"-compact.

) If each Y, is [a, b]"-refinable, then X is [a, b]"-refinable.

) If each Y, is [a, 00)" -refinable, then X is [a,00)"-refinable.

) If each Y, is weakly [a, b]"-refinable, then X is weakly [a, b]"-refinable.

) If each Y, is weakly [a,00)" -refinable, then X is weakly [a, 00)"-refinable.
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Proof. (2), (4) and (6) follow from (1), (3) and (5), respectively.

To prove (1), (3) and (5), let U be an open cover of X such that a < || < b and
|U| = m is a regular cardinal. We can denote U = {Uy : A < m}. For each n € w, put
U, ={UxNY, : A <m}. Then U, is an open cover of ¥;, and |U,| =m

(1). Since Y, is [a, b]"-compact by the assumption, there is a subcover V,, of U,, such
that [V, < m.

For each V' € V,,, let us choose an element Uy € U such that V = Uy NY,, and put
U, ={Uy : Ve V,}. Let U = Upeo ld),. Then U’ is a subcover of U such that [U/| < m.
Hence X is [a, b]"-compact.

(3). Since Y,, is [a, b]"-refinable by the assumption, there is a collection {V, , : @ € A}
of open refinements of U,, with |A, | < m such that for each y € Y;,, there is an a € A,, such
that ord(y, V/, ) <m.

For each V' 6 V,’l o> let us choose an open subset Oy of X such that V = Oy NY,, and an
element Uy € U such that V C Uy and put Hy = Oy NUy. Let V,, o = {Hy : V € V), U

{(X~\Y,)NU : U €U} and put B = Upe,,({n} x A,). Then |B| < mand {V,,.o : (n,a) € B}
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is a collection of open refinements of Y. For each z € X, there is an n € w such that x € Y,.
Let us choose an a € A, such that ord(x,V}, ,) < m. Then (n,a) € B and ord(z, Vo) < m.
Hence X is [a, b]"-refinable.

(5). Since Y, is weakly [a, b]"-refinable by the assumption, there is an open refinement
V5, = Uaea, V), o of Uy with |A,| < m such that for each y € Y,,, there is an a € A,, such
that 0 <ord(y, V), ,) < m.

For each V € V,’l o> let us choose an open subset Oy of X such that V = Oy NY,, and an
element Uy € U such that V C Uy, and put Hy = Oy N Uy. Let Vo ={Hy :V €V, .}
and put B = Upe,({n} x A,). Then |B| <m and V = U(;,,a)eVn,o is an open refinement
of U. For each x € X, there is an n € w such that z € Y,,. Let us choose an o € A,, such
that 0 <ord(z,V), ,) < m. Then (n,a) € B and 0 <ord(z, Vy,») < m. Hence X is weakly

[a, b]"-refinable. O

The following theorem follows from Theorems 2 and 3.

Theorem 4. Let F be an F,-set of X.

(1) If X is [a, b]"-compact, then F is [a, b]"-compact.
) If X is [a,00)"-compact, then F is [a,00)"-compact.
) If X is [a,b]"-refinable, then F is [a, b]"-refinable.
) If X is [a,00)"-refinable, then F is [a,00)"-refinable.
) If X is weakly [a, b]"-refinable, then F is weakly [a, b]"-refinable.
) If X is weakly [a, 00)"-refinable, then F is weakly [a, 00)"-refinable.

3. MAPPINGS

A mapping f : X — Y is said to be perfect if f is a closed mapping with f~!(y) compact
for each y € Y.

Theorem 5. Let f be a perfect map from X onto Y.

(1) If Y is [a, b]"-compact, then X is [a, b]"-compact.
2) IfY is [a,00)"-compact, then X is [a,00)"-compact.
) IfY is [a, b]"-refinable, then X is [a, b]"-refinable.
) IfY is [a,00)"-refinable, then X is [a, 00)"-refinable.
) If'Y is weakly [a, b]"-refinable, then X is weakly [a, b]"-refinable.
) If Y is weakly [a, 00)"-refinable, then X is weakly [a, c0)" -refinable.

AA,_\/_\/_\
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Proof. (2), (4) and (6) follow from (1), (3) and (5), respectively.

To prove (1), (3) and (5), let U be an open cover of X such that a < |U| < b and |[U| =m
is a regular cardinal. Put U<¥ = (W C U : [W| < w} and UF = {UW : W € U<“}. We
represent UF" as {U, : a € A}. Then |A| =

For each o« € A, put G, =Y ~ f(X \U,). Then G = {G, : « € A} is an open cover of
Y.

(1). Since Y is [a, b]"-compact, there is a subcover G’ = {Gg : § € B} of G such that
|B| < m. Let U = {Us € UF : 3 € B}. Since f~1(G') is an open cover of X and
f~Y(Gp) C Ug for each B € B, U"" is an open cover of X.

For each f € B, let us choose an element Wz € U< such that Ug = UWjs. Put
U = UgepWg. Then U’ is a subcover of U and || < m. Hence X is [a, b]"-compact.
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(3). Since Y is [a, b]"-refinable, there is a collection {Hg : 5 € B} of open refinements of
G with |B| < m such that for each y € Y, there is a § € B such that ord(y, Hg) < m.

For each H € Hg, let us choose an a(H) € A such that H C Gqp) and an element
Weam) € U<¥ such that Uiy = UWam)- Let Vg = {f_l(H) NnU : U € Wa(H)} and
Vs = Unen,Vu. Since f~1(Hg) is an open cover of X and f~'(H) C [~ (Ga(m)) C Un(m
for each H € Hg, V3 is an open cover of X and a refinement of U.

Then {V3 : § € B} is a collection of open refinements of . Pick z € X. If y = f(z), there
is a 8 € B such that ord(y, Hg) < m. Then ord(x,Vs3) < m. Hence X is [a, b]"-refinable.

(5). Since Y is weakly [a, b]"-refinable, there is an open refinement H = UgepHg of G
with |B| < m such that for each y € Y, there is a § € B such that 0 <ord(y, Hg) < m.

For each H € Hg, let us choose an a(H) € A such that H C G, p) and an element
Weam) € U<¥ such that Uiy = UWam)- Let Vg = {f_l(H) NnU : U € Wa(H)} and
Vs = Unen,Va. Let V = UgepVs. Since f~!(H) is an open cover of X and f~'(H) C
f_l(Ga(H)) C Uq(pry for each H € H, V is an open cover of X.

Then V = UgepV;p is an open refinement of ¢/ with |B| < m. Pick z € X. If y = f(z),
there is a 8 € B such that 0 <ord(y,Hg) < m. Then 0 <ord(x,Vs) < m. Hence X is
weakly [a, b]"-refinable. O

Lemma 1. (GCH) Let m, n be infinite cardinals. Let m be a regular cardinal.
(i) If n <m, then m"™ =m.
(i) If a < m, then Upcgm® = m.

Proof. (i) is from [6, p49, Corollary 2], and (ii) follows from (i). O

The smallest cardinal a such that every open cover of a space X has an open refinement
whose cardinality < a is called Lindeldf number of the space X and is denoted by L(X). ([4])

Theorem 6. (GCH) Let f be a closed map from X onto Y and L(f~'(y)) < a for each
yey.
(1) If Y is [a, b]"-compact, then X is [a, b]"-compact.
2) IfY is [a,00)"-compact, then X is [a,00)"-compact.
) IfY is [a, b]"-refinable, then X is [a, b]"-refinable.
) IfY is [a,00)"-refinable, then X is [a, 00)"-refinable.
) If'Y is weakly [a, b]"-refinable, then X is weakly [a, b]"-refinable.
) If Y is weakly [a, 00)"-refinable, then X is weakly [a, c0)" -refinable.
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Proof. We can prove similar to Theorem 5 replacing < and U in proof of Theorem 5
by US® = {W CU: |W| < a} and U™ = {UW : W € U<} for an open cover U of X such
that a < [U| (< b) and || = m is a regular cardinal. If we represent U®) as {U, : a € A},
then |A] = m by Lemma 1. O

4. PRODUCT SPACES
In this section we assume that every space is a Hausdorff space.

Theorem 7. Let X be a compact space.
(1) IfY is [a, b]"-compact, then X XY is [a,b]"-compact.
(2) IfY is [a,00)"-compact, then X XY is [a,00)"-compact.
(3) If Y is [a, b]"-refinable, then X xY is [a, b]"-refinable.
(4) If Y is [a,00)"-refinable, then X x Y is [a,00)"-refinable.
(5) IfY is weakly [a, b]"-refinable, then X XY is weakly [a, b]"-refinable.
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(6) If'Y is weakly [a,00)"-refinable, then X XY is weakly [a, 00)"-refinable.

Proof. Let py be the projection map from X x Y onto Y. Then py is a perfect map. Hence
X x Y is a space which has the same property as that of Y by Theorem 5. O

A cardinal number n is the tightness of a space X if it is the smallest infinite cardinal
such that, for every € X and subset A of X, if z € A, then there exists a subset B of A
such that |B| < n and z € B. This cardinal is denoted by #(X). ([4])

A space X is an n-bounded space if for every subset M of X with |M| < n, there exists
a compact subset C' of X such that M C C.

Lemma 2. [7, Lemma 5] Let X be a space with t(X) < n, andY be an n-bounded space for
some cardinal n. Let px be the projection map from X xY onto X. Then px is a closed
map.

In [7, Lemma 5], Kombarov uses strongly n-compact space instead of n-bounded space.

Lemma 3. Let X be a space with L(X) < a. Then X is [a, b]"-compact for every b > a.
This proof is obvious.

Theorem 8. (GCH) Let X be a space with t(X) < n and Y be an n-bounded space for
some cardinal n.

1) If X is [, b]"-compact and L(Y') < a, then X XY is [a, b]"-compact.

2) If X is [a,00)"-compact and L(Y) < a, then X XY is [a,00)"-compact.

3) If X is [a, b]"-refinable and L(Y') < a, then X XY is [a, b]"-refinable.

4) If X is [a,00)"-refinable and L(Y') < a, then X x Y is [a, 00)"-refinable.

5) If X is weakly [a, b]"-refinable and L(Y) < a, then X x Y is weakly [a, b]"-refinable.
6) If X is weakly [a,00)"-refinable and L(Y) < a, then X XY is weakly [a, 0c0)"-refinable.

Py

Proof. Let px be the projection map from X x Y onto X. Then px is a closed map by
Lemma 2. Since for each x € X, L(py'(x)) = L({z} x Y) = L(Y) < a, X x Y is a space
which has the same property as that of X by Theorem 6. O

Let Q be a set. Denote Q" = {(ap, a1, ,n—1) : o; € Q,for each i =0,1,--- ,n — 1}
for each n € w, Q<Y = Upe Q™ and Q¥ = {(ap, a1, ,Qn, -+ ) : @ € Q for each n € w}.
For each 0 = (ag, 01, ,an—1) € Q" and «a € Q, we denote 0 Va = (ap, a1, , Qp—1, Q).
For each ¢ = (ap, a1, -+ ,ap—1,---) € Q¥ we denote o [ n = (g, 1, ,@p_1). It is
ovbious that o [ n € Q™.

A space X is said to be a P-space (resp. P(m)-space) ([8]) if for any set 2 (resp. with
] < m) and for any family {G(0) : 0 € Q<“} of open sets of X satisfying the following
condition:

(P1) G(o) CG(oc Va) foroc € Q<% and a € Q,
there exists a family {F (o) : 0 € Q<“} of closed sets of X satisfying the following conditions:
(P2) F(o) C G(o) for o € Q<¥,
(P3) for any o € Q¥ if Upe,G(o | n) = X, then U, e, F(o [ n) = X.

The smallest cardinal of a base of a space X is said to be the weight of X and is denoted
by w(X).
Lemma 4. [3] If X is a metrizable space, then for each n € w, there are locally finite open
covers Hy, and B, of X satisfying the following conditions:

(i) Hp, ={H(0) : 0 € Q"}, B, = {B(0) : 0 € Q"} with |H,| = |Bn| = w(X),

(ii) B(o) C H(o) for each o € Q",
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(iil) H(0) = UaeH (o V @), B(o) = UqeaB(0 V @) for each o € Q"
(iv) for each x € X, there is a 0 € Q¥ such that {H (o | n) : n € w} is a local base of x
and {B(o [ n) :n € w} is a local base of x.

The following theorem is due to the suggestion by Prof. K. Chiba.

Theorem 9. Suppose that a is a reqular cardinal with a > wy. Let X be a separable metric
space and Y be a P(w)-space.
(1) IfY is [a, b]"-compact, then X XY is [a,b]"-compact.
(2) IfY is [a,00)"-compact, then X x Y is [a,00)"-compact.
(3) If Y is [a, b]"-refinable, then X xY is [a, b]"-refinable.
(4) If Y is [a,00)"-refinable, then X x Y is [a,00)"-refinable.
(5) IfY is weakly [a, b]"-refinable, then X XY is weakly [a, b]"-refinable.
(6) If'Y is weakly [a,00)"-refinable, then X XY is weakly [a, 00)"-refinable.

Proof. (2), (4) and (6) follow from (1), (3) and (5), respectively.

To prove (1), (3) and (5), let & = {Ux : A € A} be an open cover of X x Y with
a < |A] < b and |A| = m is a regular cardinal. Since w(X) = w, there are sequences
{Hn :n € w} and {B,, : n € w} of locally finite open covers with |Q] = w satisfying the
conditions in Lemma 4.

For each o € 2<% and X € A, let us define
Gox = U{G : G is an open subset of Y such that H(o) x G C Ux}. Then G, is an open
subset of Y and H (o) x G, x C Uy. For each 0 € Q<% put G(0) = UxeaGo ».

Let 0 € QY. If {H(0 | n) : n € w} is a local base of a point x of X, then Unec,G(o |
n) =Y. For each 0 € Q2<% and each a € Q, G(o) C G(0 V ). Since Y is a P(w)-space,
there is a closed cover {F(0) : 0 € Q<¥} of Y satisfying the following conditions:

(P2) F(o) C G(o) for each 0 € Q<%
(P3) for each 0 € 0¥, if Upeo,G(o [ n) =Y, then Upe,F(o [n) =Y.

Put M,, = {B(o) x F(0) : 0 € Q*}. Then M,, is a closed set of X x Y and we have
X XY = Upew My

For each 0 € Q<¥, G, = {G,» : A € A} is a collection of open sets of Y, covers F(o)
and G, = G, U{Y \ F(0)} is an open cover of Y and |G/| = m.

(1). Since Y is [a, b]"-compact, there is a subcover G/ of G/ such that |G| < m.

Put O, ={G € G/ :GNF(0) #0}, V(o) ={H(0)xO0:0 € Oy} and V = Uyeq<-V(0).
Then since |Q2<¥| = w and |V(o)| < m for each o0 € Q<¥ and m is a regular caldinal, we
have |V| < m. Thus V is an open cover of X x Y, and is a refinement of ¢ with [V| < m.

For each V' € V, choose an element Uy € U such that V' C Uy. Then U’ = {Uy : V € V}
is a subcover of U with || < m. Hence X x Y is [a, b]"-compact.

(3). Since Y is [a, b]"-refinble, there is a collection {0, , : @ € A} of open refinements of
G, with |A,| < m such that for each y € Y, there is an a € A, such that ord(y, O, ,) < m.

Put Op o = {0 € O, , : ONF(0) # 0}. Then for each a € A,, O, is a collection
of open sets of Y, which covers F(o) and is a partial refinement of G/, such that for each
y €Y, there is an o € A, with ord(y, Os,o) < m and for each y € F(o), there is an o € A,
with 0 <ord(y, Op.q) < m.

Put A = U,eq<wAy. Then, since |Q<¥| = w and |4,| < m for each 0 € Q< and m
is a regular cardinal, we have |A| < m. For each o € Q<“, let us choose v, € A, and
define O, , = O, for each a € A~ A,. Thus we may assume that A, = A for each
o € Q<9 Define I'"(n, k) = {n} x {k} x (Q")* x Ak T'(n, k) = {(n, k, (0:)i<k, (Vi)i<k) €



98 YOSHIFUMI SHIRAYAMA

IV(n,k) : v € Ap,,i < k} and T’ = Upew Ukew I'(n, k). Then |I'| < m. For each v =
(n, k, (Ui)i<k¢7 ('7i)i<lc) e I', define V(’}/) = {H(O’l) x0;:0; € Og',i’a,i,i < k}U{H(U) X GU,)\ :
oM ~{o; i <EkI}U{(X XYM, NUy: e A}. Then V(v) is an open cover of
X x Y and V(y) is a refinement of U.

For each (z,y) € X x Y, there is a v € I" such that ord((z,y), V(7)) < m. To show this,
let (z,y) € X xY. Then there is an n € w such that (z,y) € M,. Since H,, is locally finite,
there is a finite set {o; : i < k} of Q" such that z € H(o;) and x ¢ H(o) if 0 ¢ {0, : 1 < k}.
Since (z,y) € My, (z,y) € H(o) x F(o) for some o € Q. Without loss of generality, we
may assume o = og. Since y € F(0y), there is a 79 € Ay, such that 0 <ord(y, Ouy,v,) < M.
For each i = 1,--- ,k — 1, there is a v; € A,, such that ord(y, Oy, ) < m. Put v =
(n7 k’ (O'i)i<k7 (r)/i)i<k)' Then Ord((x’ y)) V(V)) < Zf:_olord(yv 007’,7%‘) <m.

Hence X x Y is [a, b]"-refinable.

(5). Since Y is weakly [a, b]"-refinble, there is an open refinement O;, = Usea, O, , of G,
with |A,| < m such that for each y € Y, there is an o € A, such that 0 <ord(y, O.,) < m.

Put Op 0 ={0 € O, ,: 0N F(0) # 0} and Oy = Uaea,Og,o- Then O, is a collction
of open sets of Y, which covers F(o) and is a partial refinement of G/, such that for each
y € Y, there is an o € A, with 0 <ord(y, Oso) < m and for each y € F(0), there is an
a € Ay with 0 <ord(y, Og.q) < m.

Put A = Ugeq<e ({0} x Ag), V(o,a) = {H(0) x O : 0 € Og o} and V = U(g,0yeaV(0, ).
Then, since |Q<¥| = w and |A,| < m for each o € Q<% and m is a regular cardinal, we have
|A] < m. Thus V is an open cover of X x Y and is a refinement of U with |A| < m.

Let (z,y) € X x Y. Then (z,y) € H(o) x F(c) for some o € Q<. Then, there is an
a € Ay such that 0 <ord(y, Os,a) < m. It is easy to see that 0 <ord((x,y),V(o,a)) < m.
Hence X x Y is weakly [a, b]"-refinable. O
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