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ABSTRACT. We study degenerate boundary-value problems for higher order ordinary differ-
ential equations with polynomial spectral parameter in both the equation and boundary con-
ditions. An isomorphism and a coercive solvability of such problems have been established.
We also treat initial boundary-value problems for higher order degenerate parabolic equations.
Both studies include, in particular, second order equations with the general Wentzell boundary
conditions. Moreover, the equation may contain a linear abstract operator and boundary con-
ditions may contain linear functionals and values of an unknown functions and its derivatives
in some inside points of the interval of the problem.

1. Introduction

In this paper we study an isomorphism and a coerciveness of degenerate boundary-
value problems with the spectral parameter in both the equation and boundary conditions.
Moreover, the order of the spectral parameter in boundary conditions can be greater or
equal to the order of the spectral parameter in the equation. This allows us to consider, in
particular, degenerate differential boundary-value problems with general Wentzell boundary
conditions (GWBC). Then we also consider initial boundary-value problems for degenerate
parabolic equations with boundary conditions containing differentiation on the time at the
same order as the equation. This fact allows us to cover initial boundary-value problems for
degenerate parabolic equations with GWBC. The non-degenerate case (both the spectral
problem and the parabolic problem) has been studied by S. Yakubov and Ya. Yakubov
[YY, Theorem 1, p. 111 and Theorem 1, p. 487].

The heat equation % = Au for t > 0 in a bounded domain 2 in R", where Au =
V- (aVu), a € CY(Q), a(z) > 0 in Q, with GWBC Au + 2% + yu = 0 on 9, where
B(z) >0, v(z) > 0and I’ = {z € 9Q | a(z) > 0} # 0, has been studied in the framework
of L,(Q,du), 1 < p < oo, in the paper by A. Favini, G. R. Goldstein, J. A. Goldstein,
and S. Romanelli [FGGR2] (see also [FGGR1]) by means of a different at all approach.

Here L, (€2, du) is a Banach space to be identified with L,($, dz) x L, (T, %) Clearly, the
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spectral estimates for the resolvent involve a complex parameter in the boundary equation
and are closely related with what follows. Since we shall confine to one dimension space
variable, we shall be able to handle more general boundary conditions in some sense.

GWBC and analytic semigroups on Wpl(O7 1) and on C]0, 1] for the non-degenerate op-
erator Au := u” have been considered by A. Favini, G. R. Goldstein, J. A. Goldstein, E.
Obrecht, and S. Romanelli [FGGOR]. Here the authors solve the resolvent equation and
give directly the best possible bound.

In the present paper we basically adapt the techniques and methods from [YY] to ob-
tain our estimates. We remark that very recently null controllability of degenerate heat
equations, similar to some of our, which are related to a Crocco-type equation describing
the velocity field of a laminar flow in a flat plate, has been considered by P. Cannarsa, P.
Martinez, and J. Vancostenoble [CMV].

To begin with, we introduce some function spaces and recall some lemmas and definitions
from [YY].

Let 1 <p,g<oo, £=1,2,..., B €R, Q:=]0,1] x[0,1]. Consider the following spaces:

1) Ly p(0,1) := { u ‘ yPu(y) € Ly(0,1) with the norm

ey o = ([ v twyean)

{ u ‘ u € Lyp(0,1), u®) € L, 5(0,1) with the norm

2) Wt 5(0,1)

lallwe o) = lullz, g0 + 1@z, 40 b

3) Wq[f]g(07 1) = { u ‘ u € Ly(0,1), (yPDy)*u € Ly(0,1) with the norm

lll e 0,1y = el 200y + 167Dy ull 2,0

4) Cg] [0,1] := { u ‘ u € C[0,1], (y?Dy)u € C[0,1],j = 1,...,¢, with the norm

L
lull gty = lullctoy + 3 1w Dy ullcpo

j=1
Note that if 5 = 0 then we get usual spaces, namely, L, 0(0,1) = L,(0,1), WQ{O(O, 1) =
Wi5(0,1) = W£(0,1), ¢ = ¢*[0,1].
Lemma 1. [YY, p46] Let £ €N, <1, g€ (1,00).
Then, the operator u(x) — a(t) := u(t%ﬁ) is an isomorphism from the spaces Cg] [0,1],
L4(0,1) and ng]ﬁ(o, 1) onto the spaces C*[0,1], L43,(0,1) and W(f,ﬁl (0,1), respectively,
where B = ﬁ

We consider the equation

LV = Au(z) + 3 A (ak(az) (xﬂ%)‘d’“)u(x) + Bku|x> = fx), ze(0,1) (1.1)
k=1
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with boundary-functional conditions

s 4

(my, —dk)

ny d .
L, MNu:= Z Ak (auk (xla%)( dk)u(ﬂﬁ)\x:o + Bk (37
k=0

Ny
d _
(B (my, —dk) - o
+ ;:1: 6”’” (iL' dCL') u(x)‘m:rum + Tuku) = fl/a V= ]-a sy M, (1.2)

where n,m,n,,m, are integer numbers, n > 1, m > 1, m, > dn,, d := % is a weight of

the problem; oy, Buk, duki, fo are complex numbers; z,k; € (0,1); ax(x) are numerical
functions defined on [0,1]; ag(z) = avr = Buk = vk = 0 if dk is not an integer; By are
operators in L,(0,1) and T, are functionals in L,(0,1), ¢ € (1,00); 6 € R. Here, both the
operators By, and the functionals T, are unbounded. Note that by (xﬁ%)(m'ﬁdk)u(x)hzo
we mean lim (xla%)(m"_dk)u(x).

=0

The operator L(\) is of order m and is a polynomial on A of power n. The operator
L,(X) is of order < m,, and is a polynomial on A of power n,. It is important to define the
numbers m,, correctly. This is done in the following way: first, the forces of all terms of
the operator L, ()\) are defined, then the largest of them is taken for m,. In addition, the
force of the member A*u() is equal to mTk + j. For example, for n = 1, m = 2 and for the
boundary condition L1 (A)u := u/(0) + Au(1) = 0 we have m; = 2. With such a definition,
m,, becomes the force of the operator L, (), but not its order.

A system of functions wq(z),...,wm(x) is called p-separated if there exists a straight
line P passing through 0 such that no value of the functions w;(z) lies on it, and
w1(z),...,wp(x) are on one side of P while wpt1(x),...,wm(z) are on the other. The
line P does not depend on x.

Boundary-functional condition (1.2) are called p-regular with respect to a system
of functions ws(z), ...,wn(x) if:

a) the system of functions wy(z),...,wn(x) is p-separated and 6(0) # 0, (1) # 0, where

O(zx) :=

< —dk < e —dk

> anppwi™ (@) e Y anwpt (@) 3 Buwy (@)

k=0 k=0 k=0

)

N —dk N N _dk

S ampwi™ (@) Y ampw () Y Brawyi N (2)
k=0 k=0 k=0

b) zur € (0,1) and the functionals T, are continuous in Wég”_dk] (0,1) for some ¢ € (1, 00)
and f € R.

Problem (1.1)—(1.2) is called p-regular with respect to a system of functions ws (z),

-y wim () if:
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1) boundary-functional conditions (1.2) are p-regular with respect to a system of functions

w1(z), ..., wn(z), where w;(x) are the roots of the equation
an(x)wm + anfl(x)wd(n_l) +--+1= 0, HANS [Oa 1]7 (13)

2) for some ¢ € (1,00) and 8 € R the operators By from Wq[flﬁk] (0,1) into L,(0,1) are
compact.

The order of the roots of equation (1.3) is important in the definition of p-regularity of
problem (1.1)—(1.2).

Here, the case p =0 or p = m is also admitted.

If the principal parts of boundary-functional conditions (1.2) are local, i.e., they are given
only in 0 or in 1, then it follows from the p-regularity of the boundary-functional conditions
that the number of them in 0 is equal to p, and in 1 is equal to m — p.

Note that if problem (1.1)—(1.2) is p-regular with respect to a system of functions wy (z),

.., wm(z), then w;(0) # ws(0) and w;(1) # ws(1) for j # s.

2. Isomorphism and coerciveness of degenerate boundary value

problems for equations with variable coefficients and a weight

Consider a principally boundary value problem (1.1)-(1.2) for ordinary differential equa-
tions with variable coefficients, when the spectral parameter appears polynomially in both

the equation and the boundary-functional conditions, and the weight d := 7*.

m

Theorem 1. Letn > 1, m > 1, d := ™ is an integer, m, > dn,, T,k € (0,1), an # 0,
and let the following conditions be satisfied:
(1) ar(-) € Cg_m] [0,1], where an integer £ > max{m,m, + 1}, 0 < B < 3; an(z) # 0;
a;(0) = a;(1);!
(2) problem (1)—(2) is p-regular with respect to a system of functions wy(x),. .., wm(2);
(3) for alle > 0 and for some q € [2,00)?

dk
HBku”Lq(OJ) < €||’LL||W(1[:1§](071) + C(E)HUHLQ(OJ)a u € Wq[,ﬁ](o’ 1)7

£—m-+dk
HBkU’”W{Eﬁ;’”](O,l) < €||U||W(Ef;7rL+dk](0’1) + C(E)HUHLQ(O,I% u e Wq[,ﬁ m ](07 1);

(4) the functionals Ty in Wq[fg"_dk] (0,1) are continuous.

Then, for any € > 0 there exists Re > 0 such that for all complex numbers A that satisfy
|A| > R. and for some s =0,...,n— 1 lying inside the angle

(g—g—Zﬂ's>d+e<argx\<(%—w—Zﬂs)d—E, (2.1)

'From a;(0) = a;(1) it follows that §(0) = 6(1). If boundary-functional conditions (1.2) are principally
local, i.e., foreach v =1,...,mor a,, =0,k =0,...,n,, or B, =0, k=0,...,n,, then the condition
a;(0) = a;(1) should be omitted.

2Here and everywhere Wf},(o, 1) := Lq(0,1).
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where

1€
|

= ir[%)f]min{argwj(x):jzl,...,p; argws(aj)—f—wzszp—l—l,...,m},
z€(0,1

sup max{argwj(x) 2j=1,...,p; argwg(x) +m: s :p—i—l,...,m},
z€[0,1]

gl
|

and wj(x) are roots of equation (1.3) (the value argw;(x) is chosen up to a multiple of 2m,
so that W — w < m), the operator L(A\) : u — L(A)u := (L(/\)U,Ll()\)u,..., Lm()\)u)

from Wq[ﬁ]g(O7 1) onto ngm] (0,1) + C™ is an isomorphism and, for these X, the following

estimates hold for a solution of problem (1.1)—(1.2) :

14
“Le— “L—m
S k)||u|\Wq[%(07l)§C(s)<||f||Wq[$m](0,1)+|)\\d )1 Loy
k=0
= d='(t—m,—p1—1
+ DT L)), (2:2)
v=1

and if max{m),} — min{m, —dn,} <m —1
i —1 ™ -1 1
Z |)\|d (m—k) HUHWq“fg'p](O,l) < C(e) (||f||Wq[,,JL];(O’1) + Z |/\‘d (m+p*muﬁ31*5)|fu|),
k=0 v=1
max{m,, +1—m,0} < p <min{m, — dn,,{ —m}, (2.3)

where m., denotes the differential order of L,(A)u and 1 = q(ﬁﬁ),

Proof. Let us consider the change of the variable x = 18, Then, by virtue of Lemma 1,
the operator u(x) — a(t) = u(tﬁ) is an isomorphism from the spaces Cg] [0,1], Lq(0,1),
and Wg]ﬁ(O,l) onto the spaces C[0,1], L, 3,(0,1), and W(f,ﬁl (0,1), respectively, where
B = ﬁ Moreover, (2’ -L)u(z) = 2P (t)t, = 2T/ (t)(1 — B)a=? = (1 — B)@'(t), and,
therefore,

(:ﬁ%)”’u(x) = (1 - By a9 (). (2.4)

Then, taking into account (2.4), problem (1.1)-(1.2) is rewritten in the following form for

the function a(t):
Lva: = Ama(t) + 3 A (&k(t)(l _ B)gldh) gy 1 Bkah) = f(t), (2.5)
k=1

Ny
L) = 30 (a1 = B (0) 4 5,1 (1 — yme gl (1)
k=0
Nk
+ Z 5yki(1 — ﬁ)m"idkﬂ,(m"idk) (myki) + T,,kﬂ,> = fl,7 v=1,...,m,
i=1 (2.6)
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where ay(t) = ak(tﬁ), By = FB,F~! are operators in L,5/(0,1), T, = FT,,F~! are
functionals in Lg g, (0,1) and

are isomorphisms in the corresponding spaces (see the beginning of the proof).
Let us apply Theorem 1 [YY, p.111] with v = 5 = ﬁ to problem (2.5)-(2.6).
Condition (1) of Theorem 1 [YY, p.111] follows from condition (1). Consider the equation

Gn (1) (1 — B)"@" + Gp_1 (£)(1 — B)4Vgd=D 4 ... 41 =0, te[0,1] (2.7)

and denote its roots by @;(t), j = 1,...,m. There is a simple connection between @;(t)
and the roots w;(x) of equation (1.3), namely, (1 —3)@,(t) = w;(x), where x = TR Then,
by condition (2), problem (2.5)-(2.6) is p-regular with respect to @&1(t),...,om(t), i. e.,
condition (2) of Theorem 1 [YY, p.111] is satisfied, too. Further, by virtue of condition (3),
for all e > 0

1Bl L, 5 0,1) = IFBeF |1, . 0.1) < CllBeF ™ al| L, 0,1

CENFallL,0.)

9,81
< EHFilﬁHWq[dg](O,l) *

< ellillwas 01y + CElillL, 5,01, Vi € Wik, (0,1).

So, the first inequality in condition (3) of Theorem 1 [YY, p.111] has been checked. In a
similar way one can check the second inequality in condition (3) of Theorem 1 [YY, p.111].
From condition (4) it follows that

T, pit| = |FT, 0 F~ta| = | T, F~ il

< C”FilﬂHW(E’Z”_dk] < CHINLHW;LB,,;M,

i. e., condition (4) of Theorem 1 [YY, p.111] has been checked, too. So, all conditions of
Theorem 1 [YY, p.111] have been checked for problem (2.5)-(2.6) and the theorem implies
that for any € > 0 there exists R. > 0 such that for all complex numbers A that satisfy
|A| > R. and for some s = 0,...,n — 1 lying inside the angle

(g—@—27rs>d+6<arg)\<(%—@—2775)(1—67 (2.8)
where
Q::teiﬁl)fl]min{arg&j(t):jzl,...,p; argd;s(t)—i—wzs:p—l—l,...,m},
W= sup max{arg@j(x):jzl,...,p; arg@s(t)—l-w:s:p—l—l,...,m},

te[0,1]
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and @;(t) are roots of equation (2.7) (the value arg @;(t) is chosen up to a multiple of 2,
so that @ — @ < 7), the operator L(\) : & — L(\)a := (f/(/\)ﬂ,fq()\)ﬂ, ce f/m()\)ﬁ)
from ch,ﬁl (0,1) onto W;ET(O, 1) + C™ is an isomorphism, and for these ), the following
estimates hold for a solution of problem (2.5)-(2.6):

14
ST e, o) < CE (Il o) + Nl 01
k=0

m
+ YN B ), (2.9)
v=1

and if max{m}} — min{m, —dn,} <m—1

m . B ~ B m d71 3 . 1
> Pl < OO (1, 00+ SN A DIL)

max{m,, +1—m,0} <p < min{m, —dn,,¢ —m}. (2.10)

But argw;(t) = argw;(z) since (1 — 3)@,;(¢t) = w;(x). Therefore, from (2.8) follows (2.1).
Using the above arguments of the isomorphisms of F and F~! we conclude that from (2.9)
follows (2.2) and from (2.10) follows (2.3). W

Remark 1. If 5 = 0, i.e., the problem is non-degenerate, then Theorem 1 is a particular
case of Theorem 1 [YY, p.111].

Remark 2. In fact, Theorem 1 [YY, p.111] can be proved if the weight d = ™ is non-
integer, too. Therefore, our Theorem 1 is also true for a non-integer d = *. One should
only to add in the conditions of the theorem that ay(z) = apr = Bur = duri = 0 if dk is not
an integer.

Let us now consider a particular case of problem (1.1)-(1.2) which includes GWBC

L(M\)u = du(z) + a(x) (xﬁ%)zu(x) = f(z), z€(0,1), (2.11)

Li(MNu :=a0a(0) (xlB%)Qu(x)\xzo + Bma(l) ($5%)2u($)‘x=1
+ Y10 (a:B%)u(x)\xzo + d10 (m[g%)u(x)\le + p1ou(0) + s1ou(l)
F\anu(0) + fu) + [ a@uleds) = f,

i ¢ . (2.12)

La(AN)u :=0ti20a(0) (58‘3%) u(2)]o=0 + ﬂzoa(l)(»fﬁ%) u(x)|z=1
+ Y20 (xB%)u(m)‘x:O + 620 (xB%)u(x)‘le + p20u(0) + s20u(1)

+ Aa21u(0) + Baru(l) + /0 g2 (2)u(z)dx) = fo.
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. d d\2 . d
Note that in (2.12) by (2”7 -L)u(z)|s—0 and (2° L) u(x)|s—0 we mean ilg%) (2 L)u(z) and
iii% (xﬁ %)zu(x), respectively. We correlate with equation (2.11) the following characteris-

tic equation

a(x)w? +1=0. (2.13)
The roots of the equation are wy(z) = ,/— a(x), wo(z) = — a(x) So, for problem (2.11)-

(2.12), in comparison with problem (1.1)-(1.2), we have n = 1, m = 2,d = 2, a0 = @poa(0),
Buo = Boa(l), my =2, n, =1, 0pri = 0, Toou = Yo (27 £ ) u(@)|a=0+ 000 (27 L ) u(2)|o=1 +
Prow(0) + spou(l), Tyru = fol gy (x)u(z)dx, B = 0 and, therefore,
orowi(z) + arr Brows(z) + f
0(x) =
agow? (z) + g1 Paows (x) +

_ a@10a(0)

(@) + o1 520(1(1) + B
——EZO((;()O) + ao ﬁffa(l + Ba1
Then the following theorem is a corollary of Theorem 1.

Theorem 2. Let the following conditions be satisfied:
(1) a(-) € Cg_m [0,1], where an integer £ >3, 0 < 3 < &, a(z) #0, a(0) = a(1);3

(2) 0(0) £ 0,6(1) £ 0
(3) @(-) € Ly (0,1), where —|— ~=1landq€[2,0), v=1,2.

Then, for any € > 0 there exists RE > 0 such that for all complex numbers X\ that satisfy
|A| > R. and lying inside the angle

—T—2wte<argA<m—20—¢g,

where w = inf arg,/— (m), W = sup arg,/—ﬁ, the operator L(A\) : u — L(AN)u :=
z€[0,1] z€[0,1]

(L(AN)u, Ly (AN)u, Lo (MN)u) from W[Z] 5(0,1) onto Wq[gﬂ (0,1)+C+C is an isomorphism and,
for these X, the following estimate holds for a solution of problem (2.11)—(2.12)

14

1p_ 1op_
Zwm k)||u||W£%(O’1) < C(e)(||f||WK52](O’1) + A2 ¢ Z)Hf”Lq(O,l)
k=0 ' '

2
+ SRR ). (2.14)

v=1

Remark 3. We cannot get a solvability and an estimate in Theorem 2 for f € Wq[oé (0,1) =

L,(0,1). Below we consider such a formulation of problem (1.1)-(1.2) which allows us to get

3See the corresponding footnote of Theorem 1.
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a solvability and an estimate for f € Ly(0,1), too. In such formulation we do not formally
cover the original form of the boundary value problem with GWBC (Au — Au = h in Q,
Au—l—ﬁan +7u = 0 on 9Q) but only its reduced form (Au— Au = h in Q, Bg—z +(y+Nu=nh
on 02).

Consider a principally boundary value problem for an ordinary differential equation with
a variable coefficient in the case when the spectral parameter appears linearly in the equation

and can appear in boundary-functional conditions

ﬂi)(m)U(ﬂﬁ) + Bul, = f(z), x€(0,1), (2.15)

L\ := Au(z) + a(z)(z e

d \(m,) d \(m,)
L,(MNu: = )\(al, (xﬁa) u(x)|z=0 + B (xﬁa) w(x)|p=1
N, d
+Z(5m(lﬁd_)(mll) ( |:c x,,7+T U)+Tu0u:gu7 V:L---vsv
im1 r (2.16)
Lu:=« (mﬁi)(m")u(x)\ —0+p8 (xﬁi)(m")u(x)\ -
vl . v dx =0 v dx r=1
Q- d \(m.)
my
—l—;ém(m[g%) W) |pes,, TThu=0, v=s+1,...,m, (2.17)

where m > 1, m, <m—1, z,; € (0,1), 0 < s <m, Bis an operator in L,(0,1), T, and T,
are functionals in L4(0,1), where ¢ € (1,00). Here, both the operator and the functionals
are unbounded.

The results of Theorem 3 (see below) in the case s = 0, i.e., without A in boundary
conditions, follow from Theorem 1. But in order to cover the reduced form of the problem
with GWBC, we need A in boundary conditions (see the above Remark 3).

Theorem 3. Let the following conditions be satisfied:
() m>1Lm, <m-1;0<s<m;

(2) a € C[0,1]; a(z) # 0; a(0) = a(1)*; sup arga(x) — 11[10f ]arga( x) < 27, if m is
z€[0,1] z€[0,1
even; sup arga(z) — mf arga(m <7, if m is odd,
z€[0,1] z€l0,

)
(3) foralle >0 andforsomeqé[? 00) and 0 < B <
1Bullzy0.) < ellullyyim o 1)+ CE ullyonys  w€ W5(0,1);
(4) functionals T, in Wq[fg"] (0,1) and functionals Tyo in WQ[TZ_E] (0,1), for some € > 0,
are continuous;

(5) the system

d \(m.) d \(m,)
Cou:=qy (xﬁa) u(x)|z=0 + B (xﬁa) w(x)|z=1
N, d
+ z_: dui (xﬁa)(mu)u(x)\x:%i +Tu, v=1,...,m, (2.18)

41f boundary-functional conditions (2.16)—(2.17) are principally local, i.e., or a, = 0, or B, = 0 for all
v =1,...,m, then the condition a(0) = a(1) should be omitted.
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j—1

is p-regular with respect to a system of numbers w; = 2™ i =1,...,m, i.e.,
m m
awy e aqwp™ Syl e B!
#0,
amwy™™ W™ ﬂmwgi’i coo Bppwm
_m . R ) _m . .
where p =, if m is even; p =[] orp =[]+ 1 if m is odd.

Then, for any € > 0, there exists R, > 0 such that for all complex numbers X\ which
satisfy |\| > Re and for m = 2p lying inside the angle

™m ™m _
— — 7+ sup arga(x)+e<argA < — +7+ inf arga(zr)—e¢,
2 z€[0,1] 2 z€l0,1]

for m =2p + 1 lying inside the angle

m m )
— + sup arga(z)te<argh< — + 7+ inf arga(z)—ce,
2 z€[0,1] 2 z€[0,1]

and for m = 2p — 1 lying inside the angle

m ™m )
— — 7+ sup arga(x)+e<arg\ < — + inf arga(x)—e,
2 z€[0,1] 2 x€[0,1]
the operator L(A\) : u — L(A)u := (L()\)u, Li(MNu,. .., LS()\)u) from Wq[fg](((), 1); Chu =
0,v=s+1,...,m) onto Ly(0,1)+C* is an isomorphism, and for these X for a solution of
problem (2.15)—(2.17) the estimate

elly o1y + M (el 2oy + 3o 1Coul) < CE(IF g0 + X laul)  (219)
q; v=1 v=1

is valid, where C,, is defined by (2.18).

Proof. The idea of the proof is similar to that of Theorem 1. The only thing is that we use
Theorem 4 [YY, p.129] instead of Theorem 1 [YY, p.111] to the rewritten problem with @.
|

3. Initial boundary value problems for degenerate parabolic equations

with boundary conditions containing differentiation on time
A parabolic problem with GWBC is formulated as follows

% = Au+ h(t), (t,x) € [0,00) x €,

Au—i—ﬂ% +yu=0, (t,x) € [0,00) x 09,
u(0,z) = f(x), T €1,

(3.1)



DEGENERATE B-V AND INITIAL B-V PROBLEMS WITH G.W.B.C. 561

where Q is a bounded subset of RN and Au := V - (aVu), a € C*(Q), @ > 0 in Q, 8 and
7 are some functions in C*(9€2), n = n(z) is the unit normal at z. Such problems and
the corresponding spectral problems have been studied in the papers by A. Favini, G. R.
Goldstein, J. A. Goldstein, and S. Romanelli [FGGRI1], [FGGR2|. Another form of the
boundary condition in (3.1) is obtained if we change Au by %_1; — h(t) in the boundary

condition. So, we deal with the following problem

% = Au+ h(t), (t,z) € [0,00) x Q,
8u 8u _ (32)
5 T g, Tru=ht),  (tx)€0,00) x 0L,

u(0,z) = f(x), x €,

The last boundary condition is a dynamic boundary condition involving motion on the
boundary. Such conditions arise in the applications and have been studied by H. Amann
[A], H. Amann and J. Escher [AE], M. Grobbelaar-Van Dalsen and N. Sauer [GS1], [GS2],
T. Hintermann [H], and N. Sauer [S].

The aim of this section is to consider some generalization of problem (3.2) in the case of
one-dimensional space variable x.

In the domain [0, T] x [0, 1], consider a principally initial boundary value problem for the

parabolic equation

L(t, Dy)u := Dyu(t, ) + a(t,z)D*™u(t,z) + B(t)u(t,-)| = f(t,z), (3.3)
N,
Lo(t, Dy)u := D, (a,,D;”“u(L 0) + B, DI u(t, 1) + > 8, DI ult, 2,s)
i=1
+Tou(t, ) ) + Too(t)ult,:) = fu(t), te|0,T], v=1,...,s,
(1)) + To(tult. ) = fo(0). ¢ €[0.7] 54
N,
L,u:= a,D"u(t,0) + B, Dy u(t, 1) + Z 0ui DT u(t, xvi) + Tou(t, )
i=1
=0, t€[0,T],v=s+1,...,2m,
u(0,2) = uo(x), «€]0,1], (3.5)

where m > 1, m, < 2m —1; 0 < s < 2m; ay,,(,,0,; are complex numbers, z,; €
(0,1), Dy := %,Dw = %, B(t) is an operator in L, ~(0,1), T, and T, are functionals in
Ly(0,1), where ¢ € (1,00), —% << min{%, 1-— %} Here, both the operator and the
functionals are unbounded.

Denote

N,
Lyu:= Ayou:=a,D]*u(0) + B,DIu(1) + Z 8, D u(xy;) + Tou,
i=1

s, 2m,
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L(t, Nu : = Mu(z) + a(t,2)D>™u(z) + B(t)u| , 2z €0,1],

xT

N,
Lot \u: = /\(aVD;”"u(O) + B, D u(l) + 3 8, Dl ula,:) + Tl,u)
=1
+Toot)u, v=1,...,s.

Theorem 4. Let the following conditions be satisfied:
(1) for some £ € (0,1] it holds that a € C*([0,T);C[0,1]); a(t,x) # 0 for (t,z) €
[0,T] > [0, 1];
(2) a(t,0) = a(t,1)5; for some fived § > 0 we have |arga(t, )| < 5 — & if m is an even
number and |arga(t,z)| > T 45 if m is odd;

(3) boundary-functional conditions (3.4) are m-regular with respect to a system of num-

. m@m=1)
berswy =1, wo =¢€'m ..., woym =€~ m | i.e.,
Cuu){nl . alwzl 6100%#1 . ﬂlw;”"ll
#0;
agmw{’”m s QQmezm 62mwgiwi T 62mw£nn21m

Junctionals T, in W) (0,1) and for t € [0,T] functionals T,o(t) in WZ7<(0,1),
for some e >0, ¢ € (1,00), and —% <y < min{%7 1— %} are continuous,

(4) fort € [0,T] an operator B(t) from W27 (0,1) into Lq~(0,1) is compact; for 0 <
t,r<7T

I(B(t) = B(r))ullL, ,01) < Clt =l l|ullwzmoy, weWZH(0,1),
(Too(t) = Tvo(T)u| < Clt = 7| [ullwzmo1), w € Wai(0,1);
(5) f € Cﬁ((07T]7LQ»’Y(O7 1))7 fl/ € Cz(O7T] fOT some 0 € (07 1]7 2 € [07 1)a
(6) ug € Wi’"j((o, 1);Lu=0,v=s+1,...,2m).
Then, there exists a unique solution u(t,x) of problem (3.3)~(3.5) such that the function
t — (u(t,z), Aroult, ), ..., Asou(t, ")) from (0,T) into Ly (0,1)+C?® is continuously differ-

entiable and from [0,T] into W27(0,1)+C* is continuous, and for t € (0,T] the following

estimates hold:
S
Jult, L, 00 < C(HUOHW;x(o,l) e tiLaq01) + Y ||fv||c,b<o,t})’
v=1
[Deult, Mz, 00,1) + lult, Mwzm o) < C[”“O”Wm(o,l)

S
+ f“(||f||cg((o,t];Lq,7(o,1)) + Z ||fV||CZ(O,t])]-

v=1

51f boundary-functional conditions (3.4) are principally local, i.e., for each v = 1,...,m or @y = 0 or
By = 0, then the condition a(t,0) = a(t,1) should be omitted.
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Proof. Let us apply Theorem 1 [YY, p.422]. For ¢t € [0, T] denote by A(t) an operator in
E := L, ~(0,1) with the domain of definition

— — W2 . —_ _
D(A(t)) :== By =W, 7((0,1); Lyu =0,v = s+ 1,...,2m),
independent on t € [0,7] and with the action law
Aty = a(t,z)u®™ (z) + B(t)ul,.

Taking E” := C problem (1)—(3) can be rewritten in the form

L(t, De)u: = u'(t) + A(t)u(t) = f(1),
Lo(t, Di)u : = (Avou(®)) + Avi(Oult) = fo(t), v=1,...s, (3.6)
u(0) = o,

where u(t) := u(t,-), f(t) := f(t,-) are functions with values in the Banach space E :=
L4,(0,1) and ug := uo(-).

From Theorem 1 [YY, p.169] and Theorem 1 [YY, p.48] it follows that for problem (3.6)
conditions (1) and (2) of Theorem 1 [YY, p.422] are satisfied. From Theorem 4 [YY, p.129]
it follows that for any & > 0 there exists R. > 0 such that, for all complex numbers A which
satisfy |A\| > R. and lying inside the angle

mm — 7+ sup arga(z)+e<argA<mm-+7+ inf arga(x)—e,
z€[0,1] z€[0,1]
the operator L(t,A) : u — L(t, \u := (L(t, Mu, L1 (t, Nu, . .., Lg(t, )\)u) from W27((0,1);
Lyou=0,v=s+1,...,2m) onto L,(0,1)+C? is an isomorphism, and for these A for a

solution of problem

Lit,Nu=f, L,(t,Nu=/f, v=1,...,s,
Lyu=0, v=s+1,...,2m,

the following estimate holds:

lullwaz o) + N (lullz, 00 + D [4voul) < CE (Il 00 + I lol).
v=1

v=1

Consequently, by virtue of condition (2), for the operator pencil L(¢, A): v — L(¢, Nu :=
(L(t,)\)u,Ll(t,/\)u, .. .,Ls(t,/\)u> which acts boundedly from W;?((O,l);[/l,u =0,v =
s+1,...,2m) onto Ly (0,1)4C* and |argA\| < %, |A| — oo,

Lt )™M pcr, - 1) 4Co Ly o 01)) < CIATY
”AVOL(taA)_lHB(LqW(O,l)—i-(CS,(C) SCIATL v=1,...s,
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hold; i.e., condition (3) of Theorem 1 [YY, p.422] is satisfied. Conditions (4)—(6) of Theorem
1 [YY, p.422] are fulfilled in view of conditions (1), (4)—(6). So, for problem (3.6), all
conditions of Theorem 1 [YY, p.422] are fulfilled and the statement of Theorem 4 follows.
|

The next step is to consider the corresponding to (3.3)-(3.5) degenerate problem.
In the domain [0, 7] x [0, 1], consider a principally initial boundary value problem for the

degenerate parabolic equation

L(t, DoJu = Dot ) + a(t,2) (2 D2) " u(t,2) + B@yu(t, )| = ft,2),  (37)
L,(t,D¢)u := Dy (au (a:BDx)m"u(t, 0) + 8, (Jt:ED;C)m"u(t7 1)
Z i@ D)™ ult 2i) + Toult, ) ) + Tho(tult, )
f_() tel0,T], v=1,...,s, (3.8)
N,
Lu:=aq, (xﬁDm)m"u(t, 0) + 6o (xﬁDg,;)m"u(t7 1)+ Z Oui (xﬁDI)m”u(t7 Tyi)
+Tou(t,)=0, te[0,T], v=s+1,. .TTQm,
w(0,2) = up(x), =« €]0,1], (3.9)

where m > 1, m, < 2m —1; 0 < s < 2m; ay,,0,,0,; are complex numbers, z,; €
(0,1), D; := 8t7D = {17 B(t) is an operator in L,(0,1), T, and T, are functionals in
L4(0,1), where g € (1,00). Here, both the operator and the functionals are unbounded.

Denote
my my Ny
Ayou(t7 ) = Oy (xﬁD;c) ’U,(t, O) + 61/ (lﬁD;c) U’(t7 1) + Z 5ui (lﬁDx)m"U(t, xl,i)
=1

+Tou(t,:), v=1,...,s.

Then using Theorem 4 and the idea of the proof of Theorem 1 one can get the following

theorem.

Theorem 5. Let the following conditions be satisfied:
(1) for some ¢ € (0,1] it holds that a € Cg]([O,T];C[O, 1); 0<B<3; a(t,z) #0 for
(t,z) € 0,T] x [0,1];
(2) a(t,0) = a(t,1)5; for some fived § > 0 we have |arga(t, )| < % — & if m is an even
number and |arga(t,z)| > 5 + 6 if m is odd;

61f boundary-functional conditions (3.8) are principally local, i.e., for each v = 1,...,m or @y = 0 or
By = 0, then the condition a(t,0) = a(t,1) should be omitted.
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(3) boundary-functional conditions (3.8) are m-regular with respect to a system of num-
cm(2m—1)

berswi =1, wo =e€lm, ... wom =€ m e,
awi™ e aywt Brwmhy e Brws,
7 0;
agmw{’”m ce QQmezm 62mwgiwi T 62mw£nn21m

functionals T, in Wq[fg"} (0,1) and fort € [0,T] functionals T,o(t) in Wq[’znge] (0,1),
for some € >0 and q € (1,00), are continuous;

(4) fort € [0, T] an operator B(t) from W;Qg] (0,1) into L4(0,1) is compact; for 0 <
t,r<T

I(B(t) = B)ullz,0.) < Clt =7l lullyyomg 1y w € W5 (0.1),

l0,1)’

(Too(t) = Too(r))u| < Clt =7l ullyyiom 1), € Wy5(0,1);

](071)7

(5) fe Cﬁ((O,T];Lq(O, 1), f, € Cz(O,T] for some 6 € (0,1], pel0,1);

(6) wo € WEII((0,1); Liu=0,v=s+1,...,2m).

Then, there exists a unique solution u(t,x) of problem (3.7)~(3.9) such that the function
t — (u(t,z), Arou(t,), ..., Asoult,-)) from (0,T) into L,(0,1)+C? is continuously differen-
tiable and from [0,T] into Wq[?g“] (0,1)+C? is continuous, and for t € (0,T] the following

estimates hold:

S
lu(t, )z,01) < C(HUOHW(E?;"’](OJ) + 11 flle,.0,:L40,1)) + Z ||fV||C“(O,t])a

v=1

1Deu(t, )y 0.1y + Nt gty < €| Nolly o

S
+ f“<||f||cg((o,t];Lq(o,1)) +) ||fu||cg(o,t])]~

v=1
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