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ON IDEALS IN SUBTRACTION ALGEBRAS
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Abstract. The ideal generated by a set is established, and related results are dis-
cussed.

1. Introduction.

B. M. Schein [6] considered systems of the form (Φ; ◦, \), where Φ is a set of functions
closed under the composition “◦” of functions (and hence (Φ; ◦) is a function semigroup)
and the set theoretic subtraction “\” (and hence (Φ; \) is a subtraction algebra in the
sense of [2]). He proved that every subtraction semigroup is isomorphic to a difference
semigroup of invertible functions. B. Zelinka [7] discussed a problem proposed by B. M.
Schein concerning the structure of multiplication in a subtraction semigroup. He solved the
problem for subtraction algebras of a special type, called the atomic subtraction algebras. Y.
H. Kim and H. S. Kim [5] showed that a subtraction algebra is equivalent to an implicative
BCK-algebra, and a subtraction semigroup is a special case of an IS-algebra, established by
Y. B. Jun et al. [3], which is a generalization of a ring. The present authors with E. H. Roh
[4] introduced the notion of ideals in subtraction algebras and discussed characterization of
ideals. In this paper, we establish an ideal generated by a subset of a subtraction algebra,
and discuss related results.

2. Preliminaries

A subtraction algebra ([6]) is defined as an algebra (X ;−) with a single binary operation
“−” that satisfies the following identities: for any x, y, z ∈ X ,

(S1) x − (y − x) = x;

(S2) x − (x − y) = y − (y − x);

(S3) (x − y) − z = (x − z) − y.

The last identity permits us to omit parentheses in expressions of the form (x − y) − z.
The subtraction determines an order relation on X : a ≤ b ⇔ a − b = 0, where 0 = a − a
is an element that does not depend on the choice of a ∈ X . The ordered set (X ;≤) is
a semi-Boolean algebra in the sense of [2], that is, it is a meet semilattice with zero 0 in
which every interval [0, a] is a Boolean algebra with respect to the induced order. Here
a∧ b = a− (a− b); the complement of an element b ∈ [0, a] is a− b; and if b, c ∈ [0, a], then

b ∨ c = (b′ ∧ c′)′ = a − ((a − b) ∧ (a − c))
= a − ((a − b) − ((a − b) − (a − c))).

In a subtraction algebra, the following are true (see [4]):
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(p1) (x − y) − y = x − y.

(p2) x − 0 = x and 0 − x = 0.

(p3) (x − y) − x = 0.

(p4) x − (x − y) ≤ y.

(p5) (x − y) − (y − x) = x − y.

(p6) x − (x − (x − y)) = x − y.

(p7) (x − y) − (z − y) ≤ x − z.

(p8) x ≤ y if and only if x = y − w for some w ∈ X.

(p9) x ≤ y implies x − z ≤ y − z and z − y ≤ z − x for all z ∈ X.

(p10) x, y ≤ z implies x − y = x ∧ (z − y).

3. Ideals generated by a subset

Definition 3.1 (Jun et al. [4]). A nonempty subset A of a subtraction algebra X is
called an ideal of X if it satisfies

(I1) 0 ∈ A

(I2) y ∈ A and x − y ∈ A imply x ∈ A for all x, y ∈ X .

Theorem 3.2. Let A be a nonempty subset of a subtraction algebra X. Then the set

K := {x ∈ X | (· · · ((x − a1) − a2) − · · · ) − an = 0
for some a1, a2, · · · , an ∈ A}

is a minimal ideal of X containing A.

Proof. Obviously 0 ∈ K. Let x, y ∈ X be such that y ∈ K and x − y ∈ K. Then

(· · · ((y − a1) − a2) − · · · ) − an = 0

for some a1, a2, · · · , an ∈ A, and

(· · · (((x − y) − b1) − b2) − · · · ) − bm = 0 (3.1)

for some b1, b2, · · · , bm ∈ A. Applying (S3) to (3.1), we have

((· · · ((x − b1) − b2) − · · · ) − bm) − y = 0,

that is, (· · · ((x − b1) − b2) − · · · ) − bm ≤ y. Using (p9) repeatedly, we get

(· · · (((· · · ((x − b1) − b2) − · · · ) − bm) − a1) − · · · ) − an

≤ (· · · ((y − a1) − a2) − · · · ) − an = 0,

and so (· · · (((· · · ((x− b1)− b2)− · · · )− bm)− a1)− · · · )− an = 0. It follows that x ∈ K so
that K is an ideal of X . Let G be an ideal of X containing A and let x ∈ K. Then

(· · · ((x − a1) − a2) − · · · ) − an = 0
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for some a1, a2, · · · , an ∈ A, which implies that x ∈ G because G is an ideal of X and
a1, a2, · · · , an ∈ G. This completes the proof.

The ideal K described in Theorem 3.2 is called the ideal generated by A, and denoted
by 〈A〉.

Proposition 3.3. Let a, x, and y be elements of a subtraction algebra X. If a−xm = 0
and a− yn = 0 for some m, n ∈ N, then there exists p ∈ N such that a− (x∧ y)p = 0, where
a − xk = (· · · ((a − x) − x) − · · · ) − x in which x occurs k-times.

Proof. Let m, n ∈ N be such that

a − xm = 0 and a − yn = 0. (3.2)

Note that if a − xm = 0, then a − xk = 0 for k ≥ m. Thus we can assume that m = n in
(3.2), and so it is sufficient to show that there exists p ∈ N such that

a − (x ∧ y)p = 0 whenever a − xn = 0 = a − yn. (3.3)

The proof is by induction on n. For n = 1 we have a ≤ x and a ≤ y, and so a ≤ x∧ y, that
is, a − (x ∧ y) = 0. Suppose that (3.3) is true for n. Using (p2) and (S3), we have

0 = a − xn+1 = (a − xn+1) − yn

= ((a − xn) − x) − yn

= ((a − xn) − yn) − x,
(3.4)

0 = a − yn+1 = (a − yn+1) − xn = ((a − xn) − yn) − y. (3.5)

Combining (3.4) and (3.5), we get

((a − xn) − yn) − (x ∧ y) = 0.

It follows from (S3) that

0 = ((a − (x ∧ y)) − xn) − yn

= (((a − (x ∧ y)) − yn) − xn−1) − x
(3.6)

From a − yn+1 = 0, it follows by means of (p2) and (S3) that

(a − (x ∧ y)k) − yn+1 = 0 (3.7)

for any k ∈ N. In particular, if k = 1 in (3.7) then

(((a − (x ∧ y)) − yn) − xn−1) − y = 0 (3.8)

by (S3) and (p2). Combining (3.6) and (3.8), and using (S3), we obtain

((a − (x ∧ y)2) − yn) − xn−1 = 0.

In the same way, we can obtain

((a − (x ∧ y)3) − yn) − xn−2 = 0.
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Continuing this process, we conclude that

(a − (x ∧ y)n+1) − yn = 0. (3.9)

Similarly, we have
(a − (x ∧ y)n+1) − xn = 0. (3.10)

Applying the induction hypothesis to (3.9) and (3.10), we have

0 = (a − (x ∧ y)n+1) − (x ∧ y)p = a − (x ∧ y)n+p+1.

This completes the proof.

Theorem 3.4. Let A be an ideal of a subtraction algebra X and let a, b ∈ X. If
a ∧ b ∈ A, then 〈A ∪ {a}〉 ∩ 〈A ∪ {b}〉 = A.

Proof. Let a, b ∈ X be such that a ∧ b ∈ A. Obviously

A ⊆ 〈A ∪ {a}〉 ∩ 〈A ∪ {b}〉.

Let x ∈ 〈A ∪ {a}〉 ∩ 〈A ∪ {b}〉. Then x ∈ 〈A ∪ {a}〉 and x ∈ 〈A ∪ {b}〉. Hence there exist
a1, a2, · · · , an ∈ 〈A ∪ {a}〉 and b1, b2, · · · , bm ∈ 〈A ∪ {b}〉 such that

(· · · ((x − a1) − a2) − · · · ) − an = 0

and
(· · · ((x − b1) − b2) − · · · ) − bm = 0.

Using (S3) we can rewrite the above equalities in the following form

((· · · ((x − u1) − u2) − · · · ) − us) − ak = 0,

((· · · ((x − v1) − v2) − · · · ) − vt) − br = 0,

where
{u1, u2, · · · , us} = {a1, a2, · · · , an} ∩ A

and
{v1, v2, · · · , vt} = {b1, b2, · · · , bm} ∩ A.

It follows from (p2) and (S3) that

((· · · (((· · · ((x − u1) − u2) − · · · ) − us) − v1) − · · · ) − vt) − ak = 0,

((· · · (((· · · ((x − u1) − u2) − · · · ) − us) − v1) − · · · ) − vt) − br = 0,

so from Proposition 3.3 that

((· · · (((· · · ((x − u1) − u2) − · · · ) − us) − v1) − · · · ) − vt) − (a ∧ b)p = 0

for some p ∈ N. Since A is an ideal containing a ∧ b, we have x ∈ A, that is,

〈A ∪ {a}〉 ∩ 〈A ∪ {b}〉 ⊆ A.
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This completes the proof.

Lemma 3.5 (Jun et al. [4, Lemma 3.10]). Every subtraction algebra satisfies the right
self-distributive law, that is, the equality (x − y) − z = (x − z) − (y − z) is valid.

Theorem 3.6. Let X be a subtraction algebra. For any a, b ∈ X and n ∈ N, the set

[a; bn] := {x ∈ X | (x − a) − bn = 0}

is an ideal of X.

Proof. Obviously 0 ∈ [a; bn]. Let x, y ∈ X be such that y ∈ [a; bn] and x − y ∈ [a; bn].
Using (S3), (p2) and Lemma 3.5, we have

0 = ((x − y) − a) − bn

= (((x − a) − (y − a)) − b) − bn−1

= ((((x − a) − b) − ((y − a) − b)) − b) − bn−2

· · · · · · · · ·
= ((x − a) − bn) − ((y − a) − bn)
= ((x − a) − bn) − 0
= (x − a) − bn,

and so x ∈ [a; bn]. Therefore [a; bn] is an ideal of X .

Using the set [a; bn] we establish a condition for a subset of a subtraction algebra X to
be an ideal of X .

Theorem 3.7. Let A be a nonempty subset of a subtraction algebra X. Then A is an
ideal of X if and only if [a; bn] ⊆ A for every a, b ∈ A and n ∈ N.

Proof. Assume that A is an ideal of X and let a, b ∈ A and n ∈ N. If x ∈ [a; bn], then
(x − a) − bn = 0. Since a, b ∈ A, it follows that x ∈ A by using (I2) repeatedly. Hence
[a; bn] ⊆ A. Conversely suppose that [a; bn] ⊆ A for every a, b ∈ A and n ∈ N. Obviously
0 ∈ [a; bn] ⊆ A. Let x, y ∈ X be such that y ∈ A and x − y ∈ A. Then

(x − (x − y)) − yn = ((x − (x − y)) − y) − yn−1

= ((x − y) − (x − y)) − yn−1

= 0 − yn−1 = 0,

and thus x ∈ [x − y; yn] ⊆ A. Hence A is an ideal of X .

Corollary 3.8. If A is an ideal of a subtraction algebra X, then A =
⋃

a,b∈A

[a; bn] for

every n ∈ N.

Proof. Let A be an ideal of X . The inclusion
⋃

a,b∈A

[a; bn] ⊆ A is by Theorem 3.7. Let

x ∈ A. Since x ∈ [x; 0n], it follows that

A ⊆
⋃

x∈A

[x; 0n] ⊆
⋃

a,b∈A

[a; bn].

This completes the proof.
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