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ABSTRACT.

A category Cln representing free algebras of clones of operations of finite but
arbitrary arities is constructed together with an adjunction (F,U,n,¢) : Set — Cln.
This gives rise to an algebraic theory T over Set. A single-sorted variety )V of clone
algebras is, then, equationally defined inspired by the multi-sorted construction of
Taylor [20]. It is shown that the Eilenberg-Moore category of T-algebras is isomorphic
to the category V corresponding to the variety V.

1 Introduction In algebraic logic one studies the classes of algebras that form the so-
called algebraic semantics of deductive systems ([2, 3]). Along these lines several attempts
have been made to define algebras that would be appropriate for algebraizing equational
logic. Some of these attempts were focusing on ordinary, single-sorted, algebras, whereas
others were using many-sorted algebras. The general theory of this latter type of algebras
has been developed independently in [14, 15],[9] and [1]. Some of these attempts are P.
Hall’s notion of clone (see [6]), which gives a partial single-sorted algebra, B.H. Neumann
and E.C. Wiegold’s representation of varieties in terms of semigroups [18], W.D. Neumann’s
substitution algebras [17], having infinitary substitution operations, W. Lawvere’s algebraic
theories [10, 11] (see also [12, 19]), W. Taylor’s heterogeneous variety of substitution algebras
[20] and, finally, N. Feldman’s polynomial substitution algebras [8] (see also [5]). In a similar
direction Czelakowski and Pigozzi [7] view equational logic as a 2-deductive system in the
sense of [3] and propose its algebraization via another 2-deductive system, based on [§],
which they call hyperequational logic.

The common feature underlying all these algebraizations is the a priori choice of the basic
operations of the class of algebras that is chosen as the algebraizing class. For instance,
in [18] the identity, repetition, deletion and transposition operators are taken as constants
and composition of operators as an associative binary operation, in [17] projections and
infinitary substitutions are the basic operations, in [20] n-ary projections and m-ary to
n-ary substitutions, for all m,n > 1, are chosen as basic, whereas in [8] projections and
one-place substitutions are basic.

In [21, 23], a general framework for the algebraization of multi-signature logical systems,
based on the notion of equivalence of institutions [22, 24] was introduced. This framework
suggests another approach to the algebraization of equational logic (see [25]) closer in spirit
to [11], based on the categorical algebraic notion of an algebraic theory ([4, 13, 16]). Namely,
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the algebraizing class of algebras is not presented in the traditional way by choosing a
priori basic operations and relating them via equational axioms. Rather, an adjunction is
constructed based on the original logical system that is chosen to represent equational logic
over multiple signatures. This adjunction gives rise in the standard way to an algebraic
theory in monoid form. The Eilenberg-Moore algebras of this algebraic theory constitute
the algebraizing class of algebras. Thus, basic operations are not given. Instead all clone
operations are assigned equal weight. On the other hand, in an attempt to connect this
approach to the traditional one, in Section 5, a variety V of algebras is constructed based
on a similar construction in [20]. The algebras of V correspond to clones of algebras with
operations of arbitrary finite arities. It is then shown, in Section 6, that the category of
the Eilenberg-Moore algebras of the aforementioned algebraic theory is isomorphic to the
category V of this variety V.

2 Basic Constructions A countably infinite set of variables V is fixed in advance and
well-ordered and by Set is denoted the category of all small sets. Given a set X, we define
the set of X-terms with variables in the set V.

Definition 1 Let X € |Set|. We define the set of X-terms Tmx (V) € |Set|, to be the
smallest set with

(i) V.C Tmx (V) and

(ii) If € X,n € w and tg,...,tn—1 € Tmx(V), with t,—1 # v,_1, then

Z‘(to, . ,tn—l) S me(V)

The definitions of simultaneous substitution of terms for variables in a term and that of
the extension of a given set map f: X — Tmy (V) to amap f*: Tmx (V) — Tmy (V) are
given next.

Definition 2 Let X € |Set|, as before. Define a function
Rx : Tmx (V) x | Tmx (V)" = Tmx (V)
k=0

by Ry : Tmx (V) x Tmx(V)? — Tmx(V); (t,()) — t, and, otherwise, by recursion on the
structure of X-terms as follows:
(i |
Si, 1<m
Vi, 1>m

Rx(’l]i, <80, ey Sm,1>) = {
for every m € w, sg,...,$m—1 € Tmx(V),
(i) Rx (x(to,...,tn—1),5) = ©(Rx(t0,5),..., Rx(tn=1,5), Sns .-, Sm—1), for every x €
X,n€w,to,...,tn—1 € Tmx(V),tn—1 # vn_1, and every m € w,§ € Tmx (V)™.
It is understood that the last, say k-th, term inside the parenthesis on the right, i.e.,
Rx(tk—1,8),0 < k < n, if m < n, and either Rx (tx—1,8) or sx—1,0 < k < m, if n < m,
must be the last term that is not equal to the variable vi_1.

Definition 3 Let X,Y € |Set| and f : X — Tmy (V). Define f* : Tmx (V) — Tmy (V)
by recursion on the structure of X -terms as follows:

(i) f*(v) = v, for every v €'V,

(ii) f*(x(to,...,tn—1)) = Ry (f(x),{f*(t0),-.., [*(tn=1))), for every x € X,n € w,
toy ..., tn—1 € me(V),tn,1 7& Un—1-
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In the sequel, we write f : X — Y to denote a Set-map f : X — Tmy (V), as above.
The choice follows an analogous notation used in [16] for Kleisli morphisms. It is used
to anticipate the fact that these morphisms will turn out to be morphisms in the Kleisli
category of the algebraic theory T in Set that will be constructed in the fourth section.
Given two such maps f: X — Y and g : Y — Z, their composition go f : X — Z is
defined to be

gof=yg'f.
This definition is also reminiscent of the composition in a Kleisli category of an algebraic
theory. We denote by Cln the category having as collection of objects |Set| and as its
collections of morphisms

Cln(X,Y)={f: X — Y : f € Set(X, Tmy (V))},

for every X,Y € |Set|. Composition in Cln is the composition o as defined above and the
identity arrows jx : X — X are the set maps jx : X — Tmx(V), with

Jx(z) =x(), forevery ze€X.

Given two Cln-maps f : X — Y,g9:Y — Z, a Set-map from Tmx (V) into Tmz(V)
may be obtained either by taking the extension (go f)* of go f to X-terms or by composing
the extensions f* and g*. It is now shown that the outcomes are the same both ways. Two
lemmas are needed first.

Lemma 4 Let f: X — Y, k,m € w,t € Tmx(V), @ € Tmx(V)* and § € Tmx (V)™. Then
RX(RX(t76)7§') :RX(t7 <RX(U’0’§')7"'7RX(uk71a§')75k7~~~7Sm71>)~

Proof:
By recursion on the structure of t.
Ift=v;, €V,
. Rx(ui 5') i<k
_, Rx(u;,8), i<k e :
R I A S E<i<m

Vs, m <1

= Rx(vi, (Rx(uo,5), ..., Rx(Uk—1,5), 8k, -, Sm—1))-
Next, if x € X,n € w and tg,...,tn—1 € Tmx(V),tn_1 # vpn_1,

Rx(Rx(z(to, ..., tn-1),1),5) =

= RX(x(RX (th ﬁ)a L) RX(tnfla ﬁ)a Uny .- 7uk71)7 §')
(by definition of Rx)
= x(RX(RX(thﬁ)ag‘%"wRX(RX(tnflaﬁ)vg)?
Rx(up,$8),..., Rx(ug—1,8), Sk, -, Sm—1) (by definition of Rx)
= x(Rx(to, (Rx(u0,8), ..., Rx(Up—1,8),Sky- -y Sm—1));-- -,
RX(tTL—lv <RX(U0, g)a R RX(Uk_l, g)a Sks - - - 78m—1>)7RX(u7L5 §>7 ]
Rx(uk—1,8), Sk, -, 5m—1) (by the induction hypothesis)
= RX(x(th v 7tn71)7 <RX(’LL(), g)7 teey Rx(ukflv g)7 Sky e Sm,1>),
(by definition of Rx).
|
The proofs of Lemmas 5 and 6 below are also by induction on the structure of the term
t and will be omitted. Lemma 4 is used in the proof of the inductive step in Lemma 5 and
Lemma 5 in the inductive step of Lemma 6.
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Lemma 5 Let f: X —Y,mecw,t € Tmx(V),5€ Tmx(V)™. Then

[T (Rx(t,5)) = Ry (f*(t), [*(5))-

Lemma 6 Let f: X —Y,g:Y — Z be two Cln-maps. Then
(gof)" =g"f"

3 The Adjunction We are now ready to proceed with the construction of the promised
adjunction
(F,U,n,¢€) : Set — Cln.

First, define a functor F': Set — Cln by
F(X)=X, forevery X € |Set|,
and, if f: X —Y € Mor(Set),
F(f)=jf: X—=Y.
Iff:X—Y,g:Y — Z e Mor(Set), then
F(gf) = iz(9f) = (iz9)" (v [) = F(9)"F(f) = F(g) o F(),

i.e., F is a functor.
Now define a functor U : Cln — Set by

U(X)=Tmx(V), forevery X € |Cln|,
and, if f: X — Y € Mor(Cln),
U(f)=f":Tmx(V) — Tmy (V).
Then, if f: X —Y,g:Y — Z € Mor(Cln), we have

Ulge f) = (gof)
= g¢*f* (by Lemma 6)
= U9U(f),

i.e., U is also a functor.

Finally, define natural transformations 7 : Iset — UF by nx : X — Tmx (V) with ny =
Jx, for every X € [Set|, and € : FU — Icin by ex : Tmx (V) — X with ex = i, (v), for
every X € |Cln|. It is now shown that 1 and e are indeed natural transformations.

To this end, let f: X — Y € Mor(Set). Then, for every z € X,

x X p(F(x)
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= Ry ((y £) (@), () = iy f(z) = ny (f(z)).
Next, let f: X — Y € Mor(Cln). Then, for every ¢t € Tmx (V),

F(UX))

€y
(foex)(t) = [ (ex(t) = f7(t) = & (rmy () (f* (1)) = (ev o F(U(f)))(?).
Finally, if t € Tmx (V'), then
Ty (V) (TTmx (V) (8) = 01 (1) (E0) = ¢,
and, if y €Y,
T (v) (1Tmy () (1Y (%)) = i7my () W0 0) = 50 = nv (1),

i.e., the following triangles commute
NTmy (V)Y

NTmx (V
Ty (V) 22500 Ty, ) (V) Y Tmy (V)
I Tmx (V) Z— Ny 1Ty (V)

which proves

Theorem 7 (F,U,n,¢) : Set — Cln is an adjunction.

4 The Theory of the Adjunction It is well-known ([13, 16, 4]) that an adjunction
(F,U,n,e) : Set — Cln gives rise to an algebraic theory T = (T, 7, 1) in monoid form over
Set, with T'=UF and p = Uep. Moreover there exists a unique functor K : Sett — Cln
from the Kleisli category of the theory to Cln, called the Kleisli comparison functor of the
adjunction, that makes the F- and U-paths of the following diagrams commute.

Sett Cln Sett

\/ \/

It is easy to verify that, in thls case Sett = Cln and K = Icm- Therefore Cln is the
category of all free algebras of the algebraic theory T in Set.

Also recall that a T-algebra (X, £) consists of a set X together with amap £ : T'(X) — X,
ie, & : Tmx(V) — X7 such that the following diagrams commute

X == TmX (V) TmeX (V) (V)(&*me (V)
ix I3 Ty (V) ¢
X Tmx (V) X
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5 Clone Algebras In this section a variety of algebras V is equationally defined whose
members are called clone algebras. The construction is inspired by W. Taylor’s construc-
tion of a multi-sorted analog in [20]. In the next section, it will be shown that the category
V of this variety is isomorphic to the Eilenberg-Moore category Set™ of the algebraic theory
T in Set, that was constructed in the previous section.

Let £ = (A, p) be the language type defined as follows.

A={v;,C;:iew}, with p(v;)=0,p(C;) =17+ 1.

Definition 8 A clone algebra A is an L-algebra that satisfies the following identities,
for every n,m € w,

o Co(z) =2

d C"(‘rayo s 7yn—25V7L—1) = Cﬂ—1($7y0 s ,yn—Q)

Tm, fm<n
Crn(Vin, To, - ., Tp1) = ’ i
n( m» L0, yn 1) Vi, oOtherwise

L d Cn(Z, Cn(yOa f)v SRR Cn(ymfla f)v Ty eeey xnfl) = Cn(Cm(za 27)7 f)
Let V be the variety of all clone algebras and denote by V the category associated with V.
It will now be shown that a functor P can be constructed from the category ]7, associated
with the variety V, to the category Set™ of all T-algebras in Set. The object part of P is
constructed first.

Let A = (A, LA) be a clone algebra. Define A* = (A,&a-) as follows: &ax : Tmyu (V) —
A is defined by recursion on the structure of A-terms, by

o tax(v;) = VA, for every i € w,
e lfac Ancw,ty,...,tn—1 € Tma(V),tn_1 # vp_1,

£A* (a(t(), .. .7tn,1)) = Cﬁ(a,&A* (to), e ,fA* (tnfl)).

Lemma 9 Let A € V,A* = (A,Ea~). Then, for everyt € Tmu(V),m € w,5€ Tmy(V)™,

€a-(Ra(t,5)) = Cp(€a- (1), €a- (3)).

Proof:
By induction on the structure of ¢.
If t =v; € V, then

Ea-(Ra(vi,8)) = {gA*(Si)’ ifi<m} _ {&X(Si)’ ifi<m}

Ear(vy), ifi>m v, ifi >m
CA(VE Ea-(9) (by the third axiom)
= Ch(a-(vi),éax(5)).

facAnecwte Tmy (V)" tp—1 # Un—1, then

£a-(Ra(a(t), 5)) =
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= &a-(a(Ra(to,$5),...,Ra(tn-1,9),8n,---,8m—1)) (by definition of Ry4)

= CﬁL(a’ §A* (RA(th g))v cee 7€A* (RA(tn—la g))va* (Sn)a e >€A* (Sm—l))
(by definition of a+)

= Cﬁ(aﬁ Cﬁ(&A* (tO)a &-A* (5'))7 sy Cﬁ(fA* (tnfl)v &-A* (5'))7 &-A* (sn)7 s 7£A* (s’mfl))
(by the induction hypothesis)
CA(CA(a,éa-(1)),€a-(5)) (by the fourth axiom)

CA(Ea-(a(t)),éa~(5)). (by definition of - )

Lemma 10 Let A € V. Then A* = (A, éa-) € [Set™|.

Proof:
We need to show that the following diagrams commute
A dA T SjAfA*)*
mA(V) TmeA(V) (V — TmA(V)
i\A\ Ea T (V) l Ea
A Tma (V) A

Eax

For the triangle, we have, for every a € A,

§a-(jala)) = fA* (a()) (by definition of j)
= Cf(a) (by definition of €a~)
= a (by the first axiom)

= ia(a).

For the rectangle, we proceed by induction on the structure of a Tma(V)-term ¢. If ¢ =
v; € V, then

a-((Jagar)"(vi) = Eax(vi) = &A= (i , vy (Vi))-

If s€e Tma(V),n e w,te Ty, vy (V)" tho1 # vn—1, then

Ea-(Ra((jaka-)(s), (jaka=)*(#)) (by definition of (ja&a-)*)
Chi(€a-(ja(éa-(s ))),ﬁA* (jaéa-)*(#)) (by Lemma 9)

= Cn(Ea~(5),€a- (i 1) (D))

(by commutativity of triangle and the induction hypothesis)
Eax(Ra(s, iTmA(V (t))) (by Lemma 9)

Eax( o ( V) (5(t))). (by definition of imeA(v))

Ea((jaéa-)*(s(2)))

Next suppose that A = (4, £A), B = (B,£B) e Vand h: A — B € V(A, B). We show
that the following diagram commutes

Tma(V) (jBh)*

TmB(V)

éax ¢p~

A

B
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i.e., that h € SetT(A*, B*).
We work by induction on the structure of an A-term t.
If t =v; € V, then

s+ ((jgh)*(v;)) = &-(v;) (by definition of (jph)*)
vB  (by definition of &g~ )

h(v2A) (since h € V(A,B))
h(€a=(v;)). (by definition of £o+)

IfacAnecwiecTma(V) ty 1 # Un_1,

&s-((Fph)* (a(t)))

£B*(RB((th (a), (jeh)*(1))) (by definition of (jph)*)
CB(&s-(jr(h(a))), B+ ((4h)* (1)) (by Lemma 9)
n( (a), h(éa- (1)) (by comm. of triangle and the ind. hyp.)
h(CA(a,&éa- (1)) (since h € V(A,B))
h(éa-(a(t))). (by definition of - )

Thus, it is possible to define the functor P : V — SetT by
P(A)=A*, forevery A€V,
and, given h € V(A,B), P(h) € Set™ (A*, B*), by
P(h) = h.

6 The Equivalence In this section, a functor @ : Set™ — V in the opposite direction
is defined and it is shown that P and @ are inverses of each other. Therefore the two
categories Set™ and V are isomorphic categories.

Let A = (A4,£4) be a T-algebra. Define an L-algebra A# = (A, £LA7) as follows:

AF

o v = (A (v;), for every i € w,
i Cﬁ# (av aog, - - -, an—l) = fA(RA(jA(a)v <jA(ClO), s 7jA(aTL—1)>))7 for every n € w,a, ao,
L, 0p—1 € A.

Lemma 11 Let A = (A,£a) € |Set™|. Then jaéa = (ja€a) Jrma(v)-

Proof:
Let t € Tma (V). Then

(Jaéa) (Urma)()) = (jala)*(t()) (by definition of jrm,(v))
Jaéa(t). (by definition of (jaéa)*)

Lemma 12 Let A € |Set™|. Then A# € V.

Proof:
We need to verify that the identities of Definition 8 hold. For the first one,

C8" (@) = €a(Ra(ja(a), () = €ajala) = a
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For the second, we have

#

A A
Cn (a7b05 ceey bn—Q;anl) =

Cﬁ# (a,b,€a(vn_1)) (by definition of Vﬁi)
Ea(Ra(jala), (ja(b), ja(€a(vn-1))))) (by defin. of CA7)
Ea(Ra(ja(éa(iala))), (Ja(a(ia(b))),ja(€a(vn-1)))))
(by £aja = ia) .

= {a(Ra(ja(€alal())), (Ga(€a(0()), ja(Ea(vn-1)))))
(by definition of j4)

= &a(Ra((jaéa)(@0), ((7a&a)*(B00); (aga)* (va-10))))
(by Lemma 11)

Ea((a€a)* (@0 (B0 (), va-1())))  (by defin. of (jaga)")
b

€A (i, (1v) (@0 (00 0, 2n-10))))
(since £a(jaga)" = EATTy, , (1))
= ¢a(Ra(a(), (b(),vn_1))) (by definition of Tana(v))
€a(Ra(a(),b())), (by definition of R4)
(reverse all the steps in the deduction above)

CAY (a,b).

The third and the fourth identities can be proved similarly. Lemma 11 is used in the proof
of both. In the proof of the fourth, Lemma 4 is also used. ]

Next, let A = (A,€a),B = (B,¢) € |Set™| and h € Set™(A,B), i.c., the following
diagram commutes

(jBh)*

Tm4 (V) Tmg(V)

éa éB

A

n B

We show that h € V(A#, B#). To this end, we need to verify the following two equations
o h(vA") =vB” for every i € w, and

. h(Cﬁ# (a,a0,...,an-1)) = CE’#(h(a), h(ag), ..., h(an—1)), for every n € w,a,ag,...,

an_1 € A.
We have
h(vA"Y = h(€a(vs)) (by definition of vA™)
= ¢B((sh)*(vi)) (by commutativity of rectangle)
= ¢&(v;) (by definition of (jph)*)
VF’#, (by definition of V?#)
and
MCA (a,d@) = h(€a(Ra(ja(a).ja(@))) (by definition of CA”)
= &B((jBh)*(Ra(ja(a),ja(@)))) (by commut. of rectangle)
= &8(Rp((jBh)"(jala)), (jBh)"(ja(@)))) (by Lemma 5)
= ¢&B(Ra((jBh)(a), (jBH)(@)))
h(a

CE’#( ), h(d@)). (by definition of CB )
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Therefore, we can define a functor Q : Set™ — v, by
Q(A) = A*,  for every A € [Set™|,
and, given h € SetT (A, B), Q(h) € V(A# B#), by
Q(h) = h.

We finally proceed to show that QP = Ij; and PQ = Iger. To this end, let A = (A4, LAY €
V. We have

-
v = as(v) = v

and, for every n € w,a,aqg,...,0,_1 € A,

CA"(a,d@) = Ea-(Ra(ja(a),ja(@)) (by definition of CA™)
£A* (a(ja(a@))) (by definition of R4)

(a,{A (ja(@))) (by definition of £a~)
Cn(a,@). (by Ea-ja =ia)

Finally, let A = (A,£4) € |Set™|. We have

#
Ean-(vi) = v =Ea(vy)
and, for every a € A, tg,...,tn—1 € Tma(V),tp—1 # vp_1,

Eas(a(f)) = CA"(a,Ea# (1)) (by definition of Exs-)
= &a(Ra(ja(a),jaléa(h))
(by definition of Cﬁ# and the ind. hyp.)

—,

= Ea(Ra(ja(éa(jala))), (jaka)*(t())))
(by £éaja = ia and Lemma 11)

= fA((jAﬁA)*(a()(i()))) (by definition of R4)

= &aliTn, 1) (@) (since €a(jada)” = Eaity,, ()
= fA (Ra(a(),t)) (by definition of ii}mA(V))

= (a(t)). (by definition of R,)

Thus, the following theorem holds

Theorem 13 V = Set™.
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