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ABSTRACT. Given a finite group G with irreducible character y € Irr(G), r € N and
a partition A of r, we define higher characters Xt‘\r) of G, following Frobenius [2]. We
interpret them as a generalization of Schur functions in noncommuting variables, as a
multilinear invariant map, as the sum over G, of a character of the wreath product
G 16, and as the trace of a eyGreyx-module. Using these interpretations, we are able
to compute (x + '1/;)@ in terms of ngl) and u’vl(,b) where ¢ + b = r and p and v are
partitions of a and b, respectively.

We show distinct higher characters are orthogonal in section 3.1.

These X(;) have the property that they are constant on &, x G orbits of G, i.e.
invariant under diagonal conjugation and permutation of entries of an r-tuple. By
decomposing Homg,, (Indg: EA,Indg’; E\) = e)rGrey, we find an orthogonal family of
functions with this property. In the case G is abelian, we show this family forms a basis
for all such functions on G". This doesn’t happen for general G, as shown on some
examples in the appendix. However, in both cases, we show that it is only necessary
to consider X = (r) (or A = (17)) in theorems 8 and 9. The reader may skip straight
to section 3.2 for these results.

1 Introduction This paper is a largely expository study of Frobenius’ higher characters
X" and illuminates three different contexts in which they arise. In [2] Frobenius gives the
XET) in terms of the irreducible characters y;, as in definition 2, as well as in terms of the
group determinant.

Character theory grew out of Frobenius’ study of the group determinant, initiated in
correspondence with Dedekind in 1896. Given a finite group G of cardinality n, choose
n indeterminants {z,},e¢ and construct the n x n matrix X¢ = [24-1]. The group
determinant is defined as ©g = det(X¢g). Frobenius factored ©¢ = Hqﬁfi over C. The
¢; are irreducible homogeneous polynomials of degree d; and correspond to the irreducible
complex representations p; with character y;. One can easily recover y;(g) as the coefficient

of 20" in g—f;. Further, ¢; = det(}_ s pi(9)xy). But what of the other coefficients? The
(r)

higher characters ;"
their derivatives.
Recently, there has been a renewed interest in the group determinant. In 1991, Formanek
and Sibley [1] proved the group determinant determines the group. In fact, Hoehnke and
(1 (2
Xi

Johnson show we only need the y;’,

result of Mansfield’s gives a more elementary proof of this in [9].
Frobenius gives the higher characters xgr) in terms of the y; as in definition 2 as well
as in terms of the group determinant. In this study, we use the former and a natural
generalization of it to prove properties (such as orthogonality and behavior under direct

sum) of the higher characters and exhibit them as occurring in other contexts of math.

we study below arise as other coefficients occurring in the ¢; and

, and XES) to determine the group in [4], and a
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(Orthogonality aslo follows from considering the higher characters as coming from characters
of a wreath product. [5])

We assume the reader is familiar with the basics of representation theory of finite groups

and in particular with that of the symmetric group and its connection to symmetric functions
[8].
Acknowledgments: I would like to thank K. W. Johnson for encouraging me to submit
this, even though it was written in 1996 as a graduate student and sat on my shelf since
then. Thanks to Ian Grojnowski for asking all the right questions and being infinitely
generous with his time. Also, thanks to Paul Brown for teaching me GAP [11], and thanks
to T.Y. Lam for his guidance and support.

2 XA

2.1 Notation and some definitions Let &, denote the symmetric group on r letters.
Given a permutation ¢ € &,, we can write it in cycle notation

0 = (m1 a(my) o2 (my)-ot1 (m1))(m2 o(ma) o(ma)-a”2(ma)) -+ (my ot (m)).

If we use the convention that pq > pe > -+ > g, then we say o has shape sh(o) =
(1 g2+ pie) = p. Then p is a partition of r, written p F r, of length ¢(u) = I. The
partition g will also be used to denote the conjugacy class of o which has size %7 where
zp = |Cs,(o)]. (In general, Cg(g) is the centralizer of ¢ € G.) Furthermore, a partition
A r will also be used to denote an irreducible character A € Irr(&,.). Let

ey = A) Z /\(071)0 = A) Z Ao)o

7! —~ 7! —~
e, eSS,

denote the central idempotent of C[&,], which we can also view as a projection. Then

Ey = (6, ]exr = ex([S,] has character A(1)A. We can further decompose ey = e()\l) + e&z) +

cet e(;‘(l)) into a sum of orthogonal idempotents, obtained, for instance, by multiplying the

(2)

row and column stabilizers of a standard Young tableaux of shape A. Then (C[G,«]e;
irreducible representation of &, with character A and its isomorphism type is independent

is an

of i. Let Ly = C[Gr]e()\l). Throughout this paper, we will use Ly when it is most convenient
to use an irreducible representation, but Ey when we want to make use of the fact that ey
is central.

Definition 1 Given x a character of G, and o € &, of shape sh(c) = p in cycle notation
as above, define

Xo(91,- -+ 1 9r) = X(GmiGo(my) - Gori (my)) X (Gmy « - Gore (my))-

Example 1 If o = (124)(3) then xo(91,92,93,94) = x(919294)x(g3)-

Let sgn denote the sign character of &, that is —1 on odd permutations and 1 on even
permutations.

Definition 2 If x is a character of G then the r-character is

,X(T)(glvg27"' 797‘) = Z Sgn(U)XU(glng7"' 797’)-

cES,
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A perfectly natural generalization of these higher characters is obtained by replacing
sgn(c) with any irreducible character A of &,. In fact, in [6], Johnson denotes by )
the r-character one gets using the trivial representation of &,, and shows that these and
the y(") are orthogonal for fixed r, as y ranges over Irr(G), the irreducible characters of G.
Making this generalization, one could interpret these new r-characters as coeflicients of a
“group immanant”. See [7].

Definition 3 For x an wrreducible character of G and X € Irr(S,) define

X)\(917927"' 797’) = X()\r)(gla.927"' 797’) = Z A(U)XU(917927"' 7gr)~

cES,

In section 3.1 we’ll show that distinct higher characters are orthogonal.
If G has a representation V with character y, we can interpret x as coming from the
action of the wreath product of G and &,. on V7,

Let G"=G x G X -+ x G and let G, denote the wreath product G166, =&, X G where
—_———

r

(917927' B 7gr)a = 0_1(917927' .- 797')0 = (90_1(1)790_1(2)7' .- 790"1(7’))‘

Let A(G) denote the copy of G that sits in G" diagonally.

If V is an irreducible representation of G' with character y of degree n, then V®7 is an
irreducible representation of G, with action defined by

(91,92, - )1 @ Qvp = g1v1 @ @ groy,
and with character denoted y®”. The natural action of &, on V" via
T (W1EW20 + OW; ) = Wem1(1)OWe—1(2)© " " OWg—1(y)

makes V7 into an irreducible representation of the wreath product G,. Let us denote its
character by Y, noticing R,esg:)? = x®" and R,esng),? =x".

In the notation of [5], if x is the character of the representation V, then our x,(g) =

X(go) is denoted X(#”V)“(g; o) (having identified the r-tuple g with the function {1,... ,r} —
G sending i to Ji)- Further, AMo)xs(g) is the character of(#"VT@ A evaluated at (g;0).
Hence the orthogonality of these extended higher characters follows from the orthogonality
of the irreducible characters of the wreath product G,.

()

As a way of understanding x)"’ and its connection to Y, let’s first consider x evaluated
on A(G). We show below that Xg\r)(g,g,... ,9) = rlxs,v(g), where we denote SV =
Homg(Resgr Indg:LA, V@), Schur-Weyl duality gives us that VO ~ @, A(1)S\V as a
A(G) representation. See [8] or [3]. Notice A\(1)S,V ~ e V@7, Tt is immediate that S\V is
a representation of G, and for the convenience of the reader, we compute its character.

Claim 1 S,V is a representation of G with character
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Proof: Recall that if {z1,...,2,} are the eigenvalues of ¢ acting on V, then ys,v(g) =
sa(@1,... ,2n), where sy denotes the Schur function. (See [8] or [3].) Notice also that ¢™
will have eigenvalues {z{",... , 27} and so

X(g™) =" + 23"+ +ay = pm(2i....,20)

where p,, denotes the m*-power sum symmetric function. Recall p, = pu, Py * -+ Pu,- Then
the well-known expansion of the Schur functions in terms of power sum symmetric functions

gives us:
xsavilg) = saler,...,an)
1
= Z —)\(,Lt)p# (xlv 7xn)
Zp
pr
1 r! " o e
= 5> —Mux(g")x(g"*) - x(9")
r! 2y
phr
= W99, .0)
O
This suggests we can interpret the X()\T) (91,92, - ,gr) as coming from the action of the
corner ring ¢ C[G]ex ~ Homg, (Indg; E,, Indg: E)) on epV®" ~ Homg, (Indg:E‘)\7 yern),

(r)

which we will explore in section 2.3. It also suggests that x}~ is a generalization of the
Schur function sy.

2.2  x» as a multilinearization Just as one can go from a bilinear form B to a quadratic
form @ via Q(2) := B(x,z) and then from a quadratic form to a bilinear one via B(z,y) :=

1HQ(z +y) — Q(x) — Q(y)), we can go from sy back up to X(Ar).
First we clarify what we mean by multilinearization. Suppose we are given a homoge-

neous r'* degree polynomial Q(7) = Q(zy,...,z,) in the (possibly noncommuting) vari-
ables {z;}7. Let V = C" with standard basis {€;}}, and let V* have dual basis {¢;}7.
Then ¥ = (v1,...,25) = 2711 zi€; and ¢;(¥) = x;. We'll associate to @ an element of

(V)P o (VO T Q(E) = 3 Civigeni, @iy -+ i, Lt GQ = 3 Cirigi, biy @ Giy @ -+ @ @i, .
Notice ¢g(fe- - o) = Q(T).

We define the multilinearization Mg of @ to be the homogeneous rt" degree polynomial
in the nr noncommuting variables {x”}iéééf via

S o = 1 N - =
J\J—Q(Xl,XQ,.--Xr) = F Z ¢Q<XU(1)®XU(2)®--~®Xa(r))
‘0Es,

where X; = (214, %24, ..., Tpi)-
One can also define Mg more directly from () via

—~
—

MMo(X1....X,) = QX1+ +X) =) QX1+ -+ X+ X,) +
ZQ(‘X_’} ....|_X’}...+ ‘fj..._l__fr),“.
1<J
+(—1)H_IZQ(X?/@)-

k
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It is tedious, but not too difficult, to verify these definitions are equivalent.

Because ¢ € (VO)*, it is easy to see My is linear in each entry, i.e. r-multilinear. Also,
it is clear that Q(&) = Mg(Z,Z,... ,Z). So we have a recipe to go from an r-multilinear
form to an r-form and back.

We can multilinearize a given @, by summing the multilinearizations of the monomials
of Q. So, in the following examples, we consider just monomials.

Example
1. Let p(z) = 2". Then .MP(X:) =My(z1,...,2,) = % Yoves, To(1) T To(r)-

2. Let g(x,y) = 2*y. Then My(x1,y1, 22,92, 23, y3) =
1g(~7ﬁ1l‘2y3 + xo21ys + x103Yy2 + T321y2 + Tox3Y1 + T3T2Y1 ).

3. Let p(z) = 22. Let r(z,y,2) = q(z,y)p(z) = 22yz2.
Notice My(21,Y1,%15-- , T5,Y5,25) =

22 Yovess Ma(Za(1): Yo(1)s Ta(2): Yo (2): Ta(3) Yo (3) ) Mp(Z0(a), Zo(5))-

This process of multilinearization gives us a way to generalize symmetric functions to
functions in noncommuting variables. Now let’s focus on Schur functions.

Claim 2 Let M, denote the multilinearization of sx. Then we have sx(9) = xs,v(g9) =
X)\(.Q’,.Q’, s *Q) and X)\(.qlv.q?a .. 797’) = JM—S/\ (.017927 ce 7.(17’)

Proof: The first statement follows from claim 1. Let py = pa, --- pa, denote the power
sum symmetric function. If YV is an n x n matrix with eigenvalues {y1,y2,... ,yn}, and
A 7, then let us denote pa(Y) = pa(y1, 42, - -+ yn) = Te(YA)Tr(Y2) .- Te(Y ). Similar

to the above examples, upon multilinearization we get

My (X X)) = ) T (X)X X)) T (Xogrongn) X)) -

€S,

Writing 7 € &, in cycle notation 7 = (o(1)a(2)...0(A1)) (e(Ai+1)..o(Ai+A2)) < - - (a(r=X41)...0(r)),
then the inner summand of the above is just Tr (Xy,... ,X,).

As o ranges over &,, T ranges over all permutations of shape A in &, and this is a
zx-to-1 correspondence. (In fact, all of Cg, (7) gets sent to 7.) Hence rIM,, (X1,... ,X,) =
E2N Z‘r:sh(r):)\ Tr (Xy,..., X,).

So it is easy to see that the multilinearization of the Schur function sy = 3 LN (p)pu
is just

M, (X X,) = ! ! A Tr, (X X
Mo (X1,...,X,) = gZZ (1) “p Z v (X1, X))

pkr Tish(T)=p

1 ,
= > MO Trg (X, ..., Xy,
ceS,

When p : G —» GL,(C) is a representation with character y and we set X; = p(g;),

the above says the multilinearization of the Schur function evaluated at the X; is exactly

I (G125 00)-

O

Corollary 1 If A\ 7 has ((\) > x(1), then v\ (91,92, - 1 gr) = 0.
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Proof: We know that if the length of X is greater than n = dim V' then L, does not occur
in VO, See [8] or [3]. Hence ys,v = sx = 0 and so its multilinearization is also 0.

O

We now have the machinery to compute (x + )x.
Motivated by Example 3 above, we make the following definition, adopting Johnson’s
notation [6].

Definition 4 For two functions f; : G" — C, let fi o fo : G172 — C be given by

1
fl OfZ(glv"' 797’1-1-7”2) = m Z f1<gt7(1)7"'gﬂ(r1))f2(gﬁ(r1+1)7"'gﬂ(T‘1+T2))'
Y €S 4y

Remark: Notice that, up to a scalar, f; o fo multilinearizes the tensor of the functions

fr- f2lg,b) = fi(g) fa(h).
Theorem 2 Let x,¢ € Irt(G),\ F r. Then

(x+¥)a =Y Cp(xu o),

where C*

av are the Littlewood-Richardson coefficients.

Proof: First recall that the Littlewood-Richardson coefficients appear when we induce (or

restrict) representations of &,, x &, to &, 4,,. In particular, Indg:téwuﬁ v=>3 C’;‘,,A.

Using Schur Weyl duality, as in [3], we conclude that over GL(V) x GL(W)
S\(Vaw) =@y, S,V o S,w

In terms of characters this says xs, (vaw) = 2 Cﬁ‘y X5,V * Xs,w- Applying claims 1 and 2
and the remark above, we see immediately that (x + ¢)x = > Cﬁ‘y (Xpoty).

O

Corollary 3 As previously, let x") denote the higher character X(ry. Then

(+) = 3 Do
at+b=r

Proof: We know the Cfﬁj) = 1 exactly when p = (1%),7 = (1%) and 0 otherwise. Or, in
other words, A"(V & W) =P, AV @ AW

g

2.3 1y as a trace In claim 1, we saw that %!l)xy)(g, ..., g) is the trace of the diagonal

action of g on exV®" and therefore equals the trace of the action of (g,9,...,g)ex on VO,
One can then ask what is X((g1,92,... ,9r)ex)? Although it is not a representation of G,
Hom(:[ndg: E\, V%) is a representation of Hom(Indg: By, Indg: E)), and we are in effect
computing the trace of this action.

Claim 3 For o € &, and g = (g1,92,--. ,9r) € G", X(90) = xo-1(9)-
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Proof: This is best seen on an example Let 0 = (124)(3) and let g = (91,92, 93,94). Let
{v:}} be a basis for V' and write [ } for the matrix of gi with respect to this basis. Then

20<Ui1 8Ui2®l’i3®l7i4> = (LM U“®U23®L‘i2)
n n
_ oy o, } : (3, ol )
- Gjig Vi a3, vj® ajistg @jinY
= =1 j=1 j=1

(1) a? B @ :
= A, Gt Qinia Qi iy Via OV, @V, @V, + independent terms.

So
=~ M @ 3 )
X(ga-) = Z 1114 1911 1313 1412
ip=1
_ ZZ m @ @ Z (?)>
== 14 42 211 <13_1 313

= Tr(a™Ma®a®)Tr(a®) = v(g19192)x(93)
= Xo-1(9)

The proof for general o is similar, but for the sake of notation, we leave it to the reader.

O

Theorem 4 X(gex) = )‘S)X()\r)(g).

Proof: From claim 3, it follows

> Ao )X(go)

cES,

X(gexr)

O

o~

In other words, Xf\r)(g) =30 )x(exge)\) (since e} = ey), and Y(eager) simply computes the

trace of an element of e)C[G,]ex ~ Homg, (Indg:Ex,Indg: E)) on the module e, V&7 ~
Homg;, (Indg;EA, V). In section 3 we will generalize this situation by replacing VO with
any representation of G,.

2.4 y, as an invariant For the moment, let’s consider G = GL(V). Then S,V is

irreducible. We can see X( " as a multilinear invariant map (with respect to the A(G)-

action) of End(V)*". The above sections 2.2 and 2.3 all translate into the language of
invariants used in Procesi’s work [10], which we’ll outline below.

Make the identifications (End(V)®")* ~ (V* @ V)®")" ~ (VO)* @ VO ~ End(V®)
and so can view a G-invariant map End(V)®” — C as an element of End(V®") which
commutes with the action of G = GL(V).

Again, 6, acts naturally on V¥ (as does GL,) and is centralized by the diagonal action
of G = GL(V) ~ GL,. We know all operators commuting with the G-action can be realized
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as elements of C[&, ], and those commuting with both the G-action and the &, -action are
thus linear combinations of the ej.

In his theorem 1.2 of [10], Procesi shows that under the above identifications ¢ € &,
corresponds to an element he calls A\, € End(V®") via

Ao- PWIRWIR * QW > wﬂ—1(1)®w”—1(2)® e ®w,,_1(r)
which in turn corresponds to an invariant p, € (End(V)®")", and that this is exactly our
Xo-1. (This gives an alternate proof of claim 3.) Thus any multilinear invariant onr n x n
matrices is a linear combination of the y,.
Using the fact that the center of C[&,] is spanned by the ey, we also see the invariants
that commute with both the G-action and the &,.-action are linear combinations in the
X()\T). Corollary 1 is essentially equivalent to his theorem 4.3 [10] that all “trace identities”

are linear combinations of the Xg\r) for which ¢(\) > n.

!
AT
of VO as a representation of the wreath product G,. Let us generalize the situation to any

3 w-functions We saw in theorem 4 that X&r) (9) = X(gex) where Y was the character

character of G, and examine the corresponding functions.

Definition 5 Define the w-orbits of G” to be the orbits of G under the conjugation action
of &, x A(G).

Observe these are not the same as the conjugacy classes in the group G,.
Recall 7 (g1, 92.- -+, 9r)0 = (Go1(1)sGo-1(2)s - >»Jo—1(r))-

Definition 6 Let f: G" — C be any function. Then we’ll call f a w-function (for lack of
a better name) if

fle™tgo) = flg) = fla™"ga),

forallo € &,,a = (a,a,... ,a) € A(G) CG",g = (91,92, ,9-) € G". In other words, f
18 constant on all w-orbits.

Definition 7 Let y be any character of G,. Define f\ : G" — C by
FX =g x(gex)-
Claim 4 [} is a w-function.

Proof: First, recall x is a class function on G,, and ey and A(G) commute with all of

C[&,]. Thus for o € &,, a € A(G),

(e go) = x(o7'goer) = x(07 (ger)o) = x(gen)
= fX(g)
f(a™'ga) = x(a"'gaex) = x(a™"(gex)a) = x(ger)

= fXlg)
O

Notice, in general, the character of any e)\C[G,]ex-module will yield a w-function in this
manner. (Warning: they are not usually class functions of G".) In the following sections,
we will give some conditions under which the fy are orthogonal to each other, find the span
of all the f{, and give a condition under which they span all the w-functions.
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3.1 orthogonality
Theorem 5 Let x, ¢ € Irr(G,), A, € Irr(S,). If (A x, 0 - @) =0 then

> R =

gear

Proof: Notice, because &, is a quotient of G, we can lift A, i up to characters of G, which
will have G” in their kernels. In other words, A(go) = A(o), u(go) = pu(o), Vg € G". Thus
the inner tensor products X - x, y« - ¢ make sense. The orthogonality relations for characters
of G, give us that for any 7 € &, C Gr, D ,cq, A X(w)p - ¢(Tw) = 0. Scaling, summing
over T and reordering summations yields

0 = )Z Z A-x(og)p - o(tog)

TES, 7g€l,
= 0 Y Y Nenlon) Y wrlbeg)
geGT 0€G, T€EG,
= XOY ) MBNe)eg)d( Y “Hp(ro)rog) = Y x(exg)dleng)
geGT  0€G, TS, geGT
= X(ﬂ geﬂ Z fA
geqar geqar

Theorem 6 If \ -\ s a sum of distinct irreducible characters of G, then

_ A ry o L
|Cr| Z f)\ X(l) </\7Resg,,>(> - m)((e)\)

gear

Proof: Now, because irreducible characters occur in A - y with multiplicity 1, the relations
for characters of G, gives us ﬁ Ewer/\ XA x(rw) = #(1)/\ -x(7). Then, using

the work above, we get

_aal L
\Gr|g§, R = a2 Mo = e

M, g

= m(A,Res&x)

O

Corollary 7 In particular, it follows that the higher characters X(;) are orthogonal. Fur-

ther, —,)( ) has norm n—a)\(l ., 1) if it is non-zero and if X\ - Y consists of distinct char-
acters.

Proof As before, if x; € Irr(G) is the character of a representation V;, then let \; € Irr(G,)
be the irreducible character of the associated action of G, on Vl-‘g)r. Notice that

(Resfr - T Reszp - ¥)ar = MU A ) =0
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if i # j. Thus we must also have (A - Xi, 1t - \j)a, = 0, and the result follows from theorem

5. Observe that we know the action of o € &, on V%", so that Y(o) = Ush(9)) where
n = x(1). Hence, if A - Y is a sum of distinct irreducible characters, then theorems 4 and 6
give that the norm of %X()\T) is %% res, MN7)ntEh(m) = %3/\(:1: L...,1).

d

Notice, when x € Irr(G,) has Resgix irreducible, i.e. the restriction is of the form ¥{* @

- @y for distinet ¥; € Irr(G), p 7, then the fY are symmetrized products of the IL*,;(A’”)

(as with the multilinearizations in the examples of section 2.2), and so also include the
functions denoted by x; o x; in Johnson’s work [6]. The above proof extends to show that
this larger class of f{ are orthogonal.

3.2 counting w-orbits and w-functions

Claim 5 The dimension of the space of all w-functions on a finite group G is

ﬁ SO (Cole)] - [Cale )l

gEG ukr H

Proof: Counting the dimension of the space of w-functions is equivalent to counting the
number of orbits of the conjugation action of &, x A(G) on G". We count them as follows. G
acts on G by conjugation with character ¢(¢) = |Cqg(g)|. G acts on G" under the diagonal
action with character ¥»®". Asking how many &, orbits there are is the same as asking
how many times the trivial character occurs in Sym"(C[G]) = S¢,y(C[G]) = S1(C[G]). We
know the character of G on S1(C[G]) is just wY’)M(G), recalling A = (r) denotes the trivial
representation of &,., which by abuse of notation we also sometimes refer to as 1. Hence
the number of w-orbits is

r 1 1 / / 2 /
(L )a = 1G] > (g )e(g"?) - (g")
9€G pkr ®

1 1
el >N Z—\CG(QMN - [Calg™)
geG prr TH

O

Theorem 8 Let B = {f : x(e1) # 0}. Then B 1s an orthogonal basis for span {f\ : A €
Irr(6,), x € Irr(G,)}. In particular, the higher characters are all linear combinations of the

.
Proof: By abuse of notation, we write 1 for the trivial representation A = (r) € Irr(&,).
Theorem 5 gives us that the f' are orthogonal. Take any f3 : g ++ X(go). Recall (as in the
proof of theorem 5) we can lift A up to a character of G, also denoted A, which will have
G" in its kernel.

Write A\ -y = inelrr(Gr) m;y;. Then

Xgen) = x(g Y Mo)o) = D Mo)x(go) = Y Mgo)x(go)

= Z /\-X(gU)ZA'X(gZ o) =\ x(ger)

eSS, cES,

= Z mixi(ger)-

Xi€lrr(G,)
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Hence we see f{ = ngehr(@r) m; f{. By the remark below, f* = 0 if f* ¢ B, thus
1Y € span(B).

O

Remark: Notice, the set {y € Irt(G,) : x(exn) # 0} are exactly the support of Indg:LA,
since

X(ex) = =7 > Mo)x(e) = M1){Res& . e, = A(1)(x,IndZ" \).
€S,
Let U be the representation of G, with character y. Then U and Homg, (Indg:l, U) are
isomorphic as Homg, (Indg: 1, Indg: 1)-modules and f¥ is the trace of this action. When
x(e1) = 0 then Hom(;T(Indg: 1,U) = 0, and so its trace f* is also 0.
Remark: We could also replace the trivial character A = (r) by the sign character A = (1")
in theorem 8 and theorem 9 (to follow).

3.3 abelian G By comparing the number of w-orbits to the size of the support of Indg: 1,
we see that in general not all w-functions occur as fy. For example, when r = 2,G = &;
there are 8 w-orbits but |[B| = 7. When r = 3,G = &3 there are 17 w-orbits but |B| = 13.
See the appendix. However, when G is abelian, we do indeed capture all the w-functions.
To prove this, we require a simple case of the following lemma.

Lemma 1 Let A € Irr(S,),h € G, and 7 € &, be of shape sh(t) = p. Define h, =
(hmy Pr(myy = Prni (myys oo s Py Py =+ Prse (myy ). Then

Indg:k(r@ = { M) G if b = (1400)

0 otherwise
Proof:
T 1 B
Indg A(rh) = > Mlog)rh(og)™)
TgeEGy
(cg)Th(og)~LeS,
1 ~1gThe= 117
-0 X MereTlighg ™)
ocg€EGy:

oro=lgThg= 117" €6,

= > A
QGG":
9ThgTl=1
So, we'll be done if we can show that #{g € G" : gThg™' = 1} = |G|“*) when h_ =
(1,1,...,1) = (1*™), and 0 otherwise. For instance, we have |G|-many choices for g, .
The equation g"ﬁgil = 1 then specifies for us the values of g 4(s,,), and also imposes the
requirement that the product fipm, Ar(m,) - Proi(m,) = 1. The same argument holds for

ma, ... My Our requirement is met for all the m; precisely when h_ = (1“”)), and in

this case, we have |G|“*) choices for g

d

Theorem 9 If G is abelian, then B = {fi : x(e1) # 0} is an orthogonal basis for the space
of all w-function on G".
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Proof: We simply do a dimension count. We saw in claim 5 that the number of w-orbits
. . ' , . G,

for an abehan group is » ., %|G|“~)‘). We also computed in lemma 1 that Indg" 1(7) =

|G|l(sh(7’)). So

- - T 1 r ENaY
<Indg:1,1ndg;l> <Resg;lndgrl,l>6r =3 Z Indgrl(T) 1(r)

T€ES,
1 S T
= 5 E : |G (sh()

TES,

S Lo,

z
AEr A

Next we’ll show that if x(e;) # 0 then <X,Indg;1> = 1. In other words, it occurs with

[

multiplicity one. Take any y € Irr(G,). Since G is abelian, x can be realized as IndffKGrp-Q)
where ¢ € Irr(G"), p € Irr(H), and H C &, is the stabilizer of ¢ with action given by
o-d(g) = ¢(crgo). Both ¢ and p extend to characters of H x G, because H is the
stabilizer of ¢ and because H is a quotient of H x G". Using Mackey’s criterion, we see
Resg: Imdg’M P ¢ = Indf{p. Hence

(x, Indgi ) = (IndgTMGTp - P, Indg; 1) = <Resg;1ndg7’xc;rp ~o, 1)
= <Indgrpa 1>67‘ = <P: Resgr 1>H = <P7 1>H
= lor0

We conclude |B| = #{x € Irt(G,) : x(e1) # 0} = # of y in the support of Indg’;l
= <Indg:1, Indé:l} = # of w-orbits.

g

Remark: Since characters of wreath products of the form G, are well understood [8] and
the combinatorics of the character theory of &,, is well-understood, one could combine the
two to get combinatorial formulas for the higher characters of &, . We have computed
some small examples, and as yet saw no structure in the data. (These computations were
done in 1996-97, so perhaps more recent literature of which the author is unaware addresses
this structure.)

4 Appendix In this appendix, we list the non-zero f;' for y € Irr(G) where G = &3,
r = 2,r = 3. The computations were done using the package GAP [11].

The first column lists w-orbit representatives, where 7 = (23), o = (123). The second
column is the size of each w-orbit. The very last row of the table gives the norm of f.
Notice the first row is just x(e1) = (x, Ind%;l}, and so one can read off the degree x(1) by
dividing the first row by the last.

The higher characters u’)y) for ¢ € Irr(S3), A F r are contained in the table as well.
Write Irr(&3) = {1, sgn, ).

Then for r = 2 (Table L), the first column is 515y = 1 @ 1, the second column is
%Sgn(z) = sgn ® sgn, the fourth column is %u(z), and the fifth column is %sgn(n). Notice
the sum of the fourth and fifth columns is ;4 @ p € Irr(S3).

For r = 3 (Table II.), the first column is él@) =1®1®1, the second column is
%sgn@) = sgn @ sgn @ sgn, the seventh column is ;—!,u(g), and the thirteenth column is
3 3159n(21). Notice the second column plus twice the thirteenth column is p@u@p € Irr(&3).
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1.
The f¥ for G = G3,r =2
Wy [ 11 1 1 3 1 2 2
(1,07) 61 -1 0 0 0 1 -1
Gy | 401 1 10 2 2 1
(r,7) 3/j1 1 -1 1 -1 0 O
(r,07) 61 1 -1 —% % 0 0
(ro) | 1201 -1 0 0 0 -3 1
(o,0) 211 1 1 0 1 -1 -1
SR
norm 1 1 3 1 1 5 3
I1.
The f{f for G =&3,r =3
(1,1,1) 171 1 1 1 2 2 4 2 1 3 1 3 2
(LL,7) | 91 1 L -1 4 4 g o L 1 1 3 g
(Llo) [ 6/1 1 1 1 1 1 =2 1 0 0 0 0 -1
SN IR T O T O L O S O
\T,OT -x -3 2 £ -z = = = = = =
Prt R S S A S S S S B S A
(1,70 : 3 3 3 3 6 2 6 2
(1,o,0) 611 1 1 1 0 0 0 0 0 -1 0 -1 1
10,071 611 1 1 1 0 0 2 o -4+ L 1 1 0
2 2 2 2
T, T, T 311 -1 -1 1 0 0 0 0 -1 1 1 -1 0
(7,7,7)
(r,7yor) |18 11 -1 -1 1 0 0 0 0 0 0 0 0 0
N FI T A A S O O O A
(room0) 1361 1 -5 -3 -3 -5 3 3 ¢ "% 7 "% "3
(ryor,7o) | 61 -1 -1 1 0 0 0 0 s -3 -3 z 0
L T FUE T N T A S O
(T,O’,O’ ) 18 1 -1 3 -3 -3 3 0 0 % B) 5 ) 0
(o) | 2/1 1 1 1 1 1 1 1 1 0 1 0 -1
(c,o,0°y| 6/1 1 1 1 1 1 1 1 0 1 0 1 0
T N S I N B N I B
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