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ABsTrRACT. We verify that the k-nil radical of an obstinate (resp. associative, strong,
weakly implicative, implicative, sub-implicative, sub-commutative) ideal is an obsti-
nate (resp. associative, strong, weakly implicative, implicative, sub-implicative, sub-
commutative) ideal. We prove that every k-nil radical of a g-ideal and an a-ideal is also

a g-ideal and an a-ideal.

1. INTRODUCTION

In [4] the notion of nil radical in BCI-algebras was introduced, and various properties
were developed in [3, 5, 6, 7, 8, 9]. In this paper, we prove that every k-nil radical of an
associative (resp. strong, obstinate) ideal is an associative (resp. strong, obstinate) ideal.
Using characterizations of a weakly implicative ideal (resp. an implicative ideal, a g-ideal, an
a-ideal, a sub-implicative ideal, a sub-commutative ideal), we show that the k-nil radical of
a weakly implicative ideal (resp. an implicative ideal, a g-ideal, an a-ideal, a sub-implicative
ideal, a sub-commutative ideal) is a weakly implicative ideal (resp. an implicative ideal, a
g-ideal, an a-ideal, a sub-implicative ideal, a sub-commutative ideal).

2. PRELIMINARIES

Recall that a BCT-algebra is an algebra (X, *,0) of type (2,0) satisfying the following
axioms: for every x,y,z € X,

o ((zxy)x(zxz))x(z%xy) =0,

o (zx(zxy))xy=0,

o rx1 =0,

e rxy=0and y*xz =0 imply z = y.
For any BC'I-algebra X, the relation < defined by « < y if and only if x xy = 0 is a partial
order on X. For any elements x and y of a BCI-algebra X and k € N, let us write = * y*
instead of ( ((xxy)*y)-- ) * y in which y occurs k-times. In a BCT-algebra X, the
following holds for all z,y,z € X and k € N,
(pl) 0=z,
(p2) (x*xy)*xz=(x*z)*y,
(p3) 0 (z xy)F = (0x2F) * (0% y*),
(p4) 0 (0 2)k =0 (0 2F).
A nonempty subset S of a BC'I-algebra X is said to be a subalgebra of X if c xy € S
whenever z,y € S. A nonempty subset A of a BC'I-algebra X is called an ideal of X if it
satisfies

e 0c A,
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e rxyc€ Aandy € Aimply z € A for all z,y € X.

An ideal A of a BC'I-algebra X is said to be closed if 0% @ € A for all € A. Note that
an ideal of a BC'I-algebra may not be a subalgebra in general, but every closed ideal of
a BCI-algebra is a subalgebra. An ideal A of a BC'I-algebra X is said to be strong if
rxye X\ Aforallz € Aandy € X\ A. A proper ideal A of a BC'I-algebra X is said to
be obstinate if v xy € A for all z,y € X \ A. A nonempty subset A of a BC I-algebra X is
called an associative ideal of X if it satisfies

e D€ A,
o (zxy)xz€ Aandy+z € Aimply x € Afor all z,y,z € X.

3. MaIN RESULTS

Throughout this section X is a BCI-algebra and k is a positive integer.

Definition 3.1. ([3, Definition 1]) For any nonempty subset I of X, the set
VIi={zreX|0xa* eI}
is called the k-nil radical of I.
Lemma 3.2. ([3, Theorem 2]) If I is a (closed) ideal of X, then so is V/1.
Theorem 3.3. If I is an associative ideal of X, then so is /1.
Proof. Let z,y,z € X be such that (z*y)*z € /T and y * z € /1. Then
((0*:vk)*(0*yk)) % (0% 2F) =0 ((l*y)*Z)k el

and (0 y*) x (0% 2F) = 0% (y * 2)¥ € I. Since I is an associative ideal, it follows that
0% 2F € I, that is, z € /1. Hence {/T is an associative ideal of X. O

Theorem 3.4. If I is a strong ideal of X, then so is ¥/1.

Proof. Let a € /T and 2 € X \ ¥/I. Then 0+ a* € I and 0+ 2% ¢ I. Since I is a strong
ideal, it follows from (p3) that

0#(axz)" =(0*a®)x(0*2%) € X\ 1,
that is, a x v € X \ T. Hence /T is a strong ideal of X. O
Theorem 3.5. Every k-nil radical of an obstinate ideal is also an obstinate ideal.

Proof. Let I be an obstinate ideal of X. Then I is an ideal of X, and so V/T is an ideal of
X (see Lemma 3.2). Let 2,y € X \ ¥/T. Then 0% z* € X \ I and 0% y* € X \ I. Since I is
an obstinate ideal, it follows from (p3) that

O (xxy) = (0xaF)x(0xy*)eT
so that x * y € ¥/1. This completes the proof. O
By means of [10, Corollary 3], we have the following corollary.
Corollary 3.6. Every k-nil radical of an obstinate ideal is a closed (¥)-ideal.

Definition 3.7. ([14]) A nonempty subset I of X is called a weakly implicative ideal of X
if it satisfies

e 0,
e z¢c[and ((:c*(y*x))*(O*(y*:c)))*ZEIimplyxEI,forallsc,y,zEX.

Note that every weakly implicative ideal is an ideal (see [14, Theorem 1]).
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Lemma 3.8. ([14, Theorem 4]) An ideal I of X is weakly implicative if and only if it
satisfies: for all z,y € X,

o (wx(yxa))*(0*(y*w)) €l implies x € I.
Theorem 3.9. If I is a weakly implicative ideal of X, then so is V/1.
Proof. If I is a weakly implicative ideal of X, then I is an ideal of X. Hence {/T is an ideal
of X (see Lemma 3.2). Let =,y € X be such that

(¢ (y*a) (0% (y*a)) € VT.

Then
(0% 2F) * (0% y*) * (0% 2%))) * (0% (0% y*) * (0% 2¥)))
(0 (z# (y *2))*) * (0% (0% (y+x))*)
0 (@ (y ) * (0% (y+2))" € L
It follows from Lemma 3.8 that 0 % 2% € I so that # € ¥/I. Hence, by Lemma 3.8, v/T is a
weakly implicative ideal of X. |

Definition 3.10. ([13, Definition 3.1]) A nonempty subset I of X is called an implicative
tdeal of X if it satisfies

e 0,
° (((x*y)*y)*(O*y))*zEIandzEIimply
#((y*(y*2))* (0% (0 (zxy)))) €1,
for all z,y,2 € X.

Note that every implicative ideal is an ideal, but not converse (see [13, Theorem 3.7]).

Lemma 3.11. ([13, Theorem 3.4]) Let I be an ideal of X. Then I is implicative if and
only iof it satisfies: for all x,y,z € X,

° ((x*y)*y)*(O*y) cl impliesJ:*((y*(y*x))*(O*(O*(g:*y)))) cl.
Theorem 3.12. Every k-nil radical of an wmplicative ideal is also an tmplicative ideal.

Proof. Let I be an implicative ideal of X. Then I is an ideal, and so ¥/T is an ideal of X.

For the convenience of notations, we use 0, instead of 0% z¥. Then 0, * 0y = Oz4y by (p3).

Let 2,y € X be such that ((m*y)*y) * (0% y) € V/I. Then

; ~ k
(00 % 0y) % 0y) # (0% 0y) = O((ray)uyys(ory) = 0% (((z xy) xy) * (0xy))" €1,

which implies

0*( y*x))*(o*(o*(f*y)))»k
= Ou(( y*(y*z)) (0%(0%(zxy))))
= 0, (0,, y*r) (0% (0% 074y )))
_ 01«*( (0, *0 NEICEI(E (Om*oy))))el

by Lemma 3.11. Hence

# ((y* (yx2) * (0% (0% (2 y)))) € VT,
and thus /T is an implicative ideal of X by Lemma 3.11. U

Definition 3.13. ([11, Definition 3.1]) A nonempty subset I of X is called a ¢-ideal of X
if it satisfies:

e 0€1,
e vx(yxz)elandy € Timply x+xz €I, forall z.y,z € X.
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Lemma 3.14. ([11, Theorem 3.3]) Every g-ideal is an ideal.

Lemma 3.15. ([11, Theorem 3.5]) Let I be an ideal of X. Then the following are equiva-
lent.

(i) I is a g-ideal of X.

(ii) % (0xy) € I impliesxxy € I, for all z,y € X.

(i) x* (y*2z) € I implies (x*xy)*z € I, for all z,y,z € X.
Theorem 3.16. Every k-nil radical of a g-tdeal 1s also a g-ideal.

Proof. Let I be a ¢-ideal of X. Then I is an ideal of X, and so /T is an ideal of X. Let
2,y € X be such that  x (0 +y) € V/I. Using (p3) and (p4), we have

(0% 2%) 5 (0% (0% y*)) = (0% 2%) % (0% (0% y)*) =0 (gc*(O*y))k el
Since [ is a ¢-ideal, it follows from (p3) and Lemma 3.15 that
0 (xxy)" =(0*2F)x(0xy™) el
so that @ * y € ¥/I. Therefore ¥/I is a g-ideal of X by Lemma 3.15. O

Definition 3.17. ([11, Definition 4.1]) A nonempty subset I of X is called an a-ideal of X
if it satisfies:

e 0€1l,
o (vxz)*(0xy)eland z € Iimply y*xx € I, for all z,y,2z € X.
Lemma 3.18. ([11, Theorem 4.3]) Any a-ideal is an ideal.

Lemma 3.19. ([11, Theorem 4.4]) Let I be an ideal of X. Then the following are equiva-
lent.

(i) I 15 an a-ideal of X.
(i) (zx2)*x(0xy) €] = yx(vxz) €l
(i) v« (0xy) el = yxz €I

Theorem 3.20. Every k-nil radical of an a-ideal is also an a-ideal.

Proof. Let I be an a-ideal of X. Then I is an ideal of X, and thus /T is an ideal of X.
Let z,y € X be such that = * (0*y) € /1. Then

(0% 2F) % (0% (0% y*)) = (0% 2F) % (0% (0% y)*) = 0« (gc*(O*y))k el,

which implies from (p3) and Lemma 3.19 that 0% (y * 2)* = (0 % y*) x (0 * 2*) € I. Hence
y*«x € VI, and so VT is an a-ideal of X by Lemma 3.19. a
Definition 3.21. ([12, Definition 3.1]) A nonempty subset I of X is called a sub-implicative
tdeal of X if it satisfies:

e 0],

° ((x*("c*y))*(y*x)) «z € land z € I imply y* (y*x) € I, for all z,y,2 € X.
Lemma 3.22. ([12, Theorem 3.3]) Every sub-implicative ideal is an ideal.

Lemma 3.23. ([12, Theorem 3.4]) Let I be an ideal of X. Then I is a sub-implicative ideal
of X if and only of

(zx(zxy))*x(yxa)el = yx(y*xa)el
for all v,y € X.

Theorem 3.24. If I is a sub-implicative ideal of X, then so is /1.
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Proof. Let I be a sub-implicative ideal of X. Then I is an ideal of X, and so ¥/T is an ideal
of X. Let z,y € X be such that (:r*(r *y)) *(y*a) € V/I. Then

(0 &™) 5 (05 &) % (05 y%))) # (0 ") % (0 2®)) = 0 ((wx (wxy)) * (y* )" € L.
Since [ is sub-implicative, it follows from (p3) and Lemma 3.23 that

0*(y*(y*gg))k:(0*yk) ((0*1} (O*I'k))EI
so that y * (y *x z) € V/I. Hence, by Lemma 3.23, V/T is a sub-implicative ideal of X. O

Definition 3.25. ([12, Definition 3.9]) A nonempty subset [ of X is called a sub-commutative
tdeal of X if it satisfies:

e 0€cl,
o (yx(yx(z*(vxy))))*z€landz€limplyzx(x*y) €l foralzy,zeX.

Lemma 3.26. ([12, Theorem 3.13]) Every sub-commutative ideal is an ideal.

Lemma 3.27. ([12, Theorem 3.12]) Let I be an ideal of X. Then I is a sub-commutative
tdeal of X of and only if

y*(y*(l*(r*y)))61:> zx(vxy) el
for allz,y € X.

Theorem 3.28. If I is a sub-commutative ideal of X, then so is ¥/1.

Proof. Let I be a sub-commutative ideal of X. Then [ is an ideal of X, and so YT is an
ideal of X. Let 2,y € X be such that y * (y* (z*(z*y )) € V/I. Then

) ) k
0, * (Oy * (0, % (0, Oy))> = Oyu(ys(ax(ary))) = 0% (y # (v * (v % (7 % y)))) cl.

Since [ is sub-commutative, it follows from Lemma 3.27 that
0 (& (a * y))k = Ops(ary) = Oz % Opay = 0z % (0, % 0y) € 1
so that z * (z *y) € /I. Therefore /T is a sub-commutative ideal of X. |
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