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ABSTRACT. Let M be a complete, simply connected Riemannian manifold with positive con-
stant scalar curvature, and T M its tangent bundle with the lift metric I4+1I1. If TM admits an
essential infinitesimal conformal transformation, then M is isometric to the standard sphere.
Furthermore if M is compact, then the assumption “essential” is reduced to “non-homothetic”.

1. Introduction

Let (M, g¢) be a Riemannian manifold and V its Riemannian connection. A transfor-
mation f of M is called a projective transformation if it preserves the geodesics, where
each geodesic should be confounded with a subset of M by neglecting its affine parameter.
Furthermore, f is called an affine transformation if it preserves the connection V. We then
remark that an affine transformation may be characterized as a projective transformation
which preserves the affine parameter together with geodesics.

Let V be a vector field on M, and let us consider a local one-parameter group {f;} of
local transformations of M generated by V. Then V is called an infinitesimal conformal
transformation if each f; is a local conformal transformation. V is called an infinitesimal
projective transformation if each f; is a local projective transformation. Similarly V' is called
an infinitesimal affine transformation if each f; is a local affine transformation. Clearly
an infinitesimal affine transformation 1s an infinitesimal projective transformation. Tlhe
\/E’
which is a space of positive constant curvature ¢, admits a non-affine infinitesimal projective
transformation.

converse is not true in general. Indeed the standard sphere S™(¢) with the the radius

As a converse problem, the following conjecture is known.

Conjecture A.  Let M be a complete, simply connected Riemannian manifold with
positive constant scalar curvature. Assume that M admits a non-affine infinitesimal pro-
gective transformation. Then is M isometric to the standard spherel)

Let TM be the tangent bundle over M. Then we can consider some lift metrics on T'M,
for example, the complete lift metric, the lift metric I+11, etc.
Recently one of the authors proved the following
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Theorem A ([Y3]). Let (M, g) be a complete, simply connected Riemannian mani-
fold with positive constant scalar curvature and T'M its tangent bundle with the complete
lift metric. If TM admits an essential infinitesimal conformal transformation, then M 1is
1sometric to the standard sphere.

In this paper, we prove the following

Theorem 1.  Let (M, g) be a complete, simply connected Riemannian manifold with
positive constant scalar curvature and T M ts tangent bundle with the lift metric 1+I11.
If TM admits an essential infinitestmal conformal transformation, then M is isometric to
the standard sphere.

Theorem 2.  Let (M, g) be a compact, simply connected Riemannian manifold with
positive constant scalar curvature and T M ts tangent bundle with the lift metric 1+I11.
If T'M admits a non-homothetic infinitesimal conformal transformation, then M s isomet-
ric to the standard sphere.

Therefore we have the following new conjecture.

Conjecture B.  Let (M, g) be a complete, simply connected Riemannian manifold
with positive constant scalar curvature and T'M its tangent bundle with the lift metric I+11.
Assume that TM admits a non-homothetic infinitesimal conformal transformation. Then
is M isometric to the standard sphere?

In the present paper everything will be always discussed in the C'*°-category, and Rie-
mannian manifolds will be assumed to be connected and dimension n > 1.
2. Preliminaries

Let (M, g) be a Riemannian manifold and V its Riemannian connection. Let V be a
vector field on M. It is well-known that V is an infinitesimal conformal transformation if
and only if there exists a function ¢ on M satisfying

Ly g=1vg,

where Ly is the Lie derivation with respect to V. In this case, ¢ is called the associated
function of V. Especially, if ¢ i1s constant, then V is called an infinitesimal homothetic
transformation. Furthermore, V is an infinitesimal isometry if and only if ¢ is zero constant.
A vector field V on M is an infinitesimal projective transformation if and only if there exists
a l-form {2 on M satisfying

(LyV)(X, V) = 2(X)Y + 2(Y)X

for any X, Y € TL(M). In this case, §2 is called the associated 1-form of V.
We have the following Tanno’s Theorem ([O], [T]):

Lemma 1. Let (M, g) be a complete, simply connected Riemannian manifold. In
order that M admits a non-constant scalar function f on M satisfying

VieViVif 4+ ¢(2gi;Vif + 90V f +9;:Vef) =0

for some positive constant ¢, it is necessary and sufficient that M 1s isometric to the standard

1
sphere of radius —.

Nz

One of the authors proved the following
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Lemma 2 ([Y1]). Let (M, g) be a compact, simply connected Riemannian manifold
with constant scalar curvature S. If M admits an non-affine infinitesimal projective trans-
formation, then S s positive and M is isometric to the standard sphere.

Let Fjih be the coefficients of V,i.e., V5.0; =: Fjiaﬁa, where 0 1= - and (z") is the
z
local coordinates of M. We define a local frame {E;, E;} of TM as follows:

By =0; —y’T;,%0z and E;:=0;,

= aa.. {E;, E;} is called the
yZ
adapted frame of 7M. Then {dz", dy"} is the dual frame of {F;, E;}, where dy* =
dy" + beabhdxa.
By straightforward calculations, we have the following

where (2", y*) is the induced coordinates of TM and &; :

Lemma 3. The Lie brackets of the adapted frame of T M satisfy the following tdenti-
ties:

(1) [£), Ei]= bez’jbaEaf

(2) [Ej, E5]=T}"Fa,

(3) [£5, E]=0,

1

where K = (Kkjih) denotes the Riemannian curvature tensor of M defined by Kka’h =
Oklji® = 050t + I Ly = T "

Lemma 4. Let V be a vector field on TM. Then

(1) Lypki= [‘7, Ei] = —(Eif/a)Ea + (vcyb[(icba - vabi ‘- Eif/a)E@f
(2) LVE{' = [‘7a E{] = _(&ﬁa)Ea + (‘7be2' 4 — &ﬁa)E&;

(3) Lgdaeh = (BE,V*)dz® + (95V")dy",

(1) Lgdy" = {y VK, P+ VI, " + BV et — (VOI,, 0 — 9:VP)eye,
where (‘7h, 175) = VeE, + ViE, = V.

We denote by T% (M) the set of all tensor fields of type (r, s) on M. Similarly, we denote
by T%(TM) the corresponding set on T M.

3. Infinitesimal conformal transformations on TM

Let (M, g) be a Riemannian manifold and TM its tangent bundle. The lift metric T4+11
is defined by § = gpada®dz® 4+ 2gp,dxz"y®. A vector field V on 7'M is an infinitesimal
conformal transformation if and only if there exists a function p on T'M such that

Lyi =2 §.
The infinitesimal conformal transformation V' is said to be essential if 7 depends on (y")

essentially ([Y3]). The infinitesimal conformal transformation V' on T'M is said to be
inessential if § depends only on (z").
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Proposition.  Let (M, g) be a Riemannian manifold and T M its tangent bundle with
the lift metric I+11. Then V is an wnfinitesimal conformal transformation with the associated
function § on TM if and only if there exist » € TS(M), B = (B"), C = (C*), & = (&") €
Ti(M)and A = (A;*) € TH(M) satisfying

3.1) (VR VE) = (Bh +y*A)l, C" = g3 (A + gV, B,) + (20 + 42, )y"),
ﬁ: 1/) + ya@a’
Aji+ Ay =0,

VAR = gt — dhy,,

Lptc 95i = V;Ci + ViC; + V;B; + Vi B; = 2¢gi,

Lply" = V;ViB" + K ;" B* = W8l + ;6 — g;:0",

V,0; + Vib; = 0,

KakjiAy' = —gi; Vi@ + g1 V@,

where (‘7h, 175) = VeE, +ViE, = ‘7, Wi = 0i¢, and Aj; = A %gai ete.

Proof. Here we prove only the necessary condition of Proposition because it is easy to
prove the sufficient condition.

Let V' be an infinitesimal conformal transformation with the associated function p on
TM. Here we have

(Lyg) = {29aj(yc‘~/bf(bica + ‘75Fbia + Ezf/a) + ﬁa@aﬂji + 29aiEj‘7a}dl‘jdl‘i
+ 2{‘7a6agji + gaiEj‘f;a - gaj(f/bpiba — V") + gaj&f/a}dl’jéyi
+ 29ai(8jva)5yj6yi~

From Lypg =209 =2p gjidaddr’ 4+ 4p gj;dzi Sy’ we obtain

(3.9) 9ai05V + gaj OV =0,
(3.10) VOagji + 9ai BV = gag (VT = 0V = V%) = 27 g
and

VE9agji + 9aj (4 VO Kyt + VP, + BV + EVY)
(3.11) + 0ai (VK + VT, + BV + BT
=2p gji-

From (3.9) there exist B = (B") € T{(M) and A = (4,;*) € T+(M) satisfying
(3.12) Vh=Bh 4 y®Al and Ay + Ay =0.
Substituting (3.12) into (3.10), we have

(3.13) ViBi = Aji + 9005V + ¥ ViAai = 27 gji.
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Operating J; to (3.13), we have
Vi Aki + 90 005V = 29;i O,

from which, changing the roles of & and ¢ and comparing these equations, we get

(3.14) ViAri = 95i0rp — gr;Oip-

Here we put &; := ﬁVaAia. Transvecting (3.14) by ¢’¢, we obtain
(3.15) O p = On,

from which

(3.16) ViAji = Pigri — Pigrj

and

(3.17) p=1+y'd,,

where ¢ is a function on M. Substituting (3.16) and (3.17) into (3.13), we have
(3.18) VI =Ch =y (A + g"VuBa) + (20 + v Ba)y",
where C' = (C") is a vector field on M.

Substituting (3.12), (3.16), (3.17) and (3.18) into (3.11), we have

(3.19) Lpyc 9ji = V;Ci+ViCj +V;B; +V;Bj = 2¢ g3,
(3.20) Lply" =V;ViB" + K ;" B* = ;8] + W8} — g;;0"
and

(321) [(aijkAha + [(aijhAka + [(ajikAha + [(ajihAka

= gi;ViPh + gn; ViPr + g1i Vi Py + gni V; Py
Transvecting (3.21) by ¢*", we get
(322) v]’@i + Vi@j =0.

Lastly we pove
(3.23) Kakii Ay = —gu;Vi®n + g1 VP
In fact, we put Pyjin := Kagjid," +91;Vi®Ph — g1V Pr. Then (3.21) is rewritten as follows:
(3.24) Pigin + Pipji + Pigin + Pipi = 0.
By virtue of the first Bianchi identity, we have
(3.25) Pyjin + Pjign + Pigjn = 0.
On the other hand, applying the Ricci identity to (3.4), we get
(3.26) Prjin + Prijn = 0.

Using (3.24), (3.25) and (3.26), we obtain Py;;, = 0, i.e., (3.23). This completes the proof
of the necessary condition.

Q.E.D.
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Corollary 1. Let (M, g) be a Riemannian manifold and TM its tangent bundle
with the lift metric I4+11. Then V is an inessential wnfinitesimal conformal transformation
with the associated function 1 on TM if and only if there erist B = (B"), C = (C") €
Ti(M)and A = (A;*) € TH(M) satisfying

1) (Vh, Vh) = (B" +y Al CF =y (A) + ¢""VBa) + 299",
2) Aj;+ Ay =0,
3) V4" =0,

Lptc 95i = V;C 4+ V;C; + V;B; + V;Bj = 24 gj4,
Lyl =V;ViB" + K,;;" B = w5 + w6t
KarjiAL =0,

where (f/h, ‘75) = Vg, + ViE, =V and ¥; = Vi = ;.

4. Proofs of Theorems

Proof of Theorem 1.

Let (M, g) be a complete, simply connected Riemannian manifold with positive constant
scalar curvature S, and 7'M its tangent bundle with the lift metric I+1I: § := gpodabdz® +
20padz?dy®. Assume that TA admits an essential infinitesimal conformal transformation
V.

Operating V; to (3.8) and using (3.4), we have

(4.1) (ViKarji) Ayt = —Kiuji®n + gin Karji @ — gi;ViVi®@h + griViVi@p.
Transvecting (4.1) by ¢'* and using the Ricci identity, we get

(4.2) (Vo Karji) A% = (n — 1) K3 ji®® — 93;VaVi®* + g1iVaV,;0°
= (n— 1)Karji®" — grj Rai®® + griRa;P°,

where R = (Rj;;) is the Ricci tensor of M.
On the other hand, using (3.7) and (3.8), we have

(4.3) Kpjia A = V;®;.
Operating Vj, to (4.3), and using (3.4) and the first Bianchi identity, we find

(Vkajm)Ab“ = —[(bjiavaba + VkV]@Z
= Vi V@ + K59,

from which, we obtain

(Vp K gpji) A%
= (VZ'Kakjb — VjKakz’b)Aba
(4.4) =ViV;® + Kuiju®" — V;ViPp + Kujin®”

= _([{akjl + [{ajzk + [(Gikj)@a
=0.
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Therefore (4.2) is reduced to

(45) (n — l)ffakji@a = (gijai — gkiRaj)@a.

Transvecting (3.8) by ¢*/, we have
(4.6) RuiA)® = (n— 1)V, &;.
Operating Vj, to (4.6) and using (3.4), we have
(4.7) (n = 1)ViV;®; = (Vi Rai) A;* + Rpi®b; — gij Rai®®,
from which, since the scalar curvature S of M is constant, we obtain
(4.8) nRa®" = S&;.
From (3.4) and (4.6), we have
(4.9) RajA;®* + Rai A = 0.
Operating Vj, to (4.9) and using (3.4), we get
(4.10) Qrji = —Qkij,

where Quji = (ViRa;)A;% + Rij @i — gujRai®®. Tranvecting (4.1) by ¢'® and using the
second Bianchi identity and the Ricci identity,

(4.11) (VjRai — ViRa;) A" = 0.
From the definition of @@ = (Qx;;) and (4.11), we get

(4.12) Qrji = Qjki-

Therefore, using (4.10) and (4.12), we obtain Qgj;; =0, i.e.,
(4.13) (Vi Raj)A;® = —Rij®; + gij Rai®".
Substituting (4.13) into (4.7) and using (4.5), we obtain

(4.14) Lely" = V;Vid" + K" = 0.

n(n—1)

, 25
(4.5) by @" and using (4.8), we obtain

Here we put f := @,D%. First we assume that f is non-constant. Transvecting

(4.15) Fy=Vif = 4;,°®a.
where F; :=V;f = 0;f. Operating V; to (4.15) and using (3.4), we have
(416) v]’FZ’ = Aiav]’@a + @j@i — (@a@a)gji

S
2 )fgji~

= A VB, + B — ———
7 J + J n(n—l
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Operating Vj, to (4.16), and using (3.4), (4.5) and (4.14), we obtain

S 25
= A By — —————Figpi + OjVy®; — ————Frg;i
ViV; ViV nn—1) G9ki + PV nn—1) k9
. S
(4.17) = — A " Kppjo@° + +0; V. &; — m(QFkgji + Figki)

S
= —m(QFkgji + Figui + Figrj).

Therefore, by virtue of Lemma 1, M is isometric to the standard sphere.

Next, we assume that f is constant. Then f is non-zero because the infinitesimal con-
formal transformation V' is essential. From (4.15) we have

(4.18) AP, = 0.
Transvecting (4.5) by A,!, and using (3.8), (4.6) and (4.8), we have

S
(RahAka — EAkh)@j = 0,

from which, because f is non-zero constant, we get

S
(4.19) RanA" =~ A

Substituting (4.6) and (4.19) into (3.8),

KarjiAy' = =g Vi@h + gri Vi Pn
1

m(gijai — griRaj) AL

S

= —————(griAjn — gr; Ain).
n(n—l)(gk ih = 9rjAin)

Operating V; to (4.20), and using (3.4), (4.5) and (4.8), we get

(4.20)

(4.21) (ViKagji) Ay + Kigji®p = m(gligkj — 91;98:)Ph.

Because f is non-zero constant, transvecting (4.21) by @ and using (4.18), we obtain

. S
(4.22) Kigji = m(gugm = 913 9ni)-

Thus M 1s a space of positive constant curvature. Therefore M 1s isometric to the standard
sphere.

Q.E.D.

Proof of Theorem 2.

Let V be a non-homothetic infinitesimal conformal transformation on TM. If ‘Z is
essential, then M is isometric to the standard sphere by virtue of Theorem 1. If V is
inessential, then there exists a non-affine infinitesimal projective transformation B on M
by virtue of Corollary 1 (5). In fact, the associated function ¢ of V is non-constant, i.e.,
the associated 1-form ¥ = (¥;) of B is non-zero, because V is non-homothetic. Therefore,
by virtue of Lemma 2, M is also isometric to the standard sphere.

Q.E.D.
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