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ROUGHNESS OF IDEALS IN BCK-ALGEBRAS
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ABSTRACT. As a generalization of ideals in BC' K-lagberas, the notion of rough ideals is
discussed.

1. INTRODUCTION

In 1982, Pawlak introduced the concept of a rough set (see [5]). This concept is funda-
mental for the examination of granularity in knowledge. It is a concept which has many
applications in data analysis (see [6]). Rough set theory is applied to semigroups and groups
(see [2, 3]). In this paper, we apply the rough set theory to BC K -algebras, and we intro-
duce the notion of upper/lower rough subalgebras/ideals which is an extended notion of an

ideal in a BC K-algebra.

2. PRELIMINARIES

Recall that a BC'K-algebra is an algebra (X, *,0) of type (2,0) satisfying the following
axioms: for every x,y,z € X,

o ((zxy)x(zx2))x(zxy) =0,
o (zx(wxy))ry=0,

o vxx =0,

e Oxx =0,

rxy=0and y*xz =0 imply » = y.

For any BC K-algebra X, the relation < defined by z < y if and only if x xy = 0 is a
partial order on X. A nonempty subset S of a BC K-algebra X is said to be a subalgebra
of X if ¥ xy € S whenever z,y € S. A nonempty subset A of a BCK-algebra X is called
an ideal of X, denoted by A < X, if it satisfies

e D€ A,

e vxy € Aandy € Aimply z € A for all z,y € X.

Note that every ideal of a BC' K-algebra X is a subalgebra of X.

Let V be a set and E an equivalence relation on V and let P(V') denote the power set of
V. For all € V, let [z]g denote the equivalence class of @ with respect to E. Define the
functions E_, E~ : P(V) — P(V) as follows: VS € P(V),

E_(SY={2s€V|[z]g CS} and E7(S)={z €V |[z]g NS #£0}.
The pair (V, E) is called an approzimation space. Let S be a subset of V. Then S is

sald to be definable if E_(S) = E~(S) and rough otherwise. E_(S) is called the lower
approzimation of S while E~(S) is called the upper approzimation.

2000 Mathematics Subject Classification. 06F35, 03G25.
Key words and phrases. lower/upper approximation, definable subset, lower/upper rough
subalgebra/ideal.



116 Y. B. Jun

3. ROUGHNESS OF IDEALS

Throughout this section X is a BC' K -algebra. Let A be an ideal of X. Define a relation
O on X by
(v,y) €O ifand only if v *y € A and y*a € A.
Then O is an equivalence relation on X related to an ideal A of X. Moreover © satisfies
(x,y) € © and (u,v) € O imply (z *u,y*xv) € O.
Hence © is a congruence relation on X. Let A, denote the equivalence class of = with
respect to the equivalence relation © related to the ideal A of X, and X/A denote the
collection of all equivalence classes, that is, X/A = {A, |+ € X}. Then Ag = A. If A, % A,
is defined as the class containing x * y, that is, Ay * Ay, = Azyy, then (X/A, %, Ag) is a
BC K-algebra (see [4]). Let © be an equivalence relation on X related to an ideal A of X.
For any nonempty subset S of X, the lower and upper approximation of S are denoted by
O(A; S) and O(A; S) respectively, that is,
O(A;S)={rc X |A, CS} and O(4;9) ={zr c X |A, NS #£D}.

If A= S, then ©(4;5) and O(A; S) are denoted by O(A) and O(A), respectively.

Example 3.1. (1) Let X = {0,1,2,3} be a BC K-algebra with the Cayley table as follows
(see [4]).

<o 1 2 3
00 00 0
1100 1
22 2 0 2
313 330

Let A = {0,1} < X and let © be an equivalence relation on X related to A. Then Ay =
A = A A, = {2}, and Ay = {3}. Hence ©(4:{0.2}) = {2} = O(A: {2}), O(A: {0}) =
0, ©(4;{0,3}) = {3}, ©(4;{0,1,3}) = {0,1,3} <« X, O(4;{0,2}) = {0.1,2} <« X, and
O(4;{0,3}) ={0,1,3} <« X.

(2) Let X ={0,1,2,3,4} be a BC K-algebra with the Cayley table as follows (see [4]).

*0 1 2 3 4
010 0 0 0 O
111 0 0 0 O
212 2 0 2 0
313 3 3 00
414 4 4 4 0

Consider A = {0,1,2} << X and let © be an equivalence relation on X related to A.
Then the equivalence classes are as follows: Ay = A; = Ay = A, Az = {3}, and A4
{4}. Thus O(4;{0,1,3}) = {3}, O(4:{0,2,4}) = {4}, ©(4;{0,1,2,3}) = {0,1,2,3}
X, 0(4;{0,1,2,4}) = {0,1,2,4} <1 X, 0(4;{0,2}) = {0.1,2} <1 X, and ©(4;{0,3})
{0,1,2,3} < X.

In Example 3.1, we know that there exists a non-ideal U of X such that O(A;U) < X;
and there exists a non-ideal V of X such that ©(4;V) < X, where O is an equivalence
relation on X related to A < X.

Al

Proposition 3.2. Let © and ¥ be equivalence relations on X related to ideals A and B of
X, respectively. If A C B, then © C V.

Proof. If (z,y) € O, then xxy € AC Bandy*x € A C B. Hence (z,y) € ¥, and so
O CVU. U
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Proposition 3.3. Let © be an equivalence relation on X related to an ideal A of X. Then
(1) ©(4;5)C S CO(4 S) ‘V’SET’( ).

(2) O(4SUT)=0(A;S)UB(A4;T), VS, T € P(X).

(3) B(A;5NT) = 0O(4; Q(A T), VS, T € P(X).

(4) VS, T € P(X), SCT $ O(4;8) CO(A;T) and O(4;8) C O(4;T).

(5) O(A;SUT) D O(A;S)UB(A:T), VSTEP(X)

(6) O(A; SOT)CO(A S)YNO(A;T), ¥S,T € P(X).

(7) If © is an equivalence relation on X related to an ideal B of X and if A C B, then

®|'¢4

(4;8) C¥(B;S), ¥S € P(X).

Proof. (1) is straightforward.
(2) For any subsets S and T of X, we have

T €O(ASUT) & A, N(SUT)#D
s (A;NSHU(A,NT) £
& A, NS#EDor A,NT
& 1€0(4;9) o
& 1Ee0(A4S
and hence O(A4; SUT) = O(4; S)UO(A4; 7).
(3) For any subsets S and T of X we have

TEeOASNT) & A, CSNT
&S A, CSand A, CT
& T€0(A;S) and € O(A4;T)
& T€OAS)NOA;T).

Hence ©(A; SNT) =0(A4;S)NO(A;T).
(4) Let S,T € P(X) be such that S CT. Then SNT =S and SUT = T. It follows
from (3) and (2) that

O(A;8) =0(4;SNT)=0(4;5)NO(AT)

and

O(4;T) =0(A;SUT) =0(A4; S)UB(A; T),

which yield ©(4; S) C O(A;T) and O(A; S) C O(A; T), respectively.
(5) Since S CSUT and T C SUT, it follows from (4) that

(A4;9) CO(A;SUT) and O(A;T) CO(A; SUT).

Thus O(A4; S)UO(A;T) CO(A; SUT).
(6) Since SNT C S, T, it follows from (4) that

O(A;SNT)CO(A;S) and O(A4;SNT) C O(A;T)

so that ©(4; SNT) C O(4;S)NO(A4;T).

(M Ifzxe 6(14; S), then A, NS # 0, and so there exists a € S such that a € A,. Hence
(a,7) € O, that is, a*x € A and v *a € A. Since A C B, it follows that a xz € B
and = * a € B so that (a,z) € U, that is, a € B,. Therefore a € B, N S, which means
x € ¥(B;S). This completes the proof. O

[©)

Proposition 3.4. Let © be an equivalence relation on X related to any ideal A of X. Then
O(4; X) = X = O(4; X), that is, X is definable.

Proof. 1t is straightforward. O
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Proposition 3.5. Let © be an equivalence relation on X related to the trivial ideal {0}
of X. Then O({0};S) = S = O({0};S) for every nonempty subset S of X, that is, every
nonempty subset of X is definable.

Proof. Note that {0}, = {z} for all 2 € X, since if a« € {0}, then (a,2) € © and hence

a*xz=0and 2 *a=0. It follows that « = ». Hence
O({0}:5) = {x € X | {0}, C S} = §
and B
@({0};5) ={ze X |{0},NS£0}=5.
This completes the proof. a

Remark 3.6. Let O be an equivalence relation on X related to an ideal A of X. If B is
an ideal of X such that A # B, then O(A4; B) is not an ideal of X in general. For, consider
a BCK-algebra X in Example 3.1(2) and an equivalence relation © on X related to the
ideal A = {0,1,2}. If we take an ideal B = {0,1,3} of X, then A # B and O(A4; B) = {3}
which is not an ideal of X.

Definition 3.7. Let © be an equivalence relation on X related to an ideal A of X. A
nonempty subset S of X is called an upper (resp. a lower) rough subalgebra/ideal of X
if the upper (resp. nonempty lower) approximation of S is a subalgebra/ideal of X. If
S is both an upper and a lower rough subalgebra/ideal of X, we say that S is a rough
subalgebra/ideal of X.

Theorem 3.8. Let O be an equivalence relation on X related to an ideal A of X. Then
every subalgebra S of X is a rough subalgebra of X.

Proof. Let v,y € O(A;S). Then A, C S and Ay C S. Since S is a subalgebra of X it
follows that A,., = A, * A, C S so that z *xy € O(4;5). Hence O(4;5) is a subalgebra of
X. Now if 2,y € O(A; S), then A, NS # @ and A, NS # ), and so there exist a,b € S such
that a € Ay and b € A,. It follows that (a,2) € © and (b,y) € O. Since O is a congruence
relation on X, we have (a # b,z * y) € ©. Hence a xb € Ay.y. Since S is a subalgebra of
X, we get axb € S, and therefore a *b € Ay, NS, that is, Ay NS # 0. This shows
that = x y € ©(4;5), and consequently O(A; S) is a subalgebra of X. This completes the
proof. O

Corollary 3.9. Let O be an equivalence relation on X related to an ideal A of X. Then
O(A) (# 0) and O(A) are subalgebras of X, that is, A is a rough subalgebra of X.

Proof. Tt is straightforward. a

Theorem 3.10. Let © be an equivalence relation on X related to an ideal A of X. If U is
an 1deal of X contamning A, then

(1) ©(A;U) (£ 0) is an ideal of X, that 1s, U is a lower rough ideal of X.

(2) ©(A;U) is an ideal of X, that is, U is an upper rough ideal of X.
Proof. Let U be an ideal of X containing A. Let @ € Ag. Thenx € A C U, and so 49 C U.
Hence 0 € ©(A;U). Let z,y € X be such that y € O(4;U) and v xy € ©(A : U). Then
Ay, CUand A, Ay = Ay CU. Let a € A, and b€ A,. Then (a,z) € © and (b, y) € O,
which implies (a*b, z*y) € ©. Hence a*b € A,y CU. Sinceb € A, C U and U is an ideal,
it follows that a € U so that A, C U. Thus @ € O(A;U). This shows that ©(A;U) is an
ideal of X, that is, U is a lower rough ideal of X. Now, obviously 0 € ©(A;U). Let z,y € X
be such that y € O(A;U) and 2 +y € O(4;U). Then A, NU # 0 and Ayuy NU # 0, and so
there exist a,b € U such that « € Ay and b € A,,y. Hence (a,y) € © and (b,z +y) € O,
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which implies y*a € A C U and (x *y)*xb € A C U. Since a,b € U and U is an ideal,
we get y € U and x xy € U; hence v € U. Note that v € A;, thus « € A, N U, that is,
Ay NTU # 0. Therefore v € O(A;U), and consequently U is an upper rough ideal of X. O

Corollary 3.11. Let © be an equivalence relation on X related to an ideal A of X. Then
O(A) (# 0) and O(A) are ideals of X, that is, A is a rough ideal of X.

Theorem 3.10 shows that the notion of an upper (resp. a lower) rough ideal is an extended
notion of an ideal in a BC K -algebra. The following example provides that the converse of
Theorem 3.10 may not be true.

Example 3.12. (1) Let X = {0,1,2,3,4} be a BC K-algebra with the Cayley table as
follows (see [4]).

*0 1 2 3 4
0/0 0 0 0 O
1/1 01 0 1
212 2 0 20
313 3 3 0 3
414 4 4 4 0

Consider A = {0,2} < X and a subset U = {0,2,3} of X which is not an ideal of X. Let
© be an equivalence relation on X related to A. Then Ay = Ay = A, 4 = {1}, Ay = {3},
and Ay = {4}. Hence O(4;U) = {0,2} < X.

(2) Let X ={0,1,2,3,4} be a BC K-algebra with the Cayley table as follows (see [4]).

*0 1 2 3 4
0/0 0 0 0 O
17101 0 0
212 2 0 2 0
313 3 3 0 3
414 4 4 4 0

Consider B = {0,2} <X and let ¥ be an equivalence relation on X related to B. Then all
equivalence classes are By = By = {0,2}, By = {1}, B; = {3} and By = {4}. Note that
V ={0,1,4} is not an ideal of X, but ¥(B;V) = {0,1,2,4} <1 X.
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