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ABSTRACT. For a d-dimensional simplicial complex A C TR? such that A and all
its links are pseudomanifolds, we consider the module C'®(A) of mixed splines. In
particular, we study the freeness of the module C'* (3) for a triangulation A C IR?
of a topological disk and for a non-negative integer vector a of length f{(A), where
A C R? is the join of A with the origin in IR® and ff(A) is the number of interior
edges in A. We completely characterize A for which Ca(g) is free for any non-negative
integer vector a. Moreover, we obtain a method for determining whether C* (3) is
free for a triangulation A C IR? of a topological disk which has a totally interior edge,
and for a generic non-negative integer vector «.

Introduction. Let A ¢ IR? be a d-dimensional simplicial complex such that A and all
its links are pseudomanifolds. We define C"(A) to be the set of piecewise polynomial
functions on A which are continuously differentiable of order r. The elements of C"(A)
are also known as C"-splines. Such functions are used in the finite element method for
solving partial differential equations, and play an important role in computer-aided design
and computer graphics.

Fundamental problems in spline theory are to determine the dimension of the vector space
C;(A) over IR which consists of C"-splines of degree at most k, to determine whether the
module C"(A) is free, and to determine whether the module C”(ﬁ) is free, where A c R
is the join of A with the origin in R*™. The algebraic structure of C"(A), including these
problems, has been studied by [1], [2], [3], [4], [7]. [8], [9], and [10]. In this paper, we consider
the set C*(A) of mixed splines, which are obtained by extending C"-splines.

We denote the set of i-faces of A by A;, the set of interior i-faces of A by A? (all d-faces
are considered interior), and the set of interior faces of A by AY. Moreover, f;(A) denotes
the number of i-faces of A, and f?(A) denotes the number of interior i-faces of A. Let
t = fa(A). We fix an ordering oy, ...,0; of the elements in Ay4. For this ordering, we can
represent F'in C*(A) as a t-tuple F = (f1,..., fi) of polynomials, where f; = F|,, for each

i=1,...,t, and we can view C*(A) as a module over the polynomial ring in d variables.
Similarly, Ca(ﬁ) is a module over the polynomial ring in (d 4 1) variables. It is natural to
consider the above fundamental problems for mixed splines. One of these problems is the
determination of the dimension of C}¥(A) as a vector space over IR, where C¥(A) is the set
of F = (f1,..., fi) in C*(A) such that, for each i, f; has degree at most k. In [3], Billera
and Rose showed how the theory of Grébner bases can be used to compute the dimension
of C7(A) as a vector space over IR as well as the explicit basis for this vector space (see also
[5] for the theory of Grobner bases). In the same way, we can use the theory of Grobner
bases to compute the dimension of C(A) as a vector space over IR as well as the explicit
basis for this vector space. Moreover, in [6], Geramita and Schenck derived a formula for
the dimension of C2(A) in high degree in the case d = 2.
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We focus on the problem of the freeness of the module C“(ﬁ) This problem is useful,
since if C“(ﬁ) is free, then C*(A) has a reduced basis (see [4] for the materials on reduced
bases). In this paper, we study the freeness of the module C“(ﬁ) for a triangulation A C IR
of a topological disk.

We call an edge 7 € A totally interior, if both vertices of r are interior vertices. We
say that o = (ar,...,ar) € ZS (e = fL(A) = f2(A)) is generic if ar, # ar, for any
v € AY and for every pair 7, 7; € AY such that v € 7; and v € ;. For each ; € AY, let
l;, € R = R[z,y, z] be the homogeneous linear polynomial defining the plane containing

7; C IR®, where 7; is the convex hull of 7; and the origin in IR*. Moreover, for each v € A,
ar. 41

we set H, = rlrj] : v € 7j} and construct the set L, C H, in the following manner.
oz.rq+1 +1

ar,+1 ar
If there are [-,” , I5, € H, such that [, = I and o, < o, then we remove [;*

from H,. Moreover, for each totally interior edge 7 € A and for each vertex v, € AJ of 7,
- ar. +1 -
weset K, :={7,€ A} : 17 €L, , a; <a;}andm, =|K,]|

The main results in this paper are as follows:
Theorem 3.4. The module C“(ﬁ) over R is free for all o € Zezo if and only of A
possesses no totally interior edge.

Theorem 3.11. Let A C R? be a triangulation of a topological disk which has at least
one totally interior edge, and let o € ZS be generic. Then, C*(A) is a free R-module if
and only if, for any totally interior edge T € AY, there exists a verter v, of T such that

either (1) or (ii) below is satisfied:
(i) @2~ ¢ Ly, ;
(ii) @2+t e L, ,my >2, and
Z (o +1) —ma,

T; € R’v-r

ar+1>

My, — 1

r

This paper is organized as follows. First, in Section 1, we introduce some preliminary
notions on simplicial complexes. Second, in Section 2, we define the set C*(A) of mixed
splines and describe some algebraic properties of C*(A) and Ca(g). Finally, in Section
3, we focus on the freeness of Ca(g) for a triangulation A C IR* of a topological disk. In
particular, we prove our main results above.

1 Preliminaries. A simplicial complez in IR? is a finite set A of simplices in IR? such
that

(i) if o € A, then each face of ¢ is in A;
(ii) if o, 7 € A, then o N 7 is a face of o and of 7.

If A is a simplicial complex in IR?, each simplex of A is called a face of A. Moreover, the
dimension of A is defined to be

dim A := max{dimo : 0 € A}.
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Let A be a simplicial complex in IR? and let ¢ be a face of A. Then, the link of o in A
is defined by

linka(o):={r € A:on7=0,and CONV(cUT) € A}.

Moreover, we set linka (1) = A.
We say that a d-dimensional simplicial complex A in IR? is a pseudomanifold if the
following conditions are satisfied:

(1) each face in A such that its dimension is less than or equal to d — 1 is a face of some

d-face in A,
(i) for any two d-faces o, o' € A, there is a sequence of d-faces
_ _ !
0 =01,02y...,0p, =0

such that each o; N o4 is a (d — 1)-face of A foreach i, 1 <i<m —1.

2 The module C%(A) and its algebraic properties. In this section, let A be a d-
dimensional simplicial complex in IR? such that A and all its links are pseudomanifolds.
Let R = R[z1,...,2q]. We now define C"(A) more explicitly.

Definition 2.1. Forr € Z>g and A C R, C"(A) is the set of functions F : |[A| — IR
such that

(i) F|y is given by a polynomial in R for all o € Ay;
(ii) F is continuously differentiable of order r.

Let ¢t = fa(A). Given an ordering oy,...,0; of Az, G € C"(A) can be represented as a
t-tuple of polynomials in R, i.e., G = (g1,...,g¢), where each g; is just Gl|,,. If 03,05 € Ay
are adjacent (i.e., 0; No; € Ay ), let I» € R be the linear polynomial defining the affine
hyperplane containing 7 = 0; Noj; € AY .

Proposition 2.2 ([3, Corollary 1.3]). Let F be a piecewise polynomial function on A C RY,
and for each i, 1 <i <t let fi = Fl|o; € R. Then F = (f1,...,ft) € C"(A) if and only if,
for every adjacent pair o;,0; € Ay, fi — fj € (ITHY), where 1 =0, No; € AY_,.

By Proposition 2.2, the elements of C"(A) are piecewise polynomial functions F =
(fi,..., fi) such that, for every adjacent pair o;,0; € Ay, the partial derivatives up to
order r of f; and f; agree at every point in 7 =o; No; € AY .

Mixed splines are obtained by extending C"-splines. Let e = f§ | (A). We fix an ordering
Tiy...,7e of AY . We now define mixed splines.

Definition 2.3. For A C R and o = (ar,,...,0.) € Z%,, C*(A) is the set of functions
F: |A] — IR such that -

(i) F

o; 1s given by a polynomial in R for all o; € Ay;

(ii) for every adjacent pair o;,0; € Ay, the partial derivatives up to order ar, of F|,, and
127,

@

F|U]. agree at every point in 7, = 0; Noj € Ag_l., that is, F|y, — F|Uj € (

We call the elements of C*(A) mized splines.
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Figure 1:

Note that if oy, = r for every s, 1 < s < e, then C*(A) is the set of C"-splines, that is,
C"(A).

Example 2.4. Let A ¢ IR? be the simplicial complex shown in Figure 1. Let 7 = o7 N o,
Ty =09 No3, T3 =03 Noy, and 74 = 01 ﬂ 4. Then lry =1y =2, and I, =17, = y. Let
a = (1,2, 3,4). Then, for example, (y°, z*+y°, 21, 0) € C*(A), and (y°, 2*+y°, 2, 2%) ¢
C*(A).

We now describe some important properties of C*(A). Let ¢t = f4(A). Fixing an ordering
O1y...,00 of Ay, we can represent F' € C*(A) as a t-tuple of polynomials in R, ie., F =
(fiy ., ft), where f; = F|,, € R{or each 4. In this way, we can view C'%(A) as a submodule
of R'. Moreover, we can easily see that C'®(A) is a finitely generated R-module of rank ¢.

We say that A is central if there is some vertex v € A such that every o; € Ay contains
v. For example, the simplicial complex in Figure 1 is central. If A is central, then C*(A)
is a graded R-module. R

Let A ¢ R? and R = R[zy,...,24). We define A ¢ R in the following manner. We
think of A as a subset of the hyperplane 2441 =1 C IR, Let A be the j join of A with
the origin in IR”*", which we define to be the complex AU{6 :0 € A}, where & denotes
the convex hull of o and the origin in R™*". Then, Ais a (d 4+ 1)-dimensional simplicial
complex in R 41 such that A and all its links are pseudomanifolds. Therefore, for A C IRd
we can consider the set CO‘( ). Since Ais central, C*(A) is a finitely generated graded
R-module of rank fa+1(A) = fa(A), where R= Rz1,. .., Tat1]-

In the next section, we will focus on the problem of the freeness of the module Co‘(ﬁ) in
the case d = 2.

3 Conditions for C”(&) to be free when d = 2. Let d = 2 and R = R[z,y, z]. The
module C’”(&) over R can be free only if A C IR? has genus zero. So, let A C IR? be a
triangulation of a topological disk. We fix an ordering 71,...,7 of A}, where e = fJ(A) =
19 (g) Let I-; € R be the homogeneous linear polynomial defining the plane containing
7 C IR®. We define a complex J as

J: 00— @ j(ak)% @ j(ﬂ‘)g @ J (v

0L EAS T; EA? wEAg
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ar; 41 a1

where J(ok) := 0 for o € Ay, J(75) := (I ) for 7; € A}, T(vs) := (I, DT €
A9, v; € ;) for v; € AJ, and 9; is the usual (relative to A) simplicial boundary map, and
we define H,(J) to be the homology of this complex. Moreover, we define a complex R as

R:0— RP? 2 R 2 RIS 0,

where R(c) := R = Rz, y, 2] for any o € AY, and we define H,(R) to be the homology of
this complex. Let R/J be the quotient of R by J, and let H,(R/7) be the homology of
this complex. From the short exact sequence of complexes 0 — J — R — R/T — 0,
we get a long exact sequence in homology:

0— Hy(R) = H:(R/T) = H1(J) = Hi(R) = Hi(R)T) = Ho(J) — 0.

By the same argument as [9, Theorem 4.1], it follows that Ca(g) is a free R-module if
and only if H1(R/J) = 0. Moreover, since H1(R) = 0if A C IR? is a triangulation of a
topological disk, Hi(R/J) = Ho(J). So, it follows that C’Q(g) i1s a free R-module if and
only if Hy(J) = 0. In this section, we characterize A and « such that Ca(g) can be free.

We call an edge 7 € A totally interior, if both vertices of T are interior vertices in A.
For example, none of the edges in the simplicial complex in Figure 1 is totally interior. We
define K C @reAf Re, to be the submodule generated by

{e; : 7 € A} is not totally interior}

and

{Z are;: Za,lf""l =0,a, € R}

vET VET

for each v € A3, where e, € IR® is the vector such that the component corresponding to 7
is 1 and all the other components are (0. Then, there exists an exact sequence

0— K — @ Re, — Ho(J) — 0.
TEAS

Putting the above argument together, we get the following result.
Proposition 3.1. The module Ca(g) over R is free if and only if e, € K for any 7 € AY.

Proof. By the above argument, C“(&) is a free R-module if and only if Hy(J) = 0.
Moreover, by the above exact sequence, it follows that Ho(J) = 0 if and only if K* =
@TGA? Re.. |

Let A C IR? be a triangulation of a topological disk which has at least one totally interior

edge. For each v € Ag, we set H, := {l,o-;”—l—l : v € 75} and construct the set L, C H, in
the following manner. If there are l?;p-H, l,o-:q-i_l € H, such that lrp = qu and ar, < ar,
then we remove l,o-:qul from H,. If there are l,o-[perrl, l,o-:qﬂ ¢ H, such that Z,.p = qu and
ar, = ar,, then we may remove either of l?prH and lfqrqﬂ from H, since lfp"”+1 = lfqrqﬂ
but we consider lfprp—i—l, l:q—H as distinct polynomials from a viewpoint that lfprp—i—l is the
polynomial corresponding to 7, and l?;q-H is the polynomial corresponding to 7. Thus, we

. . ar +1 . ar +1
can get distinct L, from H, by removing [-,”  or removing [ *
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Proposition 3.2. Let A C R” be a triangulation of a topological disk which has at least one
totally interior edge. If the following condition holds, then C*(A) is not a free R-module:
Whatever L, (v € A§) we construct, we have a totally interior edge T € AY such that

L1
jortl g Z;J €Ly, T FET, a,.jga,.>,

(1) rj
1ot ¢ (177 €Ly, : 1) #7, ar, gar),

where v, w, are the vertices of 7.

Proof. By assumption, there are totally interior edges 71, ..., 7, which satisfy the following
condition:
Opy =+ =0, = =1 andforeachi=1,...,s — 1, 7; and 7;4; share a common

vertex, and furthermore

ory +1 +1 0

I ¢ (It ireA),wer,r#m, ar<ar ),
o+l gory 4l A1 0
I =1 ¢ (Z?_‘"— T €AY, v ET,7 # T, T, arSOén)a

ar,+1 ars+1 41 0
I02" " =1° ¢ (Z1°_Y+ T €AY, vy ET,T £ T3, T3, argaQ),

(2)

Ts—1 Ts

ar,_Hl rg+1 ,
[t =% ¢ (Z$‘+1:T€A?,vs_167,7#75_1,7'5, a,.ga,.s_l),

Z$TS+1 ¢ (Zgr+1:T€A(1)7 7]567_77—#7—37 aTgaTs>a

where, for 1 = 1,...,s — 1, v; is the vertex which 7; and 7,41 share, vy is the vertex of 7
which is different from vy, and v, is the vertex of 75 which is different from v,;_;.

In fact, we assume that the condition (2) does not hold for some vertex v;. If we construct

- +1 ar+1
Lvo:{lﬁl 7"'}7 7Lvi—1 :{Zﬂ'l 7"'}7
gt _pemtl
LU«'+1 _{lﬁ'+1 v"'}: 7LUs _IZTS v"'}a
then none of the edges 71,. .., 75 satisfies the condition (1) in Proposition 3.2 whatever L.,
we construct. Hence, if there are not 7y,...,7s as above, then we can construct the sets

L, (v € A}) such that the condition (1) in Proposition 3.2 does not hold for any totally
interior edge. This contradicts the assumption.
For each v; € A, we set

K = {Z arer: Z a,lf""’l =0, a, € R} .

v ET v ET

For any element ) . _a-e; in K, the constant term a7 of ar, € Ris 0. In fact, we
! 3 [
assume that a;. # 0. Since EvOET arer € K¢,

a7 N aet =0,
VoET, TETY
Comparing the homogeneous parts of degree ar, + 1 on both sides, we get

ory+1 ~+1
a T Y digt =,

V€T, TET
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where a” € R. This contradicts the condition (2). Hence, it follows that o’ = 0. Similarly,
for any element ) . arer in K, the constant term ol of a,, € R is 0.
Moreover, for any element ZviET arer in K (i =1,...,s — 1), let a_ (resp. a;'i-f—l) be

the constant term in ar, € R (resp. ar,,, € R). Then, it holds that o/, + af_i+1 = 0. In fact,
we assume that af, +a’. ~ #0. Since ZWeT arer € K7, it follows that

‘Tig1
ar,+1 argptl o +1
ar e g I + E arly =0.
v ET
TETE Tigl
. o, +1 Qrpq L
Since [7;" " =11, we get
ar;+1 ar+1
(ar; +ar, )77+ E a 27T =0.
v ET
THETE Tif1

Comparing the homogeneous parts of degree o, + 1 on both sides,

(af, +al )+ Y et =g,

Tit1
v €T
TETL T4l
where o, € R. This contradicts the condition (2). Hence, it follows that a], + a;—i-f—l =0.
In this way, if, for any element in the submodule generated by [J;_, K}, we denote the
constant term in the coefficient of e, by a,, then it follows that > >, a-, = 0. Hence, for
any element in K%, the sum of the constant terms in the coefficients of e, ,...,e,, is also
0. Therefore, it follows that e, ¢ K. This implies that K* # (P . 0 Re,. Hence, by
1
Proposition 3.1, C¥(A) is not a free R-module. 1
ar
Js J¢
U3 a5
g9
(25} o4
J10
03 a1
U1
02
Figure 2:

Example 3.3. Let A C IR? be the simplicial complex shown in Figure 2. We order the
elements in AY as

B = 01 QO'Q, T9 = 0'200’3, T3 = 0'300’4,
T4 = (on] mU47 5 — 0'400'5, T6 — 0'500'5,
™ = ogNor, T8 =orNog, T9 = 0gl)oy,

Ti0 = oMoy, 711 = 09 Nor, 712 = 03 010.
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If o = (2,3,1,3,2,2,3,1,2,0,3,3), then

L, = (B0 yor {2, 1),
Liy = {6 1),
L,y = Alrg, Zf_g}
Hence, whatever L,, (1 = 1,2,3) we construct, the condition in Proposition 3.2 holds for

T10- Therefore, by Proposition 3.2, CQ(A) is not a free R-module.
fa=(2111,2,2,1,3,1,1,3,3), then

Lvl = {[To‘ 1'3} or {Z }
LU2 = {[23’ T Tg} or {[‘rm 7',7 l?’g}
Lvs = {17'77 Tlg} or {Z l‘rm}

Hence, whatever L, (i = 1,3) we construct, the condition in Proposition 3.2 holds for T3
if L,, is the former, and the condition in Proposition 3.2 holds for 79 if L,, is the latter.
Therefore, by Proposition 3.2, C*(A) is not a free R-module.

We now come to the first main result in this paper.

Theorem 3.4. The module C“(A) over R is free for all o € ZS if and only if A possesses
no totally interior edge. -

Proof. Tf A does not have a totally interior edge, none of the edges in A is totally interior.
Hence, for all a € ZP’ZO, it follows that e, € K® for any 7 € A{. Therefore, by Proposition
3.1, C“(ﬁ) is a free R-module for all a € Z%,

On the other hand, by Proposition 3.2, it follows that if A has a totally interior edge,
there exists a € ZS$ such that C%(A) is not a free R-module. 1

Figure 3:
Example 3.5. Let A C IR? be the simplicial complex in Figure 3. By Theorem 3.4, CO‘(A)
is free for all a € 28207 since A does not have a totally interior edge.

We next consider the freeness of C"(ﬁ) for a triangulation A C IR* of a topological disk
which has at least one totally interior edge.
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Proposition 3.6, Let A C IR? be a triangulation of a topological disk which has at least
one totally interior edge. If the following condition holds, then CQ‘(A) 18 a free R-module:

We can construct the sets L, (v € AY) such that, for any totally interior edge 7 € AY,
there is a vertex vy € AY of T such that

ar.+1
jortt ¢ (l,-jj €Ly, :an< a,.) .

Proof. By Proposition 3.1, in order to prove that CO‘(A) is a free R-module, it suffices to
show that e, € K for any 7 € AJ. Since e, € K for any edge 7 € A which is not totally
interior, we have only to show that e, € K for any totally interior edge 7 € A§.
First, we set
r1 = min{a, : 7 € AY is totally interior },

and take any totally interior edge 7 € AY such that a,, = ry. By assumption, there is a
vertex vy € AY of 7 such that

o+l ‘
e (et e Ly, s ar<an ).

By the choice of ry, the edge 7 € A9 satisfying o, < a,, is not totally interior. Hence, if
ar +1 o1
1 ! = Z ar lr )
V1 €T, ar<ary
where a, € R, then it follows that
e — Z are, € K°.
V1 €T, o <oy

Since 7 is not totally interior, e, € K. Therefore, it follows that e,, € K.
We next set

ro :=min{a, : 7 € A is a totally interior edge such that o, # ry},
and take any totally interior edge 75 € A9
vertex vy € Ag of 75 such that

such that «,, = ry. By assumption, there is a

ot _ (10
1?22—1— € (l,_"H €Ly, ar<ar ) .
By the choice of 3, the edge 7 € AY satisfying a, < a,, is not a totally interior edge or is
a totally interior edge such that a, = ry. In either case, it follows that e, € K“. Hence, if
]a,-z—l—l

1
[ v = g ar 12 + ,

v €T, ar<ar2

where a, € R, then it follows that

e, — Y. are-€K°

U2 €T, ar <Qr,

Since e, € K7, it follows that e,, € K°.

Since the number of totally interior edges in AY is finite, by the repeat of this process,
it follows that e, € K® for any totally interior edge 7 € A%, This implies that C“(g) is a
free R-module. 1
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Example 3.7. Let A ¢ IR? be the same simplicial complex as in Example 3.3. If a =
(1,3,2.3,2,2,2,4,2,3,3,3), then

LU1 = {1317 732} or {]12-1 ) l;}v
LU2 = {li37 Zir,ﬂ Zf’g}?
LUS = {liw lim} or {113-97 liw}'

Since
Boe(i2), 1, e()c(i, B B,

T10 737 "T5? "Tg

o~

the condition in Proposition 3.6 holds. Hence, by Proposition 3.6, C*(A) is a free R-module.

We say that o = (ar,,... 0. ) € ZS, is generic if ar, # o for any v € Af and for
every pair 7;,7; € A such that v € 7; and v € 7j. By Proposition 3.2 and Proposition 3.6,
we get the following result.

Proposition 3.8. Let A C IR? be a triangulation of a topological disk which has at least
one totally interior edge, and let o« € Z%, be generic. Then, the following conditions are
equivalent:

(i) CO‘(A) is a free R-module;

(i) for any totally interior edge T € AY, there is a vertez v, € AY of T such that
o o+l
ZTT+1€(Z7O_;J eL,, :a,.j<a,->.

Proof. First, by Proposition 3.6, it follows immediately that (ii) = (i). Thus, we must
prove that (i) = (ii). We now assume that there is a totally interior edge 7 € A such that

r:v,.j+1

jortt ¢ (l,-j €L, :an< o(,.) ,
| ar. +1
jortl ¢ (Z‘rj] € Ly, : ar, < ar),

where v, w; are the vertices of 7. Then, since « is generic, it follows that

a,-j—l—l

et g (1T ey, A an <ar ),

a7j+1

jortt ¢ (lrj €Ly, : T F T, an goz,.).

Hence, by Proposition 3.2, Ca(g) is not a free R-module, which contradicts (i). I
. . ar.+1 .
By the following lemma, we can determine whether [2-%' € (1,7 € L, : ar < a.)

or not for each totally interior edge 7 € Al and for each vertex v, € A§ of 7.

Lemma 3.9 ([6, Corollary 2.5]). Let fi,...,fs € S = R|x,y] be homogeneous linear
polynomials which are pairwise linearly independent, and let 0 < ¢1 < ¢g < -+ < ¢; be
wntegers. Then, for m > 2,

27:1 Ci—m

Cm / .
f Y ( flv"'vfrcn) — Cm-‘rlg 7n_1

m—+1
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Remark 3.10. Let S = R[z,y] and R = R[z,y,2]. Foreach 7; € AY, i =1,...,s, contain-
ing the vertex v € AJ, let l7; € R be the homogeneous linear polynomial defining the plane
containing 7; C IR®. Suppose that the set {lr,..., 17, } is pairwise linearly independent.
Let 0 < ¢1 < ey <+ < ¢ be integers. Moreover, let fr, = a;x + by + d; € S be the linear
polynomial defining the line containing 7; € IR? and let fi. = aix +biy € S. Then, for
m > 2,

! Crn41 7 C1 ! Cm Crn41 C1 c,
frin €(fr e fn, ) = It e (10 0.
. c, . . . .
Hence, we can determine whether I} € (I51,...,1¢m) or not by using the inequality in

Lemma 3.9.

For each totally interior edge 7 € A9, and for each vertex v, of 7, we set

ar.+1
{TjEA(l):lTjJ ELUT7aTj<aT}7

K, |

K,,

My,

By Proposition 3.8 and Lemma 3.9, we obtain a method for determining whether C"(ﬁ) is
a free R-module if A C IR? is a triangulation of a topological disk which has at least one
totally interior edge and o € Z< is generic.

Theorem 3.11. Let A C IR? be a triangulation of a topological disk which has at least one
totally interior edge, and let o € ZS be generic. Then, C*(A) is a free R-module if and
only if, for any totally interior edge 7 € AY, there exists a vertex v, of T such that either
(1) or (il) below is satisfied:

() @+ ¢ L, ;

(i) @+t e L, , m, >2, and

Z (a,-j + 1) — My,

T €Ky,
ar,+1> -~

My, — 1

Proof. Let 7 € AY be any totally interior edge, and let v, € AJ be a vertex of 7. If
lf*'H ¢ L, , then there is lf,r'—H € L,, such that [ =1, ar > a,. Hence,

lgr+1 c (Z,(.yj‘"ﬂ"i'1 el,, : ar < oz,.> .
If Zfr"'l € L, and m,, > 2, then it follows from Lemma 3.9 and Remark 3.10 that

Y (on +1) = m,

T ER'?,T

) ar. 41
e (157 €Ly, tar <ar ) = ar 41>
My, — 1

If (97" ¢ L, and m,, <1, then

.1
jortl ¢ (Z%‘] €L, :a< oz,.).

In this way, for the totally interior edge 7 € A and for the vertex v, € AY of 7, the
condition (i) or (ii) holds if and only if

ar, +1
lf_'"H € (l,-j] €Ly, :ar< oz,.) .

Hence, we obtain the desired result by Proposition 3.8. 1
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Figure 4:

Example 3.12. Let A C IR? be the simplicial complex shown in Figure 4. Then, 75 is the
only totally interior edge of A. For example, let o = (0,4, 2,1, 3, 4) € 1620- Then o is
generic. In this case,

HU = {17'17172—471?—5712}7
LU = {lTl ’ 112-47121-5}7
I&’U = {T17T4}7

and
O+1)4+(1+1)—2
2-1

3+1=4> =1.

Therefore, by Theorem 3.11, C“(&) is free.
Moreover, let a = (0,2, 3,2, 1, 4) € Z%,, which is also generic. In this case, for the
vertex v, B

H, = {1,.03,1%.12},

Ty 140150 ' T

3 72
L, = {lﬁ 711-4711-5}7
I(U = {Tl},
and for the vertex w,
Hw = Lw = {173—21[;1—37172—5}7
K, = 0.

Therefore, by Theorem 3.11, C“(&) is not free.
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