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A ONE-NOISY-VERSUS-TWO-SILENT DUEL
WITH ARBITRARY ACCURACY FUNCTIONS
UNDER ARBITRARY MOTION
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ABSTRACT. This paper deals with a two-person zero-sum timing game with the following
structure: Player I has a gun with one bullet and player II has a gun with two bullets and they
fight a duel. Player I’s gun is noisy and player II’s gun is silent, and hence player II hears the
shot of player I as soon as player I fires, whereas player I does not hear the shot of player II.
Player I is at the place 0 at the beginning of the duel and he can move as he likes and player
IT is always at the place 1. The accuracy functions, which denote the probability of hitting the
opponent when a player fires his bullet, are arbitrary. If player I hits player II without being
hit himself first, then the payoff is +1; if player I is hit by player II without hitting player II
first, the payoff is -1; if they hit each other at the same time or both survive, the payoff is 0.

The objective of this paper is to obtain the game value and the optimal strategies for this
timing game. In the final section, some examples are given.

1. INTRODUCTION

A duel under arbitrary motion is a two-person zero-sum timing game with the following
structure: Each of two competitors, denoted by player I and player II, has a gun and he can
fire his bullets aiming at his opponent. At time ¢t = 0, these two players are one distance
apart on a line and each player can move on the line as he likes. The maximum speed of
player I is vy, the maximum speed of player II is vy and we assume v; > v = 0. Without
loss of generality, we can suppose that v; = 1 and v = 0, and hence, player II is motionless.
Thus we assume that player II is at the place 1 all the time and player I is at the place 0
at time t = 0 and he can move towards player II, he can move away from player II, and
he can stay in one place. If player I or player II fires his bullet when player I is at a place
x, he hits his opponent with probability p(z) or g(z), respectively. The functions p(x) and
q(z) are called accuracy functions for players I and II, respectively, and they are continuous
and strictly increasing on [0, 1] with p(0) = ¢(0) = 0 and p(1) = ¢(1) = 1. The duel ends
when at least one player is hit or both players fire all of their bullets; otherwise it continues
indefinitely. If player I hits player IT without being hit himself first, then the payoff of the
duel is +1; if player I is hit by player II without hitting player II first, the payoff is -1;
if they hit each other at the same time or both survive, the payoff is 0. The objective of
player I is to maximize the expected payoff and the objective of player II is to minimize it.
A gun is said to be silent if the shot of the owner is not heard by his opponent and a gun
is said to be noisy if the shot of the owner is heard by his opponent as soon as the owner of
the gun fires the bullet. Thus if a player has a silent gun, then his opponent does not know
whether the owner of the gun has fired or not. On the other hand, if a player has a noisy
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gun, then his opponent always knows whether the owner has fired or not. If each player
has a silent gun, the duel is said to be silent and if each player has a noisy gun, the duel is
said to be noisy.

Trybula [7, 8] solved the silent duel with arbitrary accuracy functions under arbitrary
motion under the assumption that each player has a silent gun with one bullet and that
p(z) and ¢(z) increase with a continuous second derivative each. Trybula [4-6] also solved
the noisy duel under arbitrary motion.

The author [2] dealt with the silent-versus-noisy duel under arbitrary motion in which
player I has a silent gun with one bullet and player II has a noisy gun with one bullet and
the accuracy functions are p(x) and ¢(z) for players I and II, respectively. The author [3]
also dealt with the noisy-versus-silent duel under arbitrary motion in which player I has a
noisy gun with one bullet and player II has a silent gun with one bullet and the accuracy
functions are p(x) and ¢(z) for players I and II, respectively.

Further researches on duels under arbitrary motion have been done by Trybula [9-11]
and general researches on games of timing are summarized by Karlin [1].

In this paper, we deal with the duel under arbitrary motion in which player I has a
noisy gun with one bullet and player II has a silent gun with two bullets and each player’s
accuracy function is arbitrary.

2. PROBLEM

In this paper, we deal with the one-noisy-versus-two-silent duel with arbitrary accuracy
functions under arbitrary motion. Player I has a noisy gun with one bullet and he is at
the place 0 at time ¢ = 0. He can move as he likes. On the other hand, player II has a
silent gun with two bullets and he is always at the place 1. The accuracy functions are
p(z) and ¢(z) for player I and player II, respectively. We suppose that p(z) and ¢(x) have
positive and continuous derivatives p’(x) and ¢'(x), respectively, with p(0) = ¢(0) = 0 and
p(l) =¢q(1) =1

Suppose that player I fires his bullet and fails in hitting player II. Then player I will go
in the opposite direction from the place where player II is, since the probability of being
hit increases if he approaches player II. Obviously, this going back to the place 0 by player
I directly after firing is necessary in any optimal strategy and it will be assumed in all of
player I's strategies for the rest of this paper. In addition, player II’s chance of hitting the
opponent, decreases as the distance between the players becomes large. Thus if player II
has bullets after player I has fired his bullet, then player II will fire these bullets as soon as
player I has fired since player I will escape from player II directly after player I has fired.
These firings by player II directly after player I’s firing are necessary in any optimal strategy
and it will also be assumed in all of player II’s strategies for the rest of this paper.

Assume that player I goes to z', he then goes back to x (z < z') and then he fires his
bullet at z. Then player I may be hit by his opponent during his movements from x to '
and back to z, also his chance of hitting the opponent does not increase. Thus if player I
fires his bullet at a place, he should fire his bullet when he is at the place for the first time.
Therefore we can confine the strategy for player I to those going directly to the place where
he fires his bullet and then going back to the place 0 immediately after the firing. Similarly,
we can confine the strategies for player II to those where he fires each of his bullets when
player I is at a place for the first time.

Let M(z,y,z) be the expected payoff of the duel when player I fires his bullet at the
place z (0 £ x £ 1), and player II fires his first and second bullet at the moments when
player I is at the place y and 2z (0 £ y £ z < 1), respectively. The function M (z,y, 2),
called the payoff kernel, is of the form
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((p(z) — {1 —p(@)H{2 — q(2)}q(2), if 2<y<z,

—q(y) + {1 —q)}p(z) — {1 - q(y) {1 = p(@) }q(z), if y<z <z,

M.y, 2) = —q(y) — {1 —q()}a(z) + {1 —q(y) H{1 —q(2)}p(z), if ySz<u,

T p(z) — q(z) — {1 - p(z) H1 — q(z) }q(2), if r=y<z,
—q(y) + {1 = a(y) Hp(z) — q(2)}, if y<z=2z!!

( p(x) — {2 — q(x)}q(2), if 2=y=z

For the duel described above, we shall search for an optimal strategy {f(z),a} for player
I consisting of density part f(x) on an interval [a, 1] with a mass @ at x = 1 and an optimal
strategy {g(y), h(z)} for player II consisting of two densities g(y) and h(z), where

/lf(a:)da:-i—a:l,

/abg(y) dy =1

/blh(z) dz=1

for some b in [a,1]. In fact, optimal strategies such as {f(z),a} and {g(y), h(z)} may not
exist, but as we shall see, in some cases, such optimal strategies can exist for this timing
game.

and

3. PRELIMINARY LEMMAS
The following lemma was proved by the author [3].

Lemma 1. If p(z) — q(z) + p(x)q(x) is increasing over [0, 1], then there exists a unique
root in (0,1) for the following equation:

RYaN0) QNN O S A A O
31 eXp{ Q/x p(t)q(t) dt} +/I p(t)q(t)? p{ 2 /w p(u)q(u) ! }dt
_ 2{1 - q(x)} q(w)—
1+ p(z) — q(z) + p(z)q() '

=

In this paper, we assume p(z) — q(x) + p(z)q(z) is increasing. We can see that p(z) —
q(z) + p(z)q(z) is increasing when p(z) = = and g(z) = ™ with n = 1. We denote by b the
unique root in (0,1) for the equation (3.1), and thus b satisfies the following equation

o _1 1 q’(a:) . 1 q’(a:) . _1 T q’(t) .

o en{g [ a2 ] g o
— 2{1 - q(b)} q(b)

1+ p(b) — q(b) + p(b)q(b)

—1
2

We set,

Ay(z) =1+ p(e) — {1 - p(2) {2 — q(z) }q(2),
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Ao(z) = —= q(z)

g(x)5 Ay (z)’
b _ '
Az(z) = exp{—%q(x) + %/ %dt}
and 1 b q(t)
Au(z) = Ax(@) A3 (2) - 5 / o)

In what follows, we assume that A;(x) is unimodal and thus A;(z) is decreasing over
[0, 7] and increasing over [, 1] for some 7 in [0, 1].

Lemma 2. If Aj(z) > 0 for x in [0,D], then A}(z) < 0 for the .

Proof. We directly get
() = Ab(x) As (@) + As() Ay() + — LD 44 (a)

gy P@e@) +1-q(@) oy q'(z) -
—{@() ol q(Mﬂ>+z@$@§}%()

Further we have
_ _{1+4@)}d(@) {1 —q(=)}Ai(2)

Ay () 7 1 5
2q(z)2 Ay (2) q(z)z{A:(z)}
and
¢(@) _pl)g(z) +1-4(@) , Ay (z) = {1+q(@)}d'(x)
wea@: | @@ O = )
Thus we get

) = L @A @ (@)
() {Ar (o)}

Therefore if A} (z) > 0, then A)(z) < 0. This completes our proof.

Lemma 3. If A (z) is increasing over [0,b], then there exists a unique root in [0, b) for the
following equation:

1
{1+ p(b) - a(b) + p(b)a(b) }a(b)

(3.3) Ay(x) e 29(0)

=

Proof. From lemma 2, there is at most one root for the equation (3. 3). We set

_ 2{1+p(z) —q(z) + p(z)q(z) } A4 (2)
Plw) = Az(x)

_ 21+ p(@) —al@) +p@)e@)} i)
{1+ p(b) — q(b) + p(b)q(b) }q(b)> As(x)
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It suffices to show that there is an z in [0, ) with ¢(z) = 0. Since

o(z) = 2{1+ p(x) — q(z) + p(z)q(z) }{1 — q(z)}
[1+p(z) — {1 — p(z) {2 — q(z) }q(2)]q(z) 2
_ 1+p(@) —q@) +p)g(x) [* @)
Aa(@) / OO

2{1 +p(z) — q(z) + p(z)q(x)}

. Y LS R W R B OV VL0
{1+ 50) - a0) + syt ~P 1297 7 210 2/x p(t)a(t) dt}’
we get
_ 2 [{L+p0) —ab) + pB)a®)H1—ab)}

o0 = Tt~ <©

Further, since 1 + p(x) — ¢(x) + p(x)g(x) is increasing, we get
1+p(2) — q(z) + p(x)g(z) [* d' ()
13(0) | s a0
L P 14p() —al®) +p®alt)

Szl FOPOE (Oalt)

R TSRO E UM SO B e § () V()

T @E a0t p{2q() 310) 2/90 p(t)a(t) dt}

for any z in (0, b], and thus

2 {1 _ 1+p(@) — q(z) + p(z)q(z) }
q(b)* 1+ p(b) — q(b) + p(b)a(b)

b — !

p(z) 2

- 4p(z)q(z)?
T+ p(@) — {1 - p(@) H2 — q@) }q(@)

Therefore we get »(0) 2 0. This completes our proof.

In the following sections, we suppose that there is a root a for the equation (3.3) in (7,b)
and thus a satisfies the following equation:

(3.4)

1 q(a) I SN B ()0
[1+p<a)—{1—p(a)}{Q—q(a)}q(a)}q(aﬁep{ 190+ 5 | e dt}

1 a1 L - a®)d ()
2/ap<x>q(m>éep{ 7+ 5 | dt}d"’”
- ! o= balb)

{1+ p(b) — q(b) + p(b)q(b) }q(b)*
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4. A STRATEGY FOR PLAYER I

As was stated in section 2, player II fires his bullets directly after he hears the shot by
his opponent if player II still has his bullets when he hears the shot. Suppose that player
II fires his first and second bullets at the moments when player I is at the places y and z,
respectively, under the assumption that player I has not fired his bullet until these moments.
Further suppose that player I applies the strategy {f(z),a}. In such a circumstance, we
denote the expected payoff by vy (y, z). The function v (y, z) is represented as

(4.1)
vi(y,z) = / [p(z) — {1 - p(z) {2 — q(z) }q(z)] f(z) d=

+ /z[—q(y) +{1 = q()}p(x) — {1 - q(y) H{1 - p(z) }q(2)] f(z) dx

+ / [—q(y) = {1 —q(¥)}a(z) + {1 — q(y) {1 — q(2) }p(x)] f () dx
+a[—q(y) — {1 —q(y) }a(z) + {1 — q(y) H{1 — q(2)}]

for all y and z with a Sy < 2 < 1. We set
(4.2) pi(z) = /bz[l +p(x) = {1 = p(x)}q(2)]f (z) dx
+{1- Q(Z)}[ {1+ p(a)}f(2) de + 20{1 — q(2)}

for z in [b,1). Then we get

vi(y,2) = / "1+ ple) — {1 - p(@)} 2 — a(2)}a(@)] f(2) d
b
{1 )} / 1+ p(z) — {1 - p(e)}a(@))f () de
_ / f(@)dz - a+ {1 - qw)}pr(2)

forall y and z witha Sy <b< 2z < 1.

Lemma 4. Set

@1’ (z) Lo 1T g(0))d ()
pla)i(x)? gt~ 3 [ i atfy asa<e
(4.3) f(z) = ond (@) R
_ea\®) 12 c e
p(m)q(x)% p{ 2 /b p(t)q(t) dt}, b<zx<1,

(44 o= o {‘% /,,lpé'fqt?w dt}’
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where

(4.5) ¢ —ﬂ[lﬁL (a) — {1 = p(a) {2 — q(a) }g(a)]e2 )
| SREITETO) S g e

and

(4.6) cy = 1_q(b)exp{——q ——/ {l_q—t)()dt}.

Then the following statements hold;
1
(2) / fl@)de +a=1.

(17) For all y and z witha Sy <b <2< 1,

vi(y, 2) = pla) — {1 = p(a) {2 — q(a) }q(a).

(¢i1) For all y and z with a Sy < 2 < b,

vi(y,2) 2 pla) — {1 = p(a) {2 — q(a) }q(a).

(iv) For all y and z withb <y < 2 < 1,
v1(y, 2) 2 p(a) — {1 — p(a) {2 — q(a) }q(a).

Proof. (i) From (3.4) and (4.3), we directly get

D Vde— e [ C@ 1 {l—qt}q()
/u fle)de = 1/u, p(a:)q(m)% ¢ p{ i@ q(t) dt}d
201{1 —q(a)} eféq(a)

T Lt pl@) — {1 p@)}2 -~ g(a)}a(@)]q(a)

T+ p() - a0) + o) }aB)F {_

and hence, by (3.2), (4.3), (4.4), (4.5) and (4.6)

Loyl ey 1 d®)
/f = 1_q()eXp{ 2q(b) 3 ) T ae dt 2/b 500 dt}
g Lo 11— g0} (1)

T1-q0) e’“’{‘iq(b)‘i . Wdt}
)

) / p(agéfmé op {‘% / e ')(;zt) dt} o
sloe-e /b p(;])((]a(:a):)% P {_% /b p(qt)(qtzt) dt} &

=1—-—a— f(:r)d:r
b
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Accordingly we have
1
/ fl@)yde+a=1
(73) For any z in [b, 1], we get
(4.7

/ {1+ p(a)}f () do

=20y do {5 [ a0 e { ) / SOt

and thus,

p1(2) = 2p(2)q(2) f(2) — Q'(Z)/ {1+ p(@)}f(z)dz - 2aq'(2) = 0.

By (4.4) and (4.7), we further get

() = {1 - q(b)} / {1+ p(2)} /() dz + 2a{1 - q(b)}
= 2¢,{1 — q(b) }q(b)~*.

Therefore

(4.8) pi(2) = 2e2{1 — q(b)}a(b) 2

for all z in [b,1). Accordingly, we have

(4.9) vi(y,z) = -1+ /y[l +p(@) — {1 = p(2) {2 - q(2) }q(2)]f (z) du

b
+{1-qy)} / [1+p(z) — {1 - p(2)}q(2))f () dz
+2¢2{1 — q(0)H{1 - q(y)}a(b)~*

for all y and z with a £y < b < 2 < 1. For any y in [a, b], we get

b
(4.10) / [1+ p(x) — {1 - p(x) }q(2)]f (z) dz

ey g

o)

and
(4.11)

/y[l +p(x) = {1 = p(z) {2 ~ ¢(2) }q(2)f () dz
= 2c19(a) {1 — q(a)}e 27

—2¢19(y) {1 — q(y)} exp {—EQ(ZJ) - % /y {1 —a®)}d'®

2 p(t)q(?)

b

b
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It follows, from (4.5), (4,6), (4.9), (4.10) and (4.11), that

01y, 2) = pla) — {1 — p(@) H2 - g(a)}q(a)
forally and z witha Sy <b <2< 1.
(7i1) By (4.1), we get

1 ovi(y,z) ) 1 ’
e = W)~ [ L+ s} () ds 20 (2)

b
=2p(2)q(2)f(2) — ' (2 )/ [1+p(x) = {1 = p(2) }q(2)]f (2) dz

— g /{1— )dr— (2 /{1+p (#)}f(2) dz — 2aq/(2)
for all y and z with @ £y £ 2z < b. Thus, from (4.3), (4.4), (4.6), (4.7) and (4.10), it follows
that

1 0 , _1, 1-— t
V1 (y Z) — 2Clq(b) 2q ( exp __q / { q
1—q(y) 0=

b 1
—q'(Z)/ {1-p(@)}q(2)f(2) dz — 2c29(b) 7 ¢'(2)

1
2

) —d'( /{1— x)dr < 0.

= —2cq(b

Therefore we have

v1(y, 2) Z vi(y,b) = pla) — {1 —p(a) {2 — q(a) }q(a)
for any y and 2z with a Sy < 2 <b.
(iv) By (4.1), (4.2) and (4.8), we get

%ZZ) =2p(y)ay)fy) — d'(y) /yz{l +p(x) —q(z) + plx)q(z)} f(z) dx

— ¢ (Wil —q(2)} /21{1 +p(@)} f(7) dr — 2aq' (y){1 - q(2)}
=2p(y)q(y) f(y) — 4 (), (2)

+4'() /by[l +p(z) — {1 — p(2) }q(2)]f(z) dz
=2p(y)a(y) f(y) — d' (¥)p1(2)

+ ) [~ 11000} | {1+ ) 1) o~ 2001 - )]

=2p(y)a(W)f(y) — {1 —a(v)}d' () U {1+ p(x)} f(x)dx + 24

for all y and z with b £ y £ z < 1. Thus, it follows, from (4.3), (4.4) and (4.7), that

(
o1(3,2) L g
N =2c2q(y>zq(y)exp{—5 I dx}>o.

vi(y,2) Z vi(b,2) = p(a) — {1 — p(a) {2 - q(a) }¢(a)

for all y and z with b < y < 2z < 1. This completes our proof.

Hence we have
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5. A STRATEGIES FOR PLAYER II

We suppose that player II applies a strategy {g(y), h(z)} satisfying (1.2) and (1.3) and
that player I fires his bullet at the first moment when he is at a place « in [0,1]. In this
circumstance, we denote the expected payoff by vs(z). We get

(5.1) v2(z) = /w[—q(y) + {1 —q(y)}p(x) — {1 - q(y) H{1 - p(x)}q(x)]g(y) dy
b
+ / [p(z) — {1 = p(@) {2 — q(z) }q(2)]g(y) dy

for all z in [a,b] and
(5.2)
/ / —{1—q(¥)}e(z) + {1 — q(y) {1 — q(2) }p(z)]g(y) h(2) d= dy

/ / v) + {1 — a@)}p(@) — {1 - qw)}{1 - p(2)}g(@))g(w)h(z) dz dy

for all = in [b, 1]. We set

o Lo L1 {1 g0 )
BA®) = 0 10) PO p{ )= 510~ 3 | at dt}

4 ez9(®) /bp 3exp{—%q -3 %du}dt,

By(z) = 1+ p(z) — q(x) + p(x)q(z),

Ba(a) = _BAE) | ~20(@)p (@) + {1~ p@)}{1 — (@)} @)
p(x)q(x) 2p(x)*q(x)*

BQ(Z’)

and

Then we directly get

(5.3) Bl(z) = 1= q(z) + p(x)q(x) ¢ (@) By (x) — ¢ (x)

and by (3.4), we have

(5.4) Bi(a) = 21— a(@)} .
[1+ p(a) — {1 = p(a) {2 — q(a) }a(a)]q(a)

o=

Lemma 5. Set

(5.5) 9(y) = c3B1(y)B3(y) + c3Ba(y),
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for y in [a,b], where

(5.6) o= 1T p(a) — {1 - p(a) {2 — q(a) }a(a)

4
Then
b
(5.7) / g(y)dy =1
and

v2(z) = p(a) — {1 —p(a) {2 — q(a) }q(a)
for all z in [a,b).

Proof. We put

o _ 203 C3Bl (CU)BQ (ZU)
Bal@) =1 - 0@ T pe)a@)?
. (1= p@)}{1 - g(a)}a(a)?
_ c3{l —p(x)H{1 —q(x)}q(x)2 m—ﬁ
Ba(z) =1+ P(@) B = ooy

Then (5.4) and (5.6) yield
B5(a) = Be(a) =0.
Furthermore, by (5.3), we get

and

Thus we have

(5.8) [ sty =Boto)
and '

(5.9) /E a(y)9(y) dy = Bs(z),
and hence ’

b
g(y)dy = Bs(b) = 1.

Accordingly, from (5.1), (5.8) and (5.9), it follows that

va(7) = p() — {1 = p(x) {2 — q(2) }g(2) + {1 — p(=) H{1 — q(2) }q(=) /z 9(y) dy

— {1+ p(x) - }/
= —1+4cs = p(a) — {1 —p(a) {2 — qa) }a(a)

for all z in [a,b]. This completes our proof.
We set

Bie)=e {3 | s itf+ A ST {5 st}

for all z in [b, 1]. We directly get

q'(z)

(5.10) Bi(®) = 5 e p(z)qg(z)?
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Lemma 6. Set

h(z) = ca[2q(2)p'(2) —2{1 —QP(Z)}Q'(Z)] N ca[{1 - p(Z)Q}q;(Z) —§2q(2)p’(2)] Ba(2)
p(2)7q(2) 2p(2)7q(2)®

for z in [b, 1], where
1+ p(b) = q(b) +p(b)g(b)
I .

/blh(z)dz:l

va(x) = pla) — {1 —p(a) {2 — q(a) }¢(a)

Cq =
Then
and

for all x in [b,1].

Proof. By (3.2) and (5.10), we get

(5.11) / h(z)dz = (;;;(x) - c‘;{(i;]g:(f;}&(x)
and

(5.12) /b g(2)h(z)dz =1— ;(cx) el _If((if))}q(x); Br(x)
Thus it follows from (3.2) that

(5.13) /bl h(z) dz = 1.

We set
1

pa() = / "a(2) + {1 - (2)}p(@)Ih(z) d= + / [p(2) — {1 — p(2)}a(@)]h(z) dz

T

for z in [b,1). By (5.2) and (5.13), we have

b b
va() = — / (W)9w) dy + pa(2) / {1 - 4()}a(v) dy

for any z in [b, 1]. From (5.11), (5.12) and (5.13), it follows that

/h Yz — {1+ pla }/ 2)dz — {1 - pla)}o(a /h iz

=—144¢cy = (b) (b)+p

for all z in [b,1). Thus

b
{1+ p(b) — q(B) + p(B)a(b)} / 4)9(y) dy
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and hence, from (5.7) and (5.9), we obtain
va(x) = —1+44cz = p(a) — {1 — p(a) }{2 — q(a) }q(a)
for all z in [b,1). This completes our proof.

We set,

Then we get

(5.14) = ) + Ba(y)Bs(y).

Lemma 7. ¢(y) given in Lemma 5 is non-negative for all y in [a, b].

Proof. First we suppose that Bs4(y) = 0. By (5.14) and B4(y) = 0, it suffices to show
Bg(y) 2 0. We set

2
q(y)

Bo(y) = { {1 —q(t)}g'(t) dt}_

b
- B (y)BQ(y)} exp {_%q(y) + % /y ~op(a(t)

1
2

Then, by (5.3) and Bj(y) = 0, we get

b _ '
By(y) = —Bi(y) By (y) exp {—%q(y) + %/ % dt} <0

for all y in [a,b]. Further, we have By(b) = 0, and thus By(y) = 0 for the y in [a,b].
Accordingly, we obtain

_aly)® 1 1" {1-q(t)}d'(t)
Bs(y) = 5 By(y) exp {§Q(y) - §/y e dt} 20
Now we suppose that Bs(y) < 0. From the definition of a, we get
2{1—q(y)}
5.15 B, - . 1
(5.19) W > Ai(y)aly)=

for all y in (a,b], and we have B3 (y) > 0 since B4(y) < 0. Therefore, from (5.5) and (5.15),
it follows that

9(y) S 2{1 —q(y)} Bs(y)

1 + B4(y)
c3 Ar(y)a(y)=
_ {1 —a@)H2B5(y) = p(y)a(y) B2(y) Ba(y)} + p(y)a(y) A1 (y) Ba(y)

p(¥)a(y)Ai(y)

By assumption, A (y) = 1+ p(y) — {1 — p(y)}{2 — a(y) }a(y) is increasing over [r,b], and
thus,
2p°(y)q* () Ba(y) + ' (n){1 — 29(y) — ¢*(y)} = Ai(y) > 0.
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Hence we have
(5.16) {1—q(y)}Bs(y) = ' W{1 —24(v) — * ()} +P*(v)¢* (v) Ba(y) > —p*(4)¢*(y) Ba(y)-
Further, it is easily seen that

(5.17) Ai(y) = {1 — q(v)}B=2(y) + 2p(y)a(y)
Thus, from (5.16) and (5.17), it follows that

{1—q(y)H2B5(y) — p(¥)a(y) B2(y) Ba(y) } + p(y)q(y) A1 (y) Ba(y)
=2{1 - q(y)}Bs(y) + p(v)a(y) Ba(y)[A1 (y) — {1 — q(y)} Ba2(y)]
> —2p°(y)q” (y)Ba(y) + 20 (y)@* (y) Ba(y) = 0

Therefore we obtain g(y) 2 0 for all z in [a, b]. This completes our proof.

Lemma 8. The function h(z) defined in Lemma 6 is positive over [b, 1].

Proof. We directly get
/:mf)lq(z)s {5 [ it )
=2 [La0 g o [ g e}

B g RYaRI0
= () 2o {5 [ A

[ tdwen {5 [ 0 )

™|

and hence

2—q(2)% Bz(2)

srton {4 s [0 o

>0

for all z in [b,1]. Furthermore, since p(z) — q(z) + p(z)q(2) is increasing we have

{1-p(2)}d'(2)

P> 1+ q(2)

Thus,

B 24P 2= () Br(2)} + {1 - p(2)}(2) [{1+p(2)}a(2)F Br () - 2]
s 2p(2)%q(2)?

>2q<z>{1—p(z)}{2—q(z>%B7<z>} = p@} [(1+p()}a() B (2) - 2]

2 2 q(z) + 2 2
2p(2)7q(2) {1+ q(2)} 2p(2)7q(2)

= {1-p()}d'(2) z) —q(z 2)a(2)}q(2)? B1(2) — 2{1 — q(2)}] -
PGP a (LT oGy 7))+ p(a(e)}a()E Br(2) = 2{1 — ()

q'(2)
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From the definition of b, we have

2{1 —q(2)}
Br(z) 2 1+ p(2) — q(z) + p(2)q(z

Nf=

q(2)
)

for all z in [b, 1], and thus, we obtain h(z) > 0 for all z in [b, 1]. This completes our proof.

So far, we have assumed that the equaton (3.3) has a root a in [r,b]. From now on, in

this section, we assume that the equation (3.3) does not have a root in [r,b]. We set, for =
in (0, b],

r) = 2 o] Lo o LML= a)d () }
) = @) — 4@ + p@a@) () p{ 2q“+2/x FOrCE

b ' b _ /
By IR (WA X CITLC PR Y
= p(t)a(t)? 2 2)e  plu)g(u)
It is easily seen that p4(z) < 0 for all z in (0,b), and hence

2
{1+ p(b) — q(b) + p(b)q(b) }q(b)?

2 N SR SR Y AR L e (G)HC)
<{1+p(m>—q<x>+p<m>q(x>}q<m>%ep{ 10+ [ S dt}

A 11— aw W)
/zp@)q(t)% Xp{ 210+ 5 [ d}dt

for any z in (0,b). Consequently we get

e—31(b)

2 — q(z)2 B, (z)Bs(z) > 0

for all z in (0,b).

Lemma 9. Set
9" (y) = c;{B1(y)Bs(y) + Ba(y)},

where
e N
2 —q(1)*B1(7)Ba(7)
Then
b
/ g (y)dy =1
and

vs(z) < p(1) — {1 = p(1)H{2 — a(7) }a(7)

for all z in [1,1], where v3(x) denotes the expected payoff when player II applies the strategy
{g*(y), h(2)} and player I fires his bullet at the first moment when he is at the place .

Proof. We set

2c} ¢k By (z) B2 (x)
+ 1
2
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and

25 G{l-p@H1 —a@)h@)?* 5 o

Bi(2) = a(r) +2¢3(r)* Ba(7) — -5 e

It is easy to see that

and

Thus we have
b
[ o dy = B30y =1

Further, for any z in [1, b], we get

v3(7) = /w[—q(y) + {1 —q(y)}p(z) — {1 - q(y) H{1 - p(z)}q(x)]g" (v) dy

b
+ / () — {1 - p@)}{2 — a(@)}a(@)]g" (v) dy
= p(r) — {1 - p()}H2 - a()}a(r)

i {1 - ?E*‘; } (4 — 1= p(r) + {1 = p(r)H2 — a(7) }a()].

Since the equation (3.3) does not have a root in [r,b], we have

1

e~ 51(b)
{1+ p(b) — q(b) + p(b)a(b) }a(b)*
1—q(7) 1 1P {1—q(t)}d'(t)
> rexpl —oq(r) + 5 | i dt
L4 p(n) — (1— g2 a@ el | 20 2 / p()q(?)

Lt ew [ L {1 g} ()
2/Tp<t>q<t>%ep{ 0+ | d“}dt’

and thus
S 2{1 —q(7)} _
[1+p(7) — {1 = p(r) H{2 — ¢(7) }a()]a(r) &

Therefore we have
4c3 > 1+ p(r) — {1 —p(r)H{2 — q(7) }a(7)

and hence
v3(2) < p(7) — {1 —p(1)H{2 — q(7) }a(7)



A DUEL UNDER ARIBITRARY MOTION 527

for all z in [r,b]. Further, for z in [b, 1], we get

/ / —{1—qa®}a(z) + {1 —q(y) H{1 — q(2) }p(z)]g" (y)h(2) dz dy
/ / )+ {1 = g () — {1 — qly) H1 - p(@) ba(@)lg" (Wh() d= dy
b
=p (w)/ {1—4q(y)}g"(y) dy —/ q(y)g™(y) dy

= p(8) — 4(b) + p(B)ab) — {1+ p(®) }/
=v5(0) < p(1) — {1 = p(T) {2 — q(7) }a(7).
This completes our proof.
6. OPTIMAL STRATEGIES

In this section, we give the game value and the optimal strategies for the duel.

Theorem 1. If there is a root a with p(a) — {1 — p(a)}{2 — q(a) }q(a) > 0 for the equation
(3.3), then the strategy {f(z),a} given in Lemma 4 is optimal for player 1 and the strategy
{9(y),h(2)} given in Lemma 5 and Lemma 6 is optimal for player II. Furthermore, the

game value v is p(a) — {1 —p(a) {2 — q(a) }q(a).
Proof. Tt suffices to show that

vi(y,2) 2 pla) = {1 = p(a) {2 — g(a)}q(a)

for all y and z with 0 <y < 2 <1 and

va(z) < pla) — {1 —pla) {2 — q(a) }q(a)

for all z in [0, 1]. From Lemma 4,

vi(y,2) 2 pla) = {1 = p(a) {2 — g(a)}q(a)

for all y and z with a £y < 2z < 1. For y in [0,a] and z in [a, 1), we get

v (,2) = —q(w) + {1 - q(v) }/ — {1 - p(a) @)/ () do

=-1+{l-4q)} /Z[l +p(z) — {1 - p(2)}q(2)]f(z) dx

+ {1 —q(y) {1 - q(2) }/ {1+p(@)}f(z)dr +20{1 — q(y) {1 — q(2)}
2 vi(a,z) 2 pla) — {1 = p(a) {2 — q(a) }q(a),
and for y and 2 with 0 < y < # < a, we have
v1(y,z) = —qy) — {1 —a(m)}a(z) + {1 —q(y) {1 - q(2)} /lp(w)f(ﬂf) dx
+afl - g}H1 - q() a
(- a - @) {1+ [ @ e o)
2 vi(a,a) 2 p(a) — {1 - p(a) {2 — q(a) }q(a).
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Further, for all y in [a,1]
vy, 1) = /ay[p(ﬂf) —{1-p(@)H2 - q(2)}a(@)]f (z) do
+ /yl[—Q(y) +{l=q(}p(@) = {1 = q(y) {1 - p(2) }q(2)] f(z) dz
2 /ay[p(w) —{1-p(@) H2 — q(2)}q(2)]f () do

1

[—aq(y) + {1 = q(¥)}p(z) — {1 - q(y) H{1 - p(z) }q(2)] f(2) dz — «
2 p(a) — {1 — p(a) {2 — q(a) }q(a),

and for any y in [0, a

_|_

S~

vi(y, 1) = —q(y) + {1 - q(y)}/ [p(z) — {1 —p(z)}q(z)]f(z) dx

2 —q(y) +{1- q(y)}/ [p(z) — {1 - p(x)}q(z)]f(z) dv — a{l — q(y)}
2 p(a) — {1 —p(a) {2 — q(a) }q(a).

Thus we obtain
v1(y,2) 2 pla) — {1 - p(a) {2 — q(a) }q(a)
forall y and z with 0 Sy £ 2 < 1.
By Lemma 5 and Lemma 6,
va(z) = p(a) — {1 = p(a) {2 — q(a) }q(a).

for any « in [a, 1]. Further, for z in [0, a], we have

va(z) = p(x) — {1 = p(e) {2 — q(2) }g(x)
s p(a) — {1 —p(a) {2 — q(a) }q(a)

since p(z) — {1 — p(z)}{2 — q(x) }¢(z) is unimodal and p(a) — {1 — p(a)}{2 — q(a)}q(a) > 0.

Thus we get
va(7) < pla) — {1 —p(a) {2 — q(a) }q(a)
for all z in [0,1]. This completes our proof.

In the following theorem, we assume that there is not a root for the equation (3.3) in the
interval [7,b). In this case, p(7) — {1 — p(7)}{2 — q(7) }q(7) < 0 since A;(z) is unimodal.
We denote by Ip the strategy of player I where player I stays indefinitely at the place 0.

Theorem 2. If there is not a root for the equation (3.3) in the interval [1,b), then the
strategy o is optimal for player 1 and the strategy {g*(y),h(z)} given in Lemma 9 and
Lemma 6 is optimal for player I1. Furthermore, the game value v is 0.

Proof. From Lemma 9, it follows that
v3(z) S p(1) = {1 —p(m)H{2 —a(n)}e(r) S0

for any z in [r,1] and since p(z) — {1 — p(z)}{2 — q(z) }¢(x) is unimodal,
v (z) = p(x) — {1 —p(x) {2 — q(z) }q(z) = O

for any z in [0, 7]. Thus we have v3(x) < 0 for all z in [0, 1]. Further, if player I stays at 0
indefinitely, then the expected payoff is obviously 0. This completes the proof.
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7. EXAMPLES

In this section, we give examples which illustrate some of the results in Theorem 1 and
Theorem 2.
Example 1. If p(z) = z and ¢(z) = 22, then p(z) — ¢(z) + p(z)q(x) and 1 + p(z) — {1 —
p(x) {2 — q(z) }¢(z) are increasing over [0, 1]. In this case we have

* 2 1
%exp{—m—+—+x}, a<x<b,
T 2 T
fw=9"
%exp{—}, b<z <1,
T T =" =

_a{l+a—(1—-a)2—a%a’} a 1 b _
a= 20— a?) (1 — 1) exp . a 2+1+b =0.0135,

2c3(1 — ) (1 — 3z% — 223 + 2t — 2°) {m2 1 }
= exp

9(y) = 74

2 b 2
X L AL +/t—3 I
A+rb-+op P\ 2 "0 AL t

2c3(1 — 22 — 2% + 23)
_ -

Y

hey = 20 all=r o) eXp{1 - 1}

2 z T

and
v=ua—(1-a)2-a®)a’(= 0.1655),

where b (= 0.3987) is the unique root in (0, 1) of the equation

a (= 0.2652) is the unique root in (0,b) of the equation

Lo e m2+1+x /bt3e t2+1+t dt
Xpe —— + — — Xpe —— + =
z{l+z—(1—-12)(2—2?)2?} P 2 =z - P 2t

2
- : SLAS
T Arb—Rap P VU2 Ty T

af{l+a—(1-a)2—a’)a’} exp{a2 1 }

of = f— T e
. a{l+a—(1-a)2-a*a’} a’? 1 b?
2= 1—a)(1 -0 e R i
14+a—(1-a)(2—a?a®
C3 =
4
and
1+b—0b*+ b
Gg=—.

4
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Example 2. If p(z) = ¢(z) = =, then p(x) — q(z) + p(z)q(z) = z? is increasing over [0, 1].

Further A;(z) =1 — z + 322 — 23 is decreasing over [0, 7) and increasing over (7, 1], where
7 = (3 —v6)/3 = 0.1835. The unique root b in (0,1) of the equation

1
e? +/ t 3er dt = Li —2) T Zer
" 241

is 0.2524 and there is no root in (7,b) for the equation

-2 r 1 1, 1t
1+w—(1—w)(2—w)weXp{_§+%}_Q/wt eXp{Q_t_E}dt
1 1 b
-mrer{m 1)

which corresponds to (3.3). Thus, by Theorem 2, the optimal strategy for player I is staying
at 0 indefinitely and the optimal strategy {g*(y), h(z)} for player IT is

coy Gyt +2y° — 4y +1) 1 b y 1
7w = 1+ 02yt Pl T2 Ty
sy + 2y -4y +1) y 1 /b 2 1t
+ 2 exp 5 vl ), t “exp 5% 3 dt
y* —4dy+1)
oy
14+b%)(3z—1 14+ b%)(1—2z— 22 !
h(z):( + )(42 )+( + )( i z Z)e_% {6%4_/ t_%e%dt},
4z 822 z

where c; = 0.9078. Further, the game value is 0.
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