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ON COMPLETE SPACES AND REGULAR TOPOLOGICAL SPACES

NuNoO C. FREIRE
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ABSTRACT. This paper contains a generalization of fine uniform spaces and related
properties. We consider some sequences which we call I-thick sequences in a regular
topological space. We then obtain a generalization of the concept of Cauchy sequence
in uniformisable spaces. The definitions and properties for complete regular topolog-
ical space and uniformly continuous functions follow straighttforwards . We obtain a
generalization of Baire’s category theorem.

1 Introduction In section 2, we define the concepts of I-thick sequence, I-thick net and
I-thick filter in a regular topological space that is, a separated topological space, in which
each point has a basis of closed neighborhoods, in the sense of [SCHWA]. We conclude that,
in each such space, we may consider one fixed index set I, for which there exists a surjection
onto a basis of the neighborhoods of each point. This is the keystone for the
definition of the I-thick sequences, as well for nets and filters, and I-complete spaces, and it
makes possible the definition of (I-.J)-uniformly continuous functions between two regular
topological spaces.

In §3, we obtain that the concepts of Cauchy sequence, and Cauchy net and filter in
a uniformisable space, are particular cases of our definitions. Hence each complete uni-
formisable space becomes an I-complete regular topological space in the sense that we have
defined.

In §4, we obtain a generalization of Cantor’s theorem to I-complete regular topological
spaces that satisfy the first Axiom of countability. Next, we obtain that each regular I-
complete topological space, which satisfies the first axiom of countability, is a Baire space,
which is a generalization of Baire’s category theorem. We obtain the unique extension of
an (I-J)-uniformly continuous function, from a subset A of a regular topological space in a
I-complete regular topological space, to the closure of A. We also obtain the I-completion
of a regular topological space, which is the analogue for the metric spaces.

The concepts of I-thick sequence, net and filter, and the corresponding concepts of I-
complete regular topological space, are not topological, since that they are not preserved
under homeomorphisms. They are beyond the context of uniformisable topological spaces,
since they are defined in regular topological spaces, which are not necessarily completely
regular.

2 Equally distributed spaces, I-thick sequences and nets

Definition 1 We say that the topological space (X,T) is equally distributed, if there exists a
set I such that, for each a € X, there exists a surjection from I onto a basis of neighborhoods

B, of the filter V, of all neighborhoods of a, such that we may write B, = {V;(a) : i € I}.
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Remark 1 Every regular topological space is equally distributed. For if a,b € X with a # b,
the mapping 6 : Vo — Uy, where Vqp 15 the class of the open sets V, such that a € V,
b¢V and, Uy is the class of the closed neighborhoods of b which do not contain a, defined
through (V') = V¢ clearly is an injection. Moreover, if W is a closed neighborhood of b
that does not contain a, then W€ is in V,, since that there exists U € Vy such that U C W€,
due of X being a reqular space. Thus 6 is a bijection. It follows that, since the class V,
of all open neighborhoods of a contains each such class Va3 for each b € X, there exists a
surjection from V, onto Uy. Therefore we may take for I an index set with the cardinality

of V.

Remark 2 In what follows, we consider all topological spaces to be reqular, which we state
precisely sometimes, and we write B, = {(Vi(p)) : i € I} for each point p in the space.

Definition 2 We say that the sequence (vy,) in the topological space (X,T) is an I-thick
sequence if i1t satisfies the condition

(th-1) (Vi € IN(Fa; € X)(Fk)(Vn)(n >k = x, € int(Vi(a;))).

Here, as in the following, we consider I for the fixed index set, corresponding to the
topological space, without mentioning it explicitly.

Clearly, (th-I) generalizes the concept of Cauchy sequence in a metric space: take 3 = a
in the definition and consider, for given k, that

n,m >k = x,,1, € int(B(a, %))

As for a topological vector space, clearly if V' is a neighborhood of 0, then z,, € int(V)+
zp if and only if ,, — zp € int(V). In what follows, (A4, <) is a directed system, whose
elements are usually denoted by letters of the greek alphabet.

Definition 3 (1) The topological space (X, T) is said to be I-sequentially complete, if each
I-thick sequence m X has a limat in X,
(2) If (xo)aea is a net in the topological space (X, T), we say that it is an I-thick net if

(thn-T) (Vi € I)(Ja; € X)(3B € A)(Va € A)(a > 8 = x4 € int(Vi(a;))).

(3) We say that X is an I-complete topological space, if each I-thick net in X has a
limit i X.
(4) Finally, let us call a filter {F, : o € A} of subsets of X an I-thick filter whenever it

satisfies the condition
(thf-T) (Vi € I)(Fa; € X)(Fa € A)(F, C int(Vi(a;))).
Then clearly X is complete if and only if each I-thick filter of subsets of X is convergent.

Remark 3 Sometimes we write complete instead of I-complete whenever it is clear what
index set shall be used.

3 Regular topological spaces, separated uniformi-sable spaces and I-thick se-
quences Recall that, if X is a set and W, V C X x X, then W~ = {(y,z) : (z,y) € W}
is the inverse of W, and the composition of V and W is the relation

VoW ={(z,2): (Fy € X)((z,y) e WA(y,z) € V)}.

We also write A = {(z,z) : # € X} for the diagonal of X.
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Definition 4 A filter M over X x X is said to define a uniform structure in X if it satisfies
the conditions:

(U1) W D A for each W € M;

(U2) WeM=W"'eM;

(U3) for each W € M, there exists V. € M with VoV CW.

The family of all subsets G of X such that, for each z € G, there exists W € M with
{y:(z,y) e W} CGE

is a topology on X, which we call the uniform topology; the topological spaces that can be
obtained this way, are called the uniformisable spaces.

According to [SCHWA], a topological space is separated and uniformisable iff it is com-
pletely regular, which is a condition that implies regularity.

If X is a separated uniformisable space, with its topology defined by means of the
uniform structure M, and a € X, we may consider the sets V(N,a) = {y € X : (a,y) € N},
where N € M; these sets form the neighborhoods of a. If (u,) is a Cauchy sequence in X,
we have:

(VN € M)(3k)(Yn,m > k)((un,um) € N)

Hence, for given N € M, we have (ug,up,) € N and (ug,um) € N, so that uy,, um, € V(N,a)
with a = uy, provided that n, m > k; this means that (u,) is an I-thick sequence.

Conversely, if (z,,) is an I-thick sequence in X, and we take L € M such that LoL C N,
then

(VN € M)(3Fa € X)(3k)(Vm,n > k)(zp,xm € V(L,a) A xg,z € V(L,a)).

Therefore, if n,m > k, and since (z,,2%), (2x,2m) € L, we see that (z,,z,) € N, and
therefore that (z,) is a Cauchy sequence in the uniform space X.

Since the above clearly holds with nets, in place of sequences, and since the concept
of convergence is the same, we see that a separated uniformisable space is sequentially
complete (resp.complete) if and only if it is a sequentially I-complete (resp. I-complete)
topological space, in the sense of definitions 4 (1) and (2).

4 On completeness and uniform (I-J)-continuity for regular topological spaces

Definition 5 If f : X — Y s a function between two (regular) topological spaces, I and J
are index sets for X and Y respectively, we say that f is (I-J)-uniformly continuous if it
satisfies the condition

(w) (Vj € J)(Va € X)(3i € I)(f(int(Ui(a)))  int(V;(f(a)))-

Sometimes we write uniformly continuous instead of (I-.J)-uniformly continuous when-
ever it i1s clear what index sets I and J shall be used.

Clearly, each (I-J)-uniformly continuous function from X to Y is continuous (start with
(Va € X) in (u)).

If X is a uniformisable space, with its topology defined by means of the fine uniform
structure My, and if Y is a uniformisable space, relatively to the uniform structure My,
then a function f : X — Y is uniformly continuous in the sense of uniform structures (that
is, for each N € My, there exists M € Mx satisfying f x f(M) C N) if and only if it
is continuous for the uniform topologies. Hence if f is (I-J)-uniformly continuous in the
sense of def. 5, then for every N € My there exists M € Mx such that for all y € V (M, z)
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we have f(y) € V(N, f(z)), and it follows that f is uniformly continuous between the
uniformisable spaces, due of

yeV(M.2) &2,y € M, f(y) € V(N, f(2) & (f(x). f(y) € N.

For the converse, it suffices to consider index sets containing Mx, My .
According to def. 3, if (z4) is an I-thick net indexed by the directed set A in the topo-
logical space X, we have:

(Vi € I)(Ja; € X)(Fa € A)(VB € A)(B > o = 25 € int(Vi(a;))).

It follows that, if f: X — Y is (I-J)-uniformly continuous, then the net (f(z,)) is
a J-thick net in Y. In fact, for given j in the index set J for YV, if we consider : € T
as in (u), def.5, then for each V;(f(a)) € V), it holds that each Vi(a) € V, sastisties
fint(Vi(a))) C int(Vj(f(a))); therefore f(zg) € int(V;(f(a))) if 8 = a. Here as in the
following, we write V, for the class of all neighborhoods of p.

Conversely:

Claim 1 If f : X — Y maps I-thick nets in X to J-thick nets in Y, then f is (I-J)-

uniformly continuous.

For suppose that f is not (I-J)-uniformly continuous. Then there exists j € .J, where .J
is as above, such that for some a € X, we have: for each ¢ € I as in def. 5, there exists some
Vj(f(a) such that f(int(Vi(a))) is not a subset of int(V;(f(a))). Considering the partial
ordering > in I defined by j > i iff Vj(a) C Vi(a), we obtain a directed set, in which we
may take a maximal chain; it follows that a net (ax) chosen so that f(ax) ¢ int(V;(f(a)))
and ay € int(Vi(a) ) will be an I-thick net in X, but the image net (f(ax)) is not a J-thick
net in Y.

It holds that if a net in the topological space X is an I-thick net, and it has a convergent
partial net, with limit x, then clearly @ = a in def. 3 (2), and the net converges to z.
Consequently, since any convergent net is an I- thick net, we have: If f : X — Y is
continuous, where X, Y are topological spaces, with X compact, then f is (I-.J)-uniformly
continuous in the sense of def. 5. Clearly a continuous function between two regular spaces,
maps convergent nets to convergent nets.

We now look for the analogue of Cantor’s theorem in complete metric spaces. Consider
a topological space X, with an index set [ for the neighborhoods of its points, and let us
convey that for B C X and diam(B) = diameter of B:

diam(B) < 1g if there exists some a € X such that B C V; (a);
diam(B) = 0 if diam(B) < i for each ¢ € I, that is,
(Vi e I)(Ja; € X)(B C Vi(a));
for a given family {A, : n € N} of subsets of X, diam(A4,) — 0 if the condition
(Vi€ X)(Fa; € X)(3n(t) € N)(n > n(1) = A, C (Vi(a,))
holds.

Proposition 1 Let {A, : n € N} be a family of nonempty closed sets in a complete topo-
logical space X, such that there exists a denumerable set of neighborhoods of each point, the
Ay satisfying Apy1 C Ayp for each n, and diam(A,) — 0. Then (\{An : n € N} consists of

a single point.
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Proof. Since each point has a denumerable family of neighborhoods, we may take N for
a subset of the index set I, in such a way that for each a € X, we have V,,11(a) C Vy(a)
with {V;,(a) : n € N} a basis of open neighborhoods of a.

If we consider x,, € A, C Vy,(ay) where

(Ym)(m >n = A, CV,(a,))

(which is possible, according to the hypothesis), the sequence (z,) is an I-thick sequence.
Hence there exists * = limx,, in X, and since the sets A, are closed, we have V N A,, # 0
for each n, whenever V € V,, that is, € ([{A, : n € N}. If y is a point in this intersection,
then with (x,) as above, we may consider the I-thick sequence (21,y, 22,9, ...) which must
converge to ¥ = y, since the space is separated, and the theorem is proved. W

Lemma 1 An I-complete topological space X is a Baire space if and only if every denu-
merable intersection of dense open sets is dense.

Proof. Let I be the index set for X, and assume that X is a Baire space. Let {4, : n € N}
be a denumerable family of dense open sets. We prove that, for W a nonempty open set,
then ANW #£ 0, where A = ({4, : n € N}. If ANW, = 0 for some open set Wy # ) then
X = (ANWy) = AU W, so that

Wo = XNWo=ANW = ([ {4n:neNH N
= Jl4s ne Ny = | JA4s n ).

This shows that Wy is a set of the first category, since int(B N Wy) Cint(B) = () for each
B = AY; (notice that p € V C AS and V open implies V open, V # (), VN A, = 0,
contradicting that A, is dense). It follows that Wy cannot be open, and we conclude by
absurd that A is dense. Conversely, assume that every denumerable intersection of dense
open sets is dense in X. If U is an open set of the first category in X, we prove that U = (),
concluding the proof.

Let {A, : n € N} be a denumerable family of nowhere dense sets, such that U = [ J{A,, :

n € N}. Then {(A4,)" : n € N} is a family of open sets, each of which is dense, and since

int(A,) = () implies that for each open set V., it follows that V' N (A, )" # (. By hypothesis,
A ={(4,)° : n € N} is dense in X. Therefore

UQU{A_n:nEN}ﬁm{(A_n)C:nEN}:AgUC?
which implies that X C U¢ = U®, thence U = 0, as wished. H

Theorem 1 Let (X,T) be a reqular, I-complete topological space, which satisfies the first
axtom of countability. Then X is a Baire space.

Proof. We may consider the indices for the neighborhoods, in such a way that I O N,
Vat1(a) C Vi, (a) for each n and each a € X. We have to prove that

A=A, :neN}

is dense in X . for each denumerable class of dense open sets A,,, according to the lemma. We
prove that for € X, n € N we have V,,(2)N A # (). Since A, is open and A; = X, and since
we may suppose the neighborhoods V,,(a) to be open sets, it follows that « € V,,(2)NA; # 0;
since X is regular, there exists ny € N, with @1 € ‘_/nl(:pl) C Va(z)N Ayp, for some Vi, (w) €
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V(zy1). It follows analogously, that there exists ¥ € X with z, € Vn2<l‘2) C Vi, (1) N Ag,
for some ny > ny since A, is dense and, Vy,, (z1) N Ay is open and nonempty.

Inductively, if @1, ..., T, n1, ..., ny have been selected, we may choose ©p41, nmiy1
with

I/nm+1 (mn+1) g .[/'nm (Tm) N Am+17

(nm) a strictly increasing sequence.

So, there exists a sequence (z,,) in X , and a strictly increasing sequence of natural
numbers (ny,), with Vnm+1(xn1+1) C Vi, (2m) N Apg1. We have: for each ny given, there
exists @« = zj, such that

(Ym,n > k)@, 20 € Vi (21)

which shows that (2,,) is an I-thick sequence. Hence 2, — u, for some u € X. Therefore,
for each n € N, there exists k¥ € N such that m > k implies ©,,, € Vi,(u). For each m, it
holds that u € V,, (2m) C Am, thence u € ({4, : m € N} = A.

Moreover, we have u € V,, (1) C Vp(2), so that u € V,(2) N A, which proves the
theorem.Therefore, for a suitable indexation by means of some index set I, if (X,T) is
a regular I-complete topological space, satisfying the first axiom of countability, and if
X = J{A, : n € N}, then the interior of some A, is nonempty. W

If Iisan index set for X, ¢ # A C X then a € A if and only if there is a net in A
indexed through the directed set (I, >) where, ¢ > j if and only if V;(a) C V;(a) such that,
the net converges to a. In fact, suppose that (£,>) is a directed set and, (z,) € X% is a
net such that 2, — a. It follows that the set Q; = {a(i) € Q: o > a(i) = 2, € int(Vi(a))}
is nonempty for each ¢ € I. If we define ¢ > j if and only if Vi(a) C Vi(a) clearly (I,>) is
a directed set. Denoting ¢ : {Q; : i € I} — Q the choice function, according to the Zermelo
axiom of Choice and, ¢(£2;) = a(¢) for each i we have: for each given k € I, it holds that
i > k implies x5(;) € int(Vi(a)) C int(Vi(a)). This means that the net 2z(;; — @ and this
net is idexed in (I, >), if we let @(i) constant on €2;.

Theorem 2 Let X, Y be topological spaces, Y regular and complete, and consider f :
A =Y with A C X an (I-J)-uniformly continuous function. Then there exists a unique
(I-J)-uniformly continuous extension of f to A.

Proof. We may consider J such that each V;(y) is closed, and such that {V;(y) : 7 € J}
constitutes a basis of neighborhoods of y, if y € Y. Given x € A, we consider a net (z;) in
A indexed as above with «; — z. Since f is (I-.J)-uniformly continuous, (f(z;)) is a J-thick
sequence in Y (see claim 1 above); therefore it converges in Y, to a point which we denote
by g(x). This definition makes sense, for if (u) is another net in A with limit 2, indexed
through the same directed set, then (z;,uy) — =, where we consider 3(k) = p(Q\{@(k)}),
the £, standing for u; analogously to the x; above and, the same way for the B4- Therefore
the net of the images is a J-thick net in Y, so converging to the unique limit g(z).

We next prove that g is (I-J)-uniformly continuous. Let x, » € A. If (z;), (z) are
nets in A with * = limz;, » = limz;, k, [ € J, a € A, there exists some ¢ € I such that
f(Vila)) C Vi(f(a)) N Vi(f(a), for each a. Also there exist some j,! € I such that

(V(YD(5 - JAL = 1= (zj,21) € Vi(z) x Vi(2)).
We then have

(f(ej): f(z0)) € (Vi(f (i) 0 Vil f(w)))) > (Vi (f(z0)) O Vil (z0)))-
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It follows that
(9(x),9(2)) € V(g(x).9(z)) = Vi(g(x)) x Vi(g(z)).

We conclude that, for given V;(x) in A, and for each z € V;(x), then g(z) € V;(g(z))
(choose z; — z above). This means precisely that g(Vi(x )) C Vj(g(x)) and the proof is
complete. W

Definition 6 In what follows, if (X,Tx) is a topological space, with index set I, we say that
the complete topological space (E,T) is an I-completion of X, if there ezists an injective
mapping 6 : X — E, such that 8 is (I-J)-uniformly continuous, 67" s (J-I)-uniformly
conti’rmous,and m = E. It follows from theorem 2 that if E, F are two I-completions
of X, then there emists a bijection v : E — F such that both v and v™! are uniformly
continuous.

Theorem 3 (Existence of the I-completion) If E is a reqular topological space, then
there exists a reqular topological space E which is an I-completion of E.

Proof. Recall that the filter F of subsets of E is I-thick if it satisfies the condition that
there exists a set {a; : ¢ € I} C E, where I is the index set for the neighborhoods of the
points, such that for each ¢ € I there exists F' € F such that F C int(Vi(a;)). We put
(a;) € I(F) for such a set {a; : i € I'}.

Consider the set C' of all I-thick filters F on E, and the binary relation p defined by
FpG iff there exists (a;) € I(F)NI(G) on C that is, if we may consider

F C int(Vi(a;)), G Cint(Vi(ai)),

with F' € F and GG € § in the above condition. Clearly p is an equivalence relation on C.
We denote by F the equivalence class of F, and E will stand for the set of the F. In
order to define a topology on E/ we put for each index k € I,

e =19 € B (3a) € I(F)(Bg:) € 1G))(Vi(ar) = Vilgr) Nax = gi)}
where the notation I(]?) instead of I(F) is understood from above. Next, let
Uz, ={0€E:(Vje ) Us,nUz, # ¢}

for each k € I.The class of sets {ﬂ{ﬁ}zf :1 € L}: L CIA L finite} is the basis of a filter

fjf on E such that F belongs to each of the sets. Also the intersection of each class reduces
to {F}. - -
Considering G € DT g» and if H e Ug i» then there exist (¢;) € I(G), (hi) € I(H) such

that gr = hg, Vi(gr) = Vi(hg). Since we also may coilsider (a;) € ](‘7-:) with ay = hy,
Vi(ar) = Vi(gr), it follows that ap = hy, thence H € U]; - Thus it holds that, for each
Ge (j 7 it follows that ﬁé,k C (7 . Consequently, we find that for each Ge U}- B
D e © U Fob so that the classes {U}',k : k € I} are basis of filters of neighborhoods of
each FeE, fora topology T' A(E\) on E, for which E is a (1) space. (E T(E)) is a regular
space, since each U Fils closed, as we prove in the followmg It holds that U}. P = U}. .
In fact, if G e Uﬁ,k\[’}',kv it follows that for each j € I, Dg,j ]—',k =% ¢ and, for each

also
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(a;) € I(]?) and each (g;) € I(g) we have V} (ak) =+ Vk(gk) or ay # gr. In particular with
7 = k, it would hold that there exists some He Lg k ﬂU}- . that is: there exist (h;) € I(?’-{)
(gi) € I(Qj), (a;) € I(j-:) such that Vi(hi) = Vi(ar) and hy, = ag, Vi (g) = Vi(ax), whence
Vi(hi) = Vi(gx) and hi = g, contradicting the above. Thus ﬁ]_: ¢ © Uz, and it follows
that 7];’,“ = ﬁf',k for each k. We conclude next tlriat each 7}1‘,“ is closed in (E\f(E\ ))s
so that this is a regular topological apace. For if G ¢ Uﬁ 4> there exists 7 € I such that
U = U C ﬁ%A = Ucﬁk. Since that the cardinality of Tjﬁ = {ﬁf,k k€ I}, it follows

G,j G.j
that we may consider the same index set I, for the indexation of the neighbrhoods of each

FeE.

We now prove that the map @ : ¢ — ]7;, where V, is the filter of neighborhoods of «,
from E to E (clearly V, is an I-thick filter: take a; = a for (a;) € 1(V,)), is (I-I)-uniformly
continuous. Given V,, F € av iff there exists (a;) € I(]?) with Vi(ar) = Vi(a), ar = a
for all £ in a cofinal subset of I provided we consider the partial ordering in I defined
through

i = g if Vi(a) C Vj(a) iff Vi(ar) C Vj(ar) (but possibly for one of the aj, see the
remark following def. 1); for b € int(Vi(a)), there exists j € I such that V;(b) C Vi(a).
It follows that considering Vi, b € int(Vi(a)),we may take b = by = «q, Vk(b) for Vi(a)
in what concerns the index k, since Vi(a) € Vy; we conclude that Vb 1/ o therefore
Q(Vi(a)) C 017 - This shows that @ is (I-I)-uniformly continuous. Also @ clearly is an
injection, and the inverse map from Q(E) to E is (I-I)-uniformly continuous. In fact, given
V. with a € E, consider Vj(a). If Fe ﬁi;k it follows that, there is (a;) € I(]?) such that
Vielar) = Vi(a), ar, = a for some k > j, as we saw. This shows that if )7; € ﬁﬁ;,k for such a
k, then b € Vi(by) = Vi(a) so that b € Vi(a). Therefore the inverse of @ is (I-I)-uniformly
continuous.

It holds that Q(E) is dense in E7 since for each F € F and each i € I we have with
(a;) € I(F) that V,, € LAT ;» for Vi(a;) belongs to both filters V,,, F. Finally, we show that

Eis I- complete, b‘\/ proving that each I-thick filter of subsets of E is convergent. Let M
be a thick filter of subsets of E constituted by sets M. This means that there exists a set
{.,4 ciel} C E such that for each 7, there exists some M; € /\/l7 M, - U . We have:
the class
ViM):MeM,iecl}
where
= U{ﬁfi : .7‘: S ﬁ}

is the basis of a filter of subsets of F E and, the filter generated by this basis is an I- thick
filter on E. In fact, V(Af) cV (]\I) provided that we suppose i » j iff U~ C D 7 ; for
each F € AI, also

V(M) NVi(N) 2 Vi(MAN) # ¢

for each J/VT, N € M. The filter generated by the class of the V,(]/VT) is an I-thick filter,
due of M; C Uﬁm’ implying Vi(M;) C U;(m. In fact, it holds that, under the hypothesis
M, CUz .

We Vi) =W e Uz, F € M,
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which implies that, in turn
WEUW C[j}'zfc.i

Moreover, each of the sets V; (M) NQ(E) (]U' € A/l i € I) is non empty, due of Q(E) being

(B
dense in E since that the V; (AI) are open sets. Also each intersection V; (M) NVi(N)NQ(E)
is non empty, and the class

(WViM;):i€L, jeL ,M;e MALL finite}

is the basis of an I- filter F on Q(F) equipped with the induced topology, as follows
from above. Let then G = Q! (ﬁ) Q! being (I-I)-uniformly continuous, it follows that
G is an [-thick filter of subsets of E. We prove that /T/l\ — ? Since G is an I-thick filter
on E, there exists a set {a; : i € I} C E such that for each ¢, there is some G € G with
G C Vi(a;). This implies that for each ¢ € I, there exists some j(i) € I such that,

Q' (Vo (M) N Q(E)) € Vi(ai)

Therefore, also for each 7 € I, there exists k(i) € I such that

My N Q(E) C Vi (M) N Q(E) C 'S i

where we write ¢ = a;, so that
ﬂk(i) - ﬁfc ;

due of the 17~ . being clopen. Now Vi(a;) € G, (a;) € I(G) and Vi(a;) C Vi(a;), Vi(a:) €
Va,, 1mp1V that the filter V,,l which is generated by the basis {Vi(a;) : k € I} is such that
Va, € D~ thence L~ ; C U . This implies that M= ]M'k( ) above satisfies that M C U
and the proof is

complete. |
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