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ABSTRACT. The purpose of this paper is to prove a common fixed point theorem,
from the class of compatible continuous mappings to a larger class of mappings having
noncompatible and discontinuous mappings which generalizes the result of G. Jungck,

B. Fisher, S.M. Kang and Y.P. Kim, Jachymski, Rhoades and Pant.

1 Introduction In 1976, G. Jungck [6] proved a common fixed point theorem for com-
muting maps generalizing the Banach’s fixed point theorem, which states that, “let (X, d)
be a complete metric space. If T satisfies d(Tx,Ty) < kd(z,y) for each z,y € X where
0 < k < 1, then T has a unique fixed point in X”. This theorem has many applications,
but suffers from one drawback-the definition requires that T be continuous throughout X.
There then follows a flood of papers involving contractive definition that do not require the
continuity of 7. This result was further generalized and extended in various ways by many
authors. On the other hand S. Sessa [16] defined weak commutativity and proved common
fixed point theorem for weakly commuting maps. Further G. Jungck [7] introduced more
generalized commutativity, so called compatibility, which is more general than that of weak
commutativity. Since then various fixed point theorems, for compatible mappings satistying
contractive type conditions and assuming continuity of at least one of mappings, have been
obtained by many authors.

It has been known from the paper of Kannan [9] that there exists maps that have a
discontinuity in the domain but which have fixed points, moreover, the maps involved in
every case were continuous at the fixed point. In 1994, R. Pant [12] introduced the notion
of pointwise R-weak commutativity and show that compatible maps are pointwise R-weak
commutativity but converse need not be true. In this paper, we present a common fixed
point theorem, in which the fixed point may be point may point of discontinuity, by using
a minimal commutativity condition and reciprocal continuity which generalizes the result
of Jungck et al. [8], Fisher [3], Kang and Kim [10], Jachymski [4], Rhoades et al.[14] and
Pant [11, 13].

2. Preliminaries

Definition 2.1. Let A and S be mappings from a metric space (X, d) into itself. Then A
and S are said to be compatible mappings on X if lim, o d(ASz,,, SAx, ) = 0, when {z, }
is a sequence in X such that lim, o Az, = lim, o Sx, =t for some t € X. If A and S
are compatible mappings on X, then d(ASt, SAt) = 0, when d(At, St) = 0 for some ¢ in X.

Definition 2.2. Two self maps S and T of a metric space (X,d) are called pointwise
R-weakly commuting on X if given @ in X there exists R > 0 such that d(ASz, SAz) <
Rd(Azx,Sz).
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It is obvious that pointwise R-weakly commuting maps commute at their coincidence points
but maps A and S can fail to be pointwise R-weakly commuting only if there exists some
z in X such that Av = Sz but ASz # SAx. Therefore, the notion of pointwise R-weak
commutativity is equivalent to commutativity at coincidence points. Moreover, since con-
tractive conditions exclude the possibilities of the existence of a common fixed point together
with existence of a coincidence point at which the mappings do not commute, poinwise R-
weak commutativity is a necessary condition for the existence of common fixed points of
contractive type mapping pairs.

It is to be noted that compatible maps are necessarily pointwise R-weakly commuting
since compatible maps commute at their coincident points but converse may not be true.

Example 2.1. Let X =[2,20] and d be usual metric on X.
Define A,S: X X by Ar=2if =2 or 2 >5, Sr=21if 2=2
Ar =6 if 2<a<b, Sr=2-3if 2>5, Sr=12 if 2<z <5

The mappings A and S are non-compatible but they are pointwise R-weakly commuting. A
and S are pointwise R-weakly commuting since they commute at their coincidence points.
Let us consider the sequence {z,} defined by 2, =5+ 1/n, n > 1.

Then Sx, — 2, Az, =2, SAx, = 2 and ASz, = 6. Hence A and S are non-compatible.
Moreover, mappings A and S are discontinuous at x = 2.

Example 2.2. Let X = [4,30] and d be the usual metric defined on X. i.e. d(z,y) = |z —y|
for all z,y € X.
Define Az =z if =4 or 2>5 Ar=10 if 4 <z <5.

Se=a if =4, Se=20if 4<a<b, Ser=z-11if z>5.

Here A and S pointwise R-weakly commuting, since they commute at their coincidence
points. Let us consider the sequence {r,} defined by 5+ 1/n, n > 1. Then Sz, —
4, Az, =4, SAz, = 4 and ASx, = 10. Hence mappings A and S are non-compatible.
The mappings involved in this example are discontinuous at « = 4.

Definition 2.3. Let A and S be mappings from a metric space (X, d) into itself. Then A
and § are said to be reciprocally continuous if lim,, .. ASz, = At and lim, o SAx, = St,
whenever {z, } is a sequence in X such that lim,,_,., Az, = lim,,_,o Sz, =t for some ¢ in
X.

Continuous mappings are reciprocally continuous on (X,d) but converse may not be
true.

Example 2.3 Let X =[2,20] and d be usual metric on X.
Define mappings A, 5 : X — X by Az =2 if =2, Srx=2if =2
Ar =3 if 2>2 Sz=6 if z>2.
It is noted that A and S are reciprocally continuous mapings but they are not continuous.
Example 2.4 Let X = [4,30] and d be usual metric on X.
Define mappings 4,5 : X - X by Az =2 if =4 Sx=2a if « =4
Ar =5 1f z>4 Sz=10 if = >4.

Here A and S are reciprocally continuous mappings but A and S are not continuous. D.
Delbosco [2] considered the set S of all real continuous functions ¢ : [0,o0)® — [0, 00)
satisfying the following properties :

(i) g(1,1,1) =h < 1,
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(i) If w,v > 0 are such that u < g(u,v,v) or u < g(v,u,v) or u < g(v,v,u), then u < ho.
But later on Constantin [1] considered the family G of all continuous functions g, where
g :[0,00)° = [0, 00) satisfies the following properties :

(g1) ¢ is non-decreasing in the 4th and 5th variable,

(g2) If w,v € [0,00) are such that v < g(v,v,u,u + v,0) or u < g(v,u,v,u + v,0) or

u < g(v,u,v,u+0,0) or u < g(v,u,v,0,u + v), then v < hv where 0 < h < 11is a
given constant,

(g3) If w € 0, 00) is such that u < g(u,0,0,u,u) or u < g(0,u,0,u,u) or u < g(0,0, u, u,u),
then u = 0.

3. Fixed Point Theorem

Let A,B,S and T be mappings from a metric space (X,d) into itself satisfying the
following conditions :
Let (A4, S) and (B, T') be pointwise R-weakly commuting pairs of self mappings of a complete
metric space (X, d) such that

(3.1) A(X) ¢ T(X), B(X)C S(X) and

(3.2) d(Az, By) < g(d(Sz,Ty),d(Az, Sz),d(By, Ty),d(Az,Ty),d(By, Sz))

for all x,y € X, where g € G.
Then for an arbitrary point 29 in X, by (3.1), we choose a point 1 such that Tz = Azg and
for this point 21, there exists a point x5 in X such that Sy = Bxy and so on. Continuing
in this manner, we can define a sequence {y,} in X such that

(33) Yon = A;L“Qn = T$2n+1 and Yon4+1 = Bl‘gn_H = S;L“Qn_H, n = ]., 2, 3, PN

Lemma 3.1. Let A B, S and T be mappings from a complete metric space (X,d) into
itself satisfying the conditions (3.1) and (3.2). Then the sequence {y,} defined by (3.3) is a
Cauchy sequence i X.

Proof. From (3.2) we have

d(AJ?Qn, Béb“zn-H ) < g(d(Séb“Qm T$2n+1 ), d(AC!?zm szn), d(BfC2n+1 s Téb“zn,+1 ):
d(Al"zm T$2n+1), d(B$2n+la Sfﬂzn))

Y2ns Y2n—1)s A(Yan+1, Y2n ) d(Y2n: Y20 ), d(Y2nt1: Y2n-1))

d(y2n7y2n+1> (
dA(YansY2n—1), d(Y2n+1,Y20), 0, [d(Y2n+1, yan) + d(Y20, Yan—1)])
h

g(d<y2n 1, y2n)
);

<
< g(d Y2n—15Y2n

By (g2), we obtain, d(yan, yant1) < hd(y2n—1,y2n)-
But d(ynvyn-l-l) S hd(yn—layn) S s S hnd(yo yl,)-
Moreover, for every integer m > 0, we get

AYns Yntm) < AYn,Ynt1), A Ynt1,Ynt2) + - A Yntm—1,Yntm)
< R"d(yo,y1) + " d(yo.y1) + . T T d(yo, yn )
= hd(yo,y1 )1 +h+ AP+ 2T

d(Yn, Ynim) < / — h)d(yo, y1)
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On proceeding limit as n — oo, we have d(Yn,Yn+m) — 0. Therefore, {y,} is a Cauchy
sequence in X.

Theorem 3.1. Let (A, S) and (B,T) be pointwise R-weakly commuting pairs of self map-
pings of a complete metric space (X,d) satisfying (3.1) and (3.2).

Suppose that (A, S) or (B,T) is a compatible pair of reciprocally continuwous mappings. Then
A.B,S and T have a unique common fized point in X.

Proof. By lemma 3.1, {y,} is a Cauchy sequence in X. Since X is complete. So there
exists a point z in X such that lim, ,. vy, = 2. Lim, o0 Ax2, = lim, 00 T22,41 = 2z and
limy 0o Bropg1 = limy 00 ST2p42 = 2. Suppose A and S are compatible and reciprocally
continuous. Then by reciprocally continuous of A and S, we have lim,, oo ASx2, = Az and
limy oo SAzs, = Sz. Also, by compatibility of A and S, Az = Sz. Since AX C TX, so
there exists a point v in X such that Az = Twv.

d(Az,Bv) < g(d(Sz,Tv),d(Az,Sz),d(Bv,Tv),d(Az,Tv),d(Bv,Sz))
= g(d(Tv,Tv),d(Sz,Sz),d(Az, Bv),d(Az, Az),d(Az, Bv))
= ¢(0,0,d(Az,Bv),0,d(Az, Bv))

Then by (gs) Az = Buv.

Thus Az = Sz =Tv = Bw.

Since A and S are pointwise R-weak commutativity, there exist R > 0 such that
d(ASz,SAz) < Rd(Az,Sz) = 0, this implies that ASz = SAz and A4z = ASz = SAz =
S5z, Also, B and T are pointwise R-weak commutative, so we have BBv = BTv = TBv =
TTv. From (3.2), we get

d(Az, AAz) = d(AAz,Bv) < g(d(SAz,Tv),d(AAz,SAz),d(Bv,Tv),
d(AAz,Tv),d(Bv,SAz))
= g¢(d(AAz, Bv),0,0,d(AAz,Bv),d(AAz, Bv))

By (gs) AAz = Az, s0o Az = AAz = SAz.
Thus Az is a common fixed point of A and S. Similarly, we can prove that Bv(= Az) is a
common fixed point of B and 7.

Finally, in order to prove uniqueness of Az, suppose that Az and Aw, Az # Aw, are
common fixed points of A, B, S and T. Then by (3.2), we obtain

d(Az, Aw)

d(AAz, BAw)

g(d(SAz, TAw),d(AAz,SAz),d(BAw, T Aw),

d(AAz, TAw),d(BAw,SAz))
(
(

IA

= g(d(Az, Aw),d(Az, Az),d(Aw, Aw), d(Az, Aw),d(Aw, Az))
= g(d(Az, Aw),0,0,d(Az, Aw),d(Az, Aw))
By (g3), we have Az = Aw. This completes the proof.
The following corollaries follow immediately from Theorem 3.2.
Corollary 3.1 [12]. Let (A,S) and (B, T) be pointwise R-weakly commuting pairs of self
mapping of a complete metric space (X,d) satisfying (3.1), (3.3) and (3.4)

(3.4) d(Az,By) < hM(z,y), 0<h <1, z,y € X, where
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M(z,y) = max{d(Sz,Ty),d(Az, Sx),d(By,Ty),[d(Az, Ty) + d(By, Sx)]/2}
Suppose that (A, S) or (B,T) is a compatible pair of reciprocally continuous mappings.
Then A, B, S and T have a unique common fized point mn X.

Proof. We consider the function g : [0,00)° — [0, 00) defined by
g(ml,x2,137x4,$5) = h max{xy,xs, 3, 1/2(2:4 + 1‘5)}

Since g € G. We can apply Theorem 3.1 and deduce the Corollary.
Example 3.1. Let X =[2,20] and d be the usual metric on X.
Define mappings A4, B, S, T : X — X by

Av =2 if 2 =2, Sx=2a if =2, Se=6 if #>2
Ar =3 if >2, Bax=2z2 if z=2o0raxa>5 DBx=61if 2<z <5
Te=z if =2, Ter=12 if 2<a <5, Te=xz—-3 if z>5

It may be noted that A and S are reciprocally continuous mappings. But neither A nor
S is continuous not even at the common fixed point * = 2. The mappings B and T are
non-compatible but pointwise R-weakly commuting. B and T are pointwise R- weakly
commuting, since they commute at their coincidence points. Let us consider the sequence
{z,} defined by 2, =5+(1/n), n > 1. Then Tz,, — 2, Bz, =2, TBx, =2 and BTz, = 6.
Hence B and T are non-compatible. Thus A, B, S and T satisfy all the conditions of the
Corollary 3.1 with A = 2/3 and have a unique common fixed point « = 2. Moreover, all the
mappings involved in this example are discontinuous at = 2.

Remark 3.1. Kang, Kim [10] stated that theorem 3.1 is no longer true if we do not assume
that any of the mappings to be continuous (see page 1037). Now we have shown in example
3.1 that continuity of any one of the maps is not necessary for the existence of common
fixed points if we assume poinwise R-weak commutativity, reciprocal continuity and any
one of the pairs to be compatible.

Corollary 3.2. Let (A,S) and (B, T) be pointwise R-weakly commuting pairs of self map-
ping of a complete metric (X,d) satisfying (3.1), (3.3) and (3.5). Suppose that (A,S) or
(B,T) is a compatible pair of reciprocally continuous mappings.

Then A, B, S and T have a unique common fized point i X.

(3.5) d(Az,By) < h max{d(Awz, Sz),d(By,Ty),1/2d(Az,Ty),1/2d(By, Sx),d(Sz,Ty)}
for all x,y in X, where 0 < h < 1.
Then A, B, S and T have a unique common fized point in X.

Proof. We consider the function g[0,00)° — [0, 00) defined by
g(x1, 9, v3, 04, v5) = h max{xy, vy, 73,1/224,1/225}. Since g € G, we can apply Theorem
3.1 to obtain this Corollary.

Remark 3.2. Theorem 3.1, generalizes the result of Jungck [5] by using a minimal com-
mutativity condition and a new type of continuity condition as opposed to the continuity
of both S and T. Theorem 3.1 and Corollary 3.2 also generalize the result of Fisher [3] by
employing fewer compatibility and new type of continuity condition instead of commuta-
tivity of maps. Further, the condition (3.2) is more general that the condition of Fisher
[3]. Moreover, the results of Jachymski [4], Jungck et al. [8], Pant [11, 13], Rhoades et al.
[14], Kang & Kim [10] are also generalized in two ways. Firstly, by using both compatibility
and pointwise R-weak commutativity. Secondly, our theorem does not force the maps to be
continuous at the fixed point (see Example 3.1).
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Remark 3.3 We shall show that under contractive condition (3.2) continuity of one of the
mappings in the compatible pair implies their reciprocally continuity. Let us assume that
A and S are compatible and S is continuous. Let {x,} be sequence such that

lim Az, = lim Sz, =t for some t in X.
n—oo n—roo

Now we shall prove that lim, . ASx, = At and lim, . SAx = St. Since AX C TX, so
for each n, there exist y, in X such that ASz, = Ty,.

Also limy oo SST, = limy oo SAx, = limy 00 AST, = limy oo Ty, = St.

We claim that lim, o By, = St. If not possible, then there exist a subsequence { By, }
of {By,}, a number r > 0 and a positive integer N such that for each m > N, we have
lmp oo d(ASTm, Bym) > 1, Le, limpy oo d(BYm, St) > 1.

From (3.2), we have

d(ASxy, Bym) < g(d(SSTm,Tym), d(ASTy, SSTm), d(BYm, Tym),
A(AS2m, TYm ), d(BYm, SStm))

Letting limit as m — oo, we have

lim d(St,Bym) < lim ¢(0,0,d(Bym, St),0,d(Bym, St))

By (gs), we have limp o0 d(St, Byn) = 0, i.e., lim, o By, = St.
Again from (3.2), we get

d(At, Byy) < g(d(St,Tyn), d(At, St),d(Byn, Tyn), d(At, Tyn), d(Byn, St)
Taking limit as n — oo, we get At = St.

Thus lim, oo SAz, = St and lim, _, ., ASx, = St = At. Hence the assertion. A similar
argument applies when A and S are compatible and A is assumed to be continuous.
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