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COMPUTABILITY ASPECTS OF SOME DISCONTINUOUS FUNCTIONS

MARIKO YASUGI *, VASCO BRATTKAT AND MASAKO WASHIHARA?
b

Received August 28 2001; revised October 9, 2001

ABSTRACT. We speculate on computational aspects of certain discontinuous functions
by taking the GauBian function [z] as a typical example. An algorithm how to compute
[z] for a single computable real number is first described, followed by a remark that
[z] does not necessarily preserve sequential computability. Second, [] is studied in the
light of the notions of upper semi-computability and of limiting computation. Then two
Fréchet spaces, RZand L{,.(R) , in which some discontinuous functions will become
computable, will be taken up.

1 Introduction The computability of real functions was originally defined for continu-
ous functions, which may be called Grzegorczyk computability (See Chapter 0 in[13], for
example). A real function f defined on the compact interval [0, 1] is called Grzegorczyk-
computable if, for any computable sequence of real numbers {z,,}, {f(z,)} is a computable
sequence of real numbers (f preserves the sequential computability) and if f has a recursive
modulus of (uniform) continuity. This is reasonable with continuous functions since one
can evaluate their values at some dense points, such as rational points, and then, with these
values, one can approximate the value at any point to an arbitrary precision.

If the values at these dense points are computable and the function is smooth enough,
then one can expect that the modulus of continuity can be taken to be recursive. In other
words, such a function is characterized by some representing values “effectively.”

On the other hand, one often deals with a function which jumps at some points such as
at integer points and which is continuous on each open interval between two jump points.
One would compute the values of such a function at some points which supply information
for computation and then approximate values at other points.

It is thus a natural attitude to investigate ways of expressing such computations. There
can be various approaches to attain this purpose, some of which will be listed as references.
Our interest lies in mathematical treatment rather than foundational.

In [13], Pour-El and Richards proposed to call a function computable if it is nicely
approximated by a sequence of rational coefficient polynomials with respect to the norm of
a Banach space. Then a function which jumps at some points but is continuous on their
complement can be regarded as computable. This was made possible by employing a norm
of a function which is not necessarily the maximum norm. On the other hand, in such a
theory, a function is regarded computable only as a point in a function space, while we are
more interested in computing the values of a function.

As a sample of our concern, we will discuss some computability aspects of the GauBlian
function [z] (the integer part function). It jumps up at integers, but is continuous in each
open interval between two consecutive integers. Although it is an innocent, anti-dramatic
function, it is a typical and a simplest function which fits into the category of our concern,
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and so is expected to be appropriate to distill the essence of the problem. Due to its
simplicity, it does not obstruct us with irrelevant details.

The function [#] can be regarded as a computable point in two Fréchet spaces (the space
of integer-indexed sequence of real numbers and the space of locally integrable functions). It
can also be characterized as having computational algorithms if some kind of non-recursive
principles are admitted. One such notion of algorithm is the upper semi-computability, that
is, the value of a function at any point can be approximated from above by a sequence of
values, computed from the information on x. Another is the notion of computation in the
limit, that is, the value of a function at a point can be computed in terms of some limiting
recursive functionals.

In Section 2, we will first demonstrate an attempt to compute [2] for a computable real
number @ from the information of x as follows.

Let {r;} be a computable sequence of rationals converging to z effectively. Then we
find an integer k such that k£ < @ < k 4+ 2. We will then define a computable sequence of
rationals (in fact integers) {N,} which has the following property. N, = k + 1 as long as a
recursive condition R(p) does not hold: N, = k once R(g) is attained for a ¢ < p. There
are two cases: (1) Vp—R(p), in which case N, = k 4 1 for all p, and (ii) IpR(p), in which
case Ny = k for all ¢ > p, where p is the first step for which R(p) holds. If we write lim, N,
for the number N such that IpVg > p(N, = N, = N), then it can be classically established
that lim N, = [2] holds, and the convergence is effective. Only it cannot be decided which
of (i) or (ii) indeed holds.

We will view such a situation from two standpoints: upper semi-computability (Section
3) in the line of [20] and [6], and limiting computation (Section 4). The latter can be defined
in terms of the notion of limiting recursive functionals in [8].

The treatment in Section 4 suggests that upper or lower semi-computable functions
can be computed in terms of limiting recursive functionals. Furthermore, there are some
discontinuous functions which are neither upper nor lower semi-computable functions but
can be computed in terms of limiting recursive functionals. We will take up several examples
of such functions. Among them is the system of Rademacher functions, which is important
in Walsh analysis. It is shown to be computable with a limiting recursive functional as a
sequence of functions.

Formal treatments of the limiting computation and their interpretations are seen, for
example, in [1] and [12].

In [16], Washihara formulated the conditions for the computability structure on a Fréchet
space (Axioms 1~3 in Introduction,[16]). The first example of a Fréchet space with com-
putability structure there is R° |, the space of real sequences. ((1) in Section 3,[16]). We
can extend this space to RZ, the space of real sequences with integer indices.

Taking the advantage of the theory of R%, we will embed some step functions into RZ%,
and will show that they are computable in this space (Section 5). This characterizes the
computability of the Gauffian function as a computable sequence of values.

On the other hand, computability structures on the Banach spaces L?[a,b] and L?(R)
are given in 3, Chapter 2 of [13]. Inspired by this, we define a computability structure on
the Fréchet space L}, (R) (the space of locally integrable real functions) and show that
some examples in Section 4 are computable in this space too (Section 5). This means that
the Gauflian function is well approximated by a computable sequence of some continuous
functions except at the integer points.

These two results indicate that the Fréchet space is a useful framework for investigations
of the computability properties of discontinuous functions. For details, see, for example, [14]
for the classical theory of the Fréchet space, and [16] for the definition of the computability
structure on a Fréchet space.
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This work has been developed from a foregoing article [23]. Although we assume the
knowledge of basics of the computability structures developed in [13] as well as upper and
lower semi-computability in terms of Type 2 Turing machine in [19] and [20], this article is
more or less self-contained. [24] will serve as a quick reference to basics of computability
structures in analysis.

The computability problem of another famous object, the §-function, has been studied
in [17] by Washihara. A computability structure is defined for the space of tempered
distributions, and it is shown that the é-function is computable relative to that structure.

The relations between computability structures of Fréchet spaces and those of the
metrizations of Fréchet spaces have been discussed in [18] and [11]. We could thus re-
gard the GauBlian function as a computable element in a metric space also, but we will not
elaborate upon it now.

There are many related works accomplished on computability problems in function
spaces and metric spaces. We will list only a few of them, say [4], [21] and [22], in which
one can find further important references.

In [2], the GauBian function is a simplest example of a computable function in their
theory. It is possible because they allow judgement of « > y, while in our theory this is not
decidable. The relation between our approach and that of [2] will be an interesting subject
to work on.

If one changes the topology of input data, then one can turn the Gauflian function into
a continuous function, so that we can apply the traditional notion of computability to this
function. See, for example, [9], [10] and [15].

2 An attempt to compute [z] A sequence of rational numbers, {r,} is said to be
recursive if there are recursive functions (3, v, § satisfying

m 2(m)
I (_1)5( )W

for all m. A real number z is computable if there is a recursive sequence of rationals {r,, }
and a recursive function « satisfying that for every p =0,1,2,---

> < L
mia(p):>|xfrm|72—p
Such an « is called a modulus of convergence (of {r,,} to z).
The notion of computable real numbers can be extended to a computable sequence of
real numbers. See [13] for details.

Program P We will first attempt to compute [z] for a computable x.

Let = be a computable real number represented by a computable sequence of rationals
{rm} and a modulus of effective convergence a.

By Proposition 0 in Chapter 0 of [13], there is a program such that, for any computable
number z, if # > 0 indeed holds, then this is recognized by the program.

Using such a program, we will compose a program P such that, given a pair of infor-
mation on z, say ({rm,},a), where {r,,} is a recursive sequence of rational numbers which
converges to x with a recursive modulus of convergence o, P outputs a recursive sequence
{sp} which converges to [z].

1 There is a program Py which acts as follows.
Input ({rm }, o, k), Py checks whether ry,) <n — 21—}, holds for some p < k and n < k.
If the result is Yes, then @ < n has been determined. Similarly with the other direction,
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checking the inequality n+ sz < r'o(p)- By increasing k, Py eventually hits a number n such
that n < @ < n + 2. Then stop the process.

2 There is a program Py such that, input ({r,, }, @, n), where n has been computed by P
so that n < @ < n+ 2, P, outputs a sequence of integers {N,} as follows.

Compute the inequality rq(,) < (n+1) — 2%7, for p =1,2,---. This relation is decidable.
As long as the answer is No, put N, = n + 1. If the answer is Yes at stage p, then put
N, =n. (Once the answer is Yes, then N, = n for all ¢ > p.)
3 There is a program P3 such that, with input {N,}, Ps outputs a recursive sequence of

rational numbers {s,}. Namely, regarding N, as a rational number, we put s, = N,.
Now, the desired program P is a composition of P1,P; and Pj.

Note It may be confusing that a sequence {N,} is distinguished as a sequence of integers
and as a sequence of rational numbers. This is due to the particular nature of the Gaufian
function. If we wished to evaluate, for example, the value of %[r}, then the situation would
be clear. That is, s, = 1 N,. {N,} is used for case distinctions, while {s,} represents a real
number.

Either N, = n + 1 for all p (Case 1) or there is a py such that N, = n + 1 for p < pg
and N, = n for all p > pg (Case 2).

{sp} is nonincreasing according to the definition and converges to either n+ 1 (Case 1)
or to n (Case 2). Call this limit ¢.

We can easily claim that, in either case, £ = [z]. Notice that [z] is an integer by
definition, which is a computable number.
Case 1 N, = n + 1 for all p. This means that it never happens that r,,) < (n +1) — 2%,
This implies that # > n + 1. Since @ < n + 2, > n + 1 then implies that [#] = n + 1. So,
{s,} converges to [z].

Case 2 N, = n for some p and hence for all larger ¢. This means that ry,) < (n+1) — 2%,
which implies that # < n + 1. Since n < z, < n + 1 then implies [z] = n.

In either case, the monotone recursive sequence of rationals {s,} converges to a com-
putable number, which is in fact [z].

Furthermore, since the limit number is computable, the convergence is effective by
Proposition 2 (Monotone Convergence) in Chapter 0 of [13].

How do we find an effective modulus of convergence? Given p, take the difference s, —[z],
¢g=1,2,3,--, and wait until |s, — [¢]| < ;—p holds. Take the first such ¢ and put 5(p) = q.
£ will do.

If Case 1 holds, then £(p) = 1 will suffice. If Case 2 holds, then (2(p) = pq(rq(y) <

1

(n +1) — 5;) will do, where jiq is the minimum number operator.

The program P can be easily extended to the domain R of all reals numbers.
We can analyze the logical structure of the computation above as follows.

Logical structure The logical structure of the preceding argument is the following. Put
R(p) = ra(p) < n — 5. R(p) is recursive (with respect to p and n). Then, Case 1 is
expressed as Vp—R(p), and Case 2 is expressed as IpR(p). Classically, Vp—R(p) V IpR(p)
holds. Under each condition, one can construct a modulus of convergence, but we will not
know effectively which case holds. It is in general not decidable.

A formula of the form Vp—R(p)VIpR(p) with a recursive R representsa X9 -LEM, LEM
denoting limited excluded middle according to [12]. We can thus describe the evaluation of
[z] above as follows: there is a method of computating [z] which is effective relative to a X9

-LEM.
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Remark 1 Here one uses different types of input and output representations. The input
is represented by a pair (r,«), where r is an effectively converging Cauchy sequence and o
is a recursive modulus of convergence, while the output is represented by a monotonically
converging sequence q of rationals. Although the convergence of the output sequence is
effective (since [2] is always an integer and hence computable), the modulus of convergence,
called 3, cannot be computed from the pair (r,a) which represents the input. For the
computation of 3, one needs an a priori knowledge of [z]. In other words, the mapping
(r,)— B is not computable, although each 3 is a computable function.

Let us remark that the Gauflian function is not sequentially computable. A counter-
example is given below. It will imply that the case distinction Vp—R(p) V IpR(p) is not
decidable, since otherwise the computation of [z] would be effective.

Counter-example Let a be a recursive injection whose range is not recursive. Let {z,}
be the computable sequence of reals in Example 4, Chapter 0 of [13]. That is,

. _{ ;—m ifn—a(m)forsomem}

0 otherwise

Consider the computable sequence of reals {y,,} where y, =1 — 2,,. Then

1-— Qim if n = a(m) for some m
yn = .
1 otherwise

This implies that
(] = { 0 if n =a(m) for some m }

1 otherwise

Now, suppose {[y.]} were a computable sequence. Then, it can be shown, as in Example
4, Chapter 0 of [13], that the range of @ would be recursive, yielding a contradiction. So,
{[yn]} cannot be a computable sequence.

This counter-example assures us of the following fact: the Gaufian function does not
necessarily preserve computability of a sequence of reals.

3 Upper semi-computability In this section, we prove that the GauBlian function is
upper semi-computable.

We will use the following notations throughout the rest of this article.
N: the set of natural numbers

Z: the set of integers

R: the set of real numbers

Intuitively, we will call a function f : R — R upper semi-computable if, for each 2 € R,
we can compute from a given sequence of open rational intervals whose intersection contains
the single point z, a sequence of rational numbers {¢, }nen which satisfies f(z) = inf,en gn.

We will give our definition of upper semi-computability as follows. (See [20] and [6] for
details. )

Definition 3.1 (Upper semi-computable functions) f : R — R is upper semi-computable
if the following condition holds.

Let @ be any real number. Suppose there is a sequence of rational intervals, say
{(an,bn)}n, all of which contain z and which converges to z, and hence {|b, — a,|}n con-
verges to 0. Then there is an algorithm to compute a sequence of rationals {g, }, from the
information afforded by {a,} and {b,}, so that f(z) = inf,eN ¢n.
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Remark 2 1. Equivalently, we could replace the sequence of intervals by a sequence of
rational numbers which converges to x.

2. In particular, if x is a computable real number, then there is a computable sequence of
rationals converging effectively to x. Therefore, {g,} will be a computable sequence.

3. More precisely, the upper semi-computable functions f : R — R are exactly the (p, ps )—
computable functions in the sense of the theory of representations in [20].

With this preparation, we come to our first conclusion.
Theorem 1 The GauBian function is upper semi-computable.

Proof Given a real number € R and a sequence {I,},en of rational intervals (a,,b,)
such that (),cnIn = {z}. Then simply define ¢, := [b,] for all n € N. {g,}nen can
be computed from {b, },en, since the Gaulian function restricted to rational numbers is a
(classically) computable rational function.

It is then a mathematical practice to prove [z] = inf,en[bn].

First, we note that x < b, for all n € N.
Case 1 z € Z. Then for each £ > 0 there is some & € N such that z < b, < x + ¢ and thus
inf,enlbn] = 2 = [2].
Case 2 v ¢ Z. Let y := min{z € Z : @ < z}. Then there is some k € N such that
@ < bp <y and thus inf,en[by] = [be] =y — 1 = [2].

Remark 3 In our theory, we distinguish between a sequence of rationals (expressed in the
form of fractions) and a sequence of real numbers whose entries happen to be rationals. The
distinction is especially important in considering computability of such a sequence, since
there is an example of a computable sequence of real numbers whose entries are rationals
but which is not computable as a sequence of rationals (See Example 4, Chapter 0 of [13].)

By a Theorem in [20] a function f: R — R is upper semi-computable, if and only if its
open epigraph epi(f) := {(z,y) € R* : f(z) < y} is a recursively enumerable open set (cf.

[6]).

Corollary 1 (Epigraph) The open epigraph {(z,y) € R? : [z] < y} of the GauBian
function is an r.e. open set.

For a later use, we will give the definition of the lower semi- computability of a function
f + R — R similarly to the upper semi-computability. Namely, in Definition 3.1, replace
inf by sup, so that f(2) = sup,cn ¢n-

4 Limiting computation In [8], Gold defined the notion of limiting recursion, that
is, if, for a recursive (number-theoretic) function g(p,n), the value will eventually become
stationary with respect to n, then the computation of that stationary value for p is called
the limiting recursion. He also extended the notion of the limiting recursion to that of
functionals.

Definition 4.1 ([8]:Gold) (1) (Limiting recursive functional) We call a map from tuples
of number-theoretic functions and natural numbers to a natural number a functional.
Let ¥ be a set of total functions.

A partial functional, F(¢1, < ,¢r,p1, - ,ps), where r.s > 0, will be called limiting re-
cursive on 2 if there is a number-theoretic, total recursive function g(z1, -+ , 2r, p1,- -+ ,Ps, 1)
satisfying

F(¢17'“ 7¢7’7p17'“ 7ps) :hing(ggl(n)* 7qgr(n)7p17"' 7p87n)
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for all r-tuples {¢1, -+, ¢,) of functions in ¥ and all py,--- ,ps € N, where ,@N’(n) represents
a code of the finite sequence (¢(0,p1, -+ ,ps), . d(n,p1, -+, Ps))-
F will be called simply limiting recursive if 3 is the class of all total recursive functions.

We will give two useful examples of limiting recursive functionals.

Example 1 (Least value functional) Let ¢ denote a number-theoretic function with s 4 1
arguments, s > 0. The least value property

Elmvn (¢(nap17" ) 7p3) Z ,é(mﬂplf" 7p3))

holds for ¢. Let L(&,p1, - ,ps) denote this least value ¢(m,pr,---,ps). L is limiting
recursive, and will be called the least value functional.

We will show that the least value functional L is indeed limiting recursive. For the sake
of simplicity, we assume s = 0. Let ¢ be a number-theoretic function. The computation
strategy to evaluate L(¢) can be described as follows.

At each n, let g, be a guess of the least value up to step n:
go = #(0); gn = min(gn—1,¢(n))
Define a function g by
g(m,0) = (m)o;g(m,n+ 1) = min(g(m,n), (M)nt1)

where (m); is the i-th entry of m when m is regarded as a code of a finite sequence of
numbers. Then ¢ is (primitive) recursive and satisfies

Now,

L(¢) = lim g($(n), n)
L is thus limiting recursive (over recursive functions).

Example 2 (Limit functional) Let ¢ denote a number-theoretic function, and let Lim
be a partial functional such that Lim(¢,p1, - ,ps) = limy ¢(n,p1, -+ ,ps). Then Lim is
limiting recursive.

We will assume that s = 0. That the limit functional Lim is limiting recursive can be
shown as follows. Let ¢ be a number-theoretic function, and let g be a function defined by

g(m,n) = (m),, where (m),, is as defined above. Then ¢ is recursive and

9(¢(n),n) = ¢(n)
So, Lim(¢) = lim,, g(gg(n), n), and Lim is limiting recursive.

As an example of application of L, we will consider [z]. Recall that we have made
speculation on the computation of this function in Section 2.

Proposition 4.1 (A computation for [x]) There is a program to compute [z] using the
least value functional L (cf. Example 1 for L).
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Proof Let ({rp},a) be a representation of . We follow the computation algorithm in
Section 2.

1. Find some n such that n < z < n + 2.

2. Define a recursive sequence (of rationals) {N,} such that N, = n 4 1 if r,(,) >
(n+1)— 55 Np=nifrop <(n+1)— 5.

3. If I = L({N,}) = n + 1, then put S(p) = 1 for all p; if | = L({N,}) = n, then put
B(p) =min{ge N:ryy <n+1- Zl—q )

4. Output ({N,}, ). This represents [z].

Note The computation process in the proof above can be extended to a sequence of real
numbers, that is, given a sequence of real numbers {z;}, the computation of {[;]} is carried
out uniformly in ¢ by using L.

We can thus conclude the following.

Theorem 2 (Sequential computation of [x]) The Gaufiian function has a sequential com-
putation using the least value functional. Namely, for any computable sequence of real
numbers, the sequence of values {[z;]} can be computed effectively in terms of the least
value functional L.

Proof In the proof of Proposition 4.1, the k; for which k; < x; < k; + 2 holds can be
computed effectively in ¢. The definition of Nj;, is also effective in ¢, since the computation

of
]Vip =k, +1if Tiali,p) > (kz + 1) — 2%; ]Vip =k; if Tiali,p) < (kz + 1) — 2%7

is effective in i. Then we can apply L to {N,,},, and we put l; = L({N},1). i = ki + 1
(Case 1 for 1) or I; = k; (Case 2 for ¢). For Case 1, put 3(i,p) = 1, and, for Case 2, put
B(i,p) = /Jq(rm(l-yq) <(ki+1)— 21—},) Now output <{Nip},5>.

In the following, we will prove a general proposition: any upper semi-computable func-
tion can be computed in terms of Lim, the limit functional. This means that the com-
putation in terms of limiting recursive functionals is a wider notion than upper semi-
computability. The same holds for lower semi-computability. On the other hand, there
are functions which can be computed in terms of limiting recursive functionals but are
neither upper nor lower semi-computable.

Theorem 3 (Upper semi-computability, lower semi-computability and Lim) Each upper
(lower) semi-computable function can be computed in terms of the functional Lim.

Proof We will give a proof for the upper semi-computable function. Let f : R — R be
an upper semi-computable function. From a given information ({r,}, a) which represents
x, one can compute a sequence {¢;} of rational numbers such that f(z) = inf ¢.

For the simplicity, we may assume that ¢; are positive. We will first define a sequence
{t:} as follows.

to = qo; tit1 = min{g41,%}

If {q:} is recursive, then so is {#;}. {#;} is decreasing (non-increasing), and so is monotone
converging to f(xz). Next define a function ¢g by

(I.p) = min{k: k <Lty —t < 21—1,}7 if such k exists;
g\Hp) = 0, otherwise.
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If {t;} is recursive, then the function ¢ is also recursive. Since {¢;} is monotone converg-
ing, {g(l,p)}: is non-decreasing and bounded above. So,

Lim(g.p) = lim (I, p)

exists. Furthermore, Lim(g,p) > 0 for every p.
For the modulus of convergence, one can take 3(p) = Lim(g,p). We have thus obtained
an output ({t;},3) in terms of the limit functional, given an information ({r,}, a).

We will subsequently give further examples of discontinuous functions which can be
“computed” in terms of limiting recursive functionals. We asssume that a real number = is
represented by ({r,,},a). When we say an object can be found, we will mean that it can
be found effectively from the information ({r,, }, o).

Example 3 Let h be the function h(x) =  — [2]. Here we may assume that r,, > . The
n satisfying n < ¢ < n 4+ 2 can be found. Define a sequence of natural numbers {N,} and
a sequence of rational numbers {s,} as follows.

Put R(p) = (ra( <(n+1) = 57)-

v n if I<qRp)
1T U n+1 if Vp<g-R(p)

_ rq —n, if 3p < q R(p)
T g (n 1) i ¥p< g -R(p)

{54} converges to h(x). The modulus of convergence, say 3, can be obtained as follows.
If’L({Nq}) = n, then 3(p) = max(a(p),po), where py = p(ray < (n+ 1) — ) if
L({N,}) =n+ 1, then 3(p) = a(p).

Example 4 Let |z] denote the following real function.
Je[=nifand only if n <a <n+1

J2[ is lower semi-computable but is not upper semi-computable, and can be computed in
terms of the least value functional L.

Example 5 Define a function o as follows: o(z) = 1(z € (0,00)),= %(CE =0),=0(z €
(—00,0)). o is a modified version of the signum function, and is neither upper nor lower
semi-computable.

o can be computed in terms of the limit functional Lim.

Given a real number = with a representation ({r,}, ), define a sequence of natural
numbers {M, } as follows.

2, if rag) > 35
My =4 1, if Jrap| < &
0 if rag) < =5

For each p, it can be decided which condition holds, and hence the sequence {M,} is
recursive.

Define s, = %A/[p. {s,} is a recursive sequence of rational numbers.

We will show that o(z) = lim,, sp.

Case 1: Ap (ra(p) > 35)-

Once a p satisfying rqp) > ;—p is hit, My, = 2 for all ¢ > p, and hence lim, M, = 2 and
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lim, s, = 1. Since the condition 3p (rn(, > 35) means that « > 0, o(z) = 1, and so
o(z) = lim, sp = 1.

Case 2: Vp (|ragn] < )
In this case, the limit of {M,} is 1, ¢ = 0 and hence o(z) = % = lim, s,.

Case 3: dp (ragpy < —2%)
Once such a p is hit, then M, = 0 for every ¢ > p, and the limit of {M,} is 0. Furthermore,
z < 0 and hence o(x) =0, and limy sp = 0.

In any case, lim, s, exists, and o(z) = limy s,.

Let Lim be the limit functional defined in Example 2. Lim({M,}) = 2 for Case 1,
Lim({M,}) =1 for Case 2, and Lim({M,}) = 0 for Case 3.

The modulus of convergence ~ is the following.

If Lim({M,}) = 2 or Lim({M,}) = 0, then v(p) = min{g € N : |r

If Lim({M,}) = 1, then v(p) = 1 will do.

Now output ({s,},7).

()] > 57} will do.

As an example of a function sequence which is computable in terms of limiting recur-
sive functionals, let us deal with the Rademacher function system. Some computational
properties of this function sequence has been studied in [25].

Example 6 Let n denote 0,1,2,3,---. Then the nth Rademacher function ¢, () is defined
as follows.

do(z) =1, = €]0,1)

1, ae[2 ui
Onlx —{ ’ 2r, 2.
n( ) _17 € [‘7;—1;1 , 212—’&;2)

where n > 1 and i =0,1,2,---,2"71 — 1.

The sequence {¢,(x)} is called the system of Rademacher functions, or the Rademacher
system. The Rademacher system has an important role in Walsh analysis (cf. [7] and [26]).

Rademacher functions can be computed as a sequence of functions in terms of the least
value functional as follows.

For an n, the k satisfying 2Ln <z < % can be found. Write ky, for such k. {k,} can

be effectively defined. Define {Ng'} as follows.

N? — { knv if Elp S q (ra(p) < k%j—1 - 2_)
Ty

1
Tl ka1, B VP < g (ragy > Bt L)

Define {t}} as follows. tj = 1if N is even; t; = —1if N is odd. {t}}, converges
to ¢n(z). The modulus of convergence is the following. B1(n,p) = min{p € N : r,(,) <
kni1+1— 55} if L{Ng},n) =k; Ba(n,p) = Lif L{N;},n) =k+ 1.

The following example is a partial function on the real line. Namely, we will consider
the function tan z.

Example 7 In order to make the discussion simple, we define a function 7 as follows.

7(z) = tanz if %m— <z < 2"2"'371'; r(z)=0if 2z = 2"27"'177 for all n. Unlike the preceding

examples, the function 7 is unbounded on appropriately large compact sets.

An integer n satisfying 2";'177 <z < %7\’ can be found. Define {N,} as follows.

n, if rop) < z";'?r - %
Np=19 n+2, if rqp) > %7\’ + 55
n+1, if %iﬂ—%,gra(p < 2";'377—&—2%
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Define {¢,} as follows.

. tanry, if Ny=n or Ny=n+2
“ 0, f Ny=n+1

{ty} converges to 7(x). The modulus of convergence can be defined similarly to that of
Example 5 according as Lim({Ny}) =n, n+ 2 or n+ 1.

Note In Theorems 2 and 3 as well as in each of Examples 3 through 7 above, a sequence of
rational numbers approximating a function value f(z) can be obtained in a uniform manner
from the information on x, and is recursive given that x is computable, while a limiting
recursive functional is used to determine a modulus of convergence. In all the cases except
Theorem 3, a modulus of convergence is recursive, although which function it is cannot
be known effectively. In Theorem 3, a modulus of convergence itself requires a limiting
computation.

5 Discontinuous functions in Fréchet spaces We will first give a brief review con-
cerning classical theory of Fréchet spaces and the notion of computability thereof for the
reader’s convenience. See, for example, [14] for the former and [16] for the latter.

Some definitions concerning the computability structure on a Fréchet space will be cited
from [16] and [23].

A Fréchet space is defined as a locally convex topological vector space that is metrizable
and complete. We will work on a Fréchet space accompanied by a sequence of seminorms
defining its topology.

Let (X,{pm}) be a Fréchet space with a sequence of semi-norms {p, }.

Definition 5.1 (Computability structure on a Fréchet space: Definitions 1 and 2 of [16]
and Definition 5.1 in [23]) (i) Let {a,x} and {x,} be respectively a double sequence and
a sequence from X. {z,} is said to converge to {z,} effectively in k and n if there exists
a recursive function d such that

k> d(m,n,l) implies pp(2nr — xn) < 21—1

(i1) A nonempty family of sequences from X, say S, is called a computability structure
on X if the following three axioms are satisfied.

Axiom 1 (Linear forms) For {z,},{yn} € S, for any computable sequences of reals
{ank} and {Bn}, and for a recursive function d, the sequence {s,} defined by

d(n)
Sp = Z(ank$k + /gnkyk)
k=1

belongs to S.

Axiom 2 (Limits) Let {z,x} € S satisfy that x, converges to z, as k — oo effectively
in & and n. Then {z,} € S.

Axiom 3 (Seminorms) If {z,,} € S, then {pm(z,)} is a computable double sequence
of reals.

Let us remark that, since we assume nonemptiness of S, {0,0, -} belongs to S.
(i) A sequence {wx,} is called computable if {z,} € S. A point € X is called
computable if {x, 2, -} is computable.
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We will first discuss the computability of the Gauflian function in the Fréchet space of
integer indexed real sequences.

The notations N, Z and R defined in Section 3 will be used.

RN(which is denoted by R® in the preceding section and in 2 of [16]) will denote the
Fréchet space of all sequences of reals @ = (£;). Its seminorms are defined by

pm(2) = max{|§;]|: 0 < j < m}

A computability structure on RN is the family of all sequences {x,}, where z, = (£2') and
the sequence {£'} is a computable double sequence of reals.

Definition 5.2 (Integer indexed sequences) (i) RZ will denote the space of all sequences
of the form

'17:( 7€*k7"' 75*275*17507517527”' 751\"7"')

where k = 1,2,--- and each & is a real number.
(ii) Define a system of real seminorms {p,, } from R% by

(1) pulr) = Y I

|k|<m
form=1,2,---.
By simply examining the axioms on a Fréchet space, we can show the proposition below.

Proposition 5.1 (Fréchet space of integer indexed real sequences) RZ forms a real vector
space with respect to addition and scalar multiplication over reals. {p,} serves as a sep-
arating system of seminorms, and RZ is complete with respect to this seminorm system.
That is, <RZ7 {pm}> is a Fréchet space.

Proposition 5.2 (Computability structure for R%) Let S be a family of sequences from
RZ, and let {2, } denote a sequence from RZ, where z, = (£}),n =0,1,2,--- and k € Z.
Suppose S satisfies the following.

{z,} € S if and only if {f;‘(i)} is a computable double sequence of reals, where v(2i) =i
and v(2i+ 1) =—1,:=0,1,2,---.

(As usual, S may be assumed to contain also multiple-indexed sequences. By a standard
manipulation of coding, we can regard v as a recursive function.)

Then § satisfies the axioms of the computability structure (See Definition 5.1.) on the
Fréchet space RZ.

This can be shown similarly to Example (1) in 2 of [16]. The proof is straightforward.

Let ¥ denote the set of right continuous step functions from R to R with integer jump
points. A function f in ¥ is determined by its values f(k) for integers k. So, we can identify
f with its value sequence {f(k)}.

The correspondence between a function f in ¥ and the sequence {f(k)} induces an
isomorphism between ¥ and R% with respect to linear combinations over reals, and hence
we can identify ¥ and R%. We will thus call a sequence of functions from %, say {f,}
computable if the double sequence {f,(k)} is a computable sequence in RZ.

As a special case, a function f € ¥ is computable if {f(k)} € S.

Now take f to be the GauBian function [z]. [z] € ¥ and {f(k)} = {k}, which is certainly

a computable element of R%. From this fact, we are led to the following.
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Proposition 5.3 (3-computability) The GauBlian function is computable as a function in
3.

We will next discuss the computability of the functions in ¥ as functions in the Fréchet
space of locally integrable real functions. See Definition 5.1 for the effective convergence
and the computability structure on a Fréchet space.

Definition 5.3 (Locally integrable functions) (i) A function f: R — R is called locally
integrable if f is integrable on every compact interval. L} (R) will denote the set of such
functions.

(ii) Define a system of real valued functions {p,, } from L} (R) by

pulf) = [ ifids

for m=1,2,---.
From Definition 5.3, it can be easily verified that <L1100(R)7 {pm}> is a Fréchet space.

Proposition 5.4 (Computability structure for L}, (R) ) Let S be a family of sequences
from L} (R) . Suppose S satisfies the following.

{fn} € S if and only if there is a computable double sequence of real functions in
the sense of Definition A” of [13], say {gnk}, such that {g,r} converges to {f,} (with
respect to the seminorm system {p,} above) effectively as m — oo. That is, {fz} can
be approximated (with respect to {pm}) effectively by a double sequence of continuous
and computable functions over reals on every compact interval [k, k], m = 1,2,---. (See
Definition 5.1 for effective seminorm convergence.)

Then S is a computability structure for the space <L}OC(R), {pm}>.

The step functions with compact supports [—k, k], k = 1,2, -, and with rational values

and jump points form (if enumerated effectively) a computable sequence in L], (R) .

The proposition can be proved in a manner similar to Examples in 3 of Chapter 2 in
[13].

As a corollary of Proposition 5.4, we obtain the following.

Proposition 5.5 (L}, (R) -computability) The Gauflian function [z] is computable in the

Y
space of locally integrable functions <L1100(R), {pm}>.

Note We could have considered the function [z] as a point in the Banach space L'(R, u),

where p denotes the Gauflian measure, that is, du = e~ dr. We have not taken that
approach, since we believe that the behavior of the Gauflian function is better understood
in L}, (R) |

At the end, we will briefly explain that some examples in Section 4 can be regarded
as computable objects in some function spaces. Examples 3,4 and 5 are computable in
L;,.(R) . As for Example 7, we can define a Fréchet space F of real functions as follows.
Put @ = R— {2t x :n € Z}, and let L], () be the set of functions which are integrable

loc
on every compact set in {). Define a system of seminorms {p,, } by

p(f) = 3 /Im 7.

|n|<m
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where I, , = [2%H7r + - 2"2+3 — o] Put F = <L}OC(Q),{pm}>. The function 7 in

2 27TL 9 2m
Example 7 is an element of this space. We can define a computability structure for F
with effective approximations by computable continuous functions in C(R), and 7 will be
computable in this sense.

Address of gratitude: We are grateful to Y. Akama, B. Buchburger, S. Hayashi, C. Paulin
and B. Werner for their attention and valuable discussions while preparing this article. In
particular, Hayashi introduced to us the notion of limiting recursion, with which we have
been able to improve this article.
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