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ABSTRACT. In this paper, we shall show the following: If A > A§ for some § > 0 and
log A2 > log B, then for each «a such that 0 < a <4,

T r otr r r atr
(B2 A{Bz) %+ > (B2 ABB2)ptr

holds for all p, t and r such that 6 > p > 5,¢ > max{a,p} and r > 0. And also we shall

—p P p=8 _
discuss a relation between AY > AS and (4,2 AL A2 )i=r > AT Pforo<B<p<t.
These results are extensions of Yang’s recent ones.

1. INTRODUCTION

In what follows, a capital letter means a bounded linear operator on a complex Hilbert
space H. An operator T is said to be positive (in symbol: T > 0) if (T'z,z) > 0 for all
x € H. Also an operator T is said to be strictly positive (in symbol: T > 0) if T is positive
and invertible.

First of all, we recall the following Theorem F. We remark that Theorem F yields the
celebrated Lowner-Heinz theorem “4 > B > 0 ensures A* > B® for any a € [0,1]” by
putting r =0 in (i) or (ii) of Theorem F.

Theorem F (Furuta inequality [7]).
If A> B >0, then for each r > 0,
()  (BEAPB%)7 > (BEB'BE)s
and
(i)  (A3APAS)c > (ASBrA%)s
hold forp >0 and g > 1 with (1 +7r)g>p+r.
FIGURE

Alternative proofs of Theorem F are given in [2] and [17] and also an elementary one
page proof in [8]. Tanahashi [22] showed that the domain drawn for p, ¢ and r in the Figure
is the best possible one for Theorem F.

As stated in [17], Theorem F was arranged as the following Theorem F’ by using notion
of a-power mean f, for a € [0, 1] introduced by Kubo-Ando [20], that is,

AfoB = A3(AT BAT)*A% for A>0and B > 0.
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Theorem F’. If A> B > 0, then
A~"$1 BP <B < A< B "f1un A7

p+r p+r

holds forp > 1 and r > 0.

On the other hand, in [4][18][23] and others, many reseachers discussed Furuta-type
inequalities with negative powers (see section 2). Related to these matters, Yang showed
the following results in [26]. We remark that we use the notation Af;B for s € R defined
by Af,B = A3(AT BAT ) A3,

Theorem A.1 ([26]). Let 1 <p<t, Ay >0 and A2 > B >0. If

(1.1) Aih;%g/lé’ < Ay,
then
(1.2) (BEALB%)% > (B:ALBE)5tr

holds for any 0 < a < min{2p — 1,t} and r > 0.

Theorem A.2 ([26]). Let 1 <p<2p<t, A1 >0 and Ay > B > 0. If

(1.3) Alhzpr A5 > A7,
then
(1.2) (BEALBE)Hr > (B ALB%) v

holds for any 0 < a < 2p and r > 0.

In this paper, firstly we shall discuss a relation between A > A$ and (1.1) (or (1.3)).
Secondly we shall show an extension of Theorem A.1 and Theorem A.2.

2. FURUTA-TYPE INEQUALITIES WITH NEGATIVE POWERS

The following Theorem B means that the inequality in Theorem F remains valid for some
negative numbers r = —t < 0.

Theorem B ([4][18][23][27]). If A > B > 0 with A > 0, then the following inequalities
hold:

I) A=t > (A= BPA= =t for1>p>t>0 withp> L.
2
(II) At > (A= BPA;t)P_—ti for 1>t >p>0 with

2p—

)
(IMT) A%t > (A5 BPAT) %% for L >p>t>0.
)

Y%

p-

=

2p—

(IV) A2P-1-t > (AF BPAT) 5 for1>t>p>

[N

Firstly, Yoshino [27] initiated an attempt to extend the domain in which Furuta-type
inequality holds. Afterwards, the domain given by him was enlarged to (I) by Fujii-Furuta-
Kamei [4]. Kamei [18] gave simplified proofs of (I) and (III). Tanahashi [23] showed all the
inequalities in Theorem B and proved that the outside exponents of (I),(II) and (IV) are best
possible. But we remark that it has not been proved yet whether the outside exponents
of (IIT) is best possible or not. Furuta-Yamazaki-Yanagida [13] showed the equivalence
relation among (I), (II), (IIT) and (IV). Extensions and related results to Theorem B are
shown in [6][11][14][15][16][19] and others.
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At the end of this section, we note the following: In [18], (I) and (III) of Theorem B were
arranged as the following (i) and (ii) of Theorem B’, respectively.

Theorem B’. If A > B > 0 with A > 0, then the following inequalities hold:
(i) Athl_:ingBSAforOSt<p and 3 <p<1.

(ii) A'gzp=e BY < B <A™ for 0<t <p< 3.

3. A RELATION BETWEEN A{ > A$ AND (AQ_TPAﬁAQ_TP)% > AP FORO<B<p<t
As corollaries of Theorem A.1 and Theorem A.2, the following were obtained in [26] by
putting r = 0.
Corollary A.3 ([26]). Let 1 <p<2p—1<t, Ay >0 and Ay > 0. If
(1.1) Algi A < Ay,
then A > AS holds for any 0 < a < 2p — 1.

Corollary A.4 ([26]). Let 1 <p <2p<t, A1 >0 and Ay > 0. If
(1.3) Alfjspe A8 > A2,
then AY > AS holds for any 0 < a < 2p.
We remark that (1.1) is the same form to the first inequality of (i) in Theorem B’, and
also (1.3) is the opposite inequality of the first inequality of (ii) in Theorem B’. It was also

pointed out in [26] that A* > B® for a € [0,2p — 1] (resp. a € [0,2p]) does not always
ensure (1.1) for 1 <p < 2p—1 <t (resp. (1.3) for 1 <p < 2p < t) in general.

In this section, we shall show the following result as a generalization of Corollary A.3
and Corollary A .4.

Proposition 1. Let0 < g <p<t, Ay >0 and A2 > 0. If
P p—B

(3.1) (A7 ALAT)ED > Ap,
then A > AS holds for § = min{2p — 3, t}.

Here we prepare the following Lemma F.

Lemma F ([10]). Let A > 0 and B be an invertible operator. Then
(BAB*)* = BA% (A2 B*BA*)* 1Az B*

holds for any real number \.

Proposition 1 yields Corollary A.3 by putting 8 = 1 since
=

(1.1) Algacs AL = AF(AT AJAT )55 AT < Ay forl<p<t
holds if and only if

1-p

safarahial <,
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holds if and only if
(1.1) (A7 ALAZ ) > A27Y forl<p<t
holds by Lemma F. Similarly, Proposition 1 yields Corollary A.4 by putting 8 = 0 since
(1.3) Agu%Ag:Af(A?AgA?)%AE > AP forl<p<2p<t
holds if and only if
A5 (AFAT'AZ) P A > AT
holds if and only if
(1.3%) (A;TpAiA;Tp)% > A% for1<p<2p<t
holds by Lemma F.

Proof of Proposition 1. Let 0 < 8 <p <t.

() Case 2p — 3 > t, ie., B= ﬁ > 1. Applying Lowner-Heinz theorem to (3.1) since

1P e (0,1], we have A ALA? >At P that is, A} > A%,

ﬁ
()Caser B <t ie,0< =2 <1 Put S = (4, AﬁA;Tp)% and T = A5 ” then
>

S>T>0by (3.1). Applying Theorem FtoS>T > 0 we have

(T TSP yPiFrL P > T forp, >1andr; > 0.

Put p; = >1and r = ﬁ > 0. Then

u\

p

(47 - 4,7 4147 A
that is, we have A2~ > A2P~F

Hence the proof of Proposition 1 is complete. O

> AP P

Next, related to Proposition 1, we have the following result.

Proposition 2. Let0 < f<p<t, Ay > 0and Ay > 0. If A] > A for v = max{2p—0,t},
then the following inequality holds:

(3.1) (A7 ALAT ) > 4p 0

Proof of Proposition 2. Let 0 < ﬂ <p<t.
(i) Case 2p — B8 > t, ie., 2= B > 1. By replacing S with B! and T with A~! in (I) of
Theorem B, we have the following:
(3.2) S > T > 0 ensures (T%SPT%)% >T'"for1>p>t>0andp>1i
Put S = A2?"? and T = A" Then S > T > 0 by the assumption, and we have

(33) (Agm)*ﬂ)_TilAgzp ﬁ)PlA@P ﬁ) )Pl i1 > A(2p B)(1—t1)

f0r1>p1>t1>Oandp1

1221)5

3 by (3:2). Put p1 = 535 and t; = gl in (3.3) since
5 > 3, then the following desired inequality holds:

p=8

(3.1) <A;Tp A4 > AP,
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(i) Case 2p — B < t, ie., 0 < E=2 < 1. If A® > AL by Lowner-Heinz theorem for

)
1;%1) € [0,1], we obtain
(3.1) (A7 ALAT)ER > 4P
’ 2 14742 el 2 .
Hence the proof of Proposition 2 is complete. 0

We can summarize Proposition 1 and Proposition 2 as follows: For 0 < 8 < p < t,

Al > A7 for v = max{2p— §,t}

= (A;TpAiA;Tp)tg > AP L (3.) by Proposition 2
= A} > A} for § = min{2p — f3,t}. by Proposition 1

4. AN EXTENSION OF THEOREM A.l1 AND THEOREM A.2

In this section, we shall show an extension of Theorem A.l1 and Theorem A.2.

Theorem 3. Let Ay, Ay, B > 0. If A} > AS for some § > 0 and log Ay > log B, then for
each « such that 0 < a < 6,

(1.2) (B2AtB2)t > ( 2A"Bz)p+r
holds for all p, t and r such that § > p > <, t > max{a,p} and r > 0.

Proposition 1 and Theorem 3 ensure the following Corollary 4.

Corollary 4. Let 0 < < p <t and A;,A>,B> 0. If

(3.1) (4,7 ALA)S > ap?

and log Ay > log B, then for each a such that 0 < a < min{2p — 3, t},
(1.2) (B:ALB%)%+ > (BEALB%)5ir

holds for all r > 0.

For A, B > 0, it is well known that chaotic order log A > log B is weaker than usual order
A > B since logt is an operator monotone function. Therefore Corollary 4 yields Theorem
A.1 by putting 8 = 1 since (1.1) is equivalent to (1.1’) in the previous section. Similarly,
Corollary 4 yields Theorem A.2 by putting 8 = 0 since (1.3) is equivalent to (1.3).

We need the following theorem on chaotic order to prove Theorem 3.

Theorem C ([3][5][9][25]). Let A, B > 0. Then the following assertions are mutually equiv-
alent:
(i) log A > logB
(ii) (BzApB2)p+r >B" forallp>0 andr > 0.
(iii) A" > (A5 BPA3)w for all p >0 and r > 0.
)
)

g+r
748 mcreasmg fOT‘ S > q.

[’

(iv) For each ¢ >0 andr >0, f(s) = (B2 A*B?%)
(v) For each ¢ >0 andr >0, g(s) = (A5 B5A% )j:: is decreasing for s > q.

i
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We remark that Theorem C is an extension of Ando’s result in [1] that log A > log B is
equivalent to AP > (AZBPA%)z for all p > 0.

atr

Proof of Theorem 3. Let f(s) = (B2 AjB%)s+ . The assumptions A} > A$ for § > 0 and
log As > log B ensure log Ay > log A; > log B.

(i) Case a > p. By (iii) of Theorem C, we have
(4.1) AP > (AQEB’AQ%)T% forp> 5 >0andr >0.
(4.1) ensures the following (4.2) by Lowner-Heinz theorem since % € [0,1].
(4.2) ASTP > (A5 BTAS).

Therefore, for each a such that 0 < a < 4, we have

atr

(BEA'B2) '+ =f(t) > f(a) = B2 AYB% by (iv) of Theorem C for t > «

>B2ASB® = BEAQ% AgprfB% by Lowner-Heinz theorem
>B3A(A;BTAZ)S* AZB? by (4.2)
=(BEALBE) 5 by Lemma F

for all p, t and r such that (6§ >)a > p > 5, t > a = max{a,p} and r > 0.

(ii) Case p > «. For each « such that 0 < « < §, we have

a+r

(B%AgB%)HT

atr

=f(t) > f(p) = (BT APB%)%+ by (iv) of Theorem C for t > p >«

atr

>(BEAYBE) v

for all p, ¢t and r such that § > p > a(> §), t > p = max{a,p} and r > 0, and the last

inequality holds by Lowner-Heinz theorem since ZI: € [0,1].

Hence the proof of Theorem 3 is complete. O

Proof of Corollary 4. Assume that
(3.1) (45 A1) > A5
holds for 0 < 3 < p < t. By Proposition 1, (3.1) ensures A > A3 for § = min{2p — j3,t}.
Let 0 < a < §. Then the conditions

1

§=min{2p— 0,6} > p> (2~ ) > 5 min{2p — 1} =

N

«
>_7
2

t>min{2p—p,t}=0>a and t>p
hold, so that

a+t r.atr

(1.2) (B2 A!B2) > (B2 ALB?) v

holds for all » > 0 by Theorem 3.
Hence the proof of Corollary 4 is complete. O
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5. CONCLUDING REMARKS

Remark 1. Olson [21] introduced spectral order A = B among the self adjoint operators
A and B as follows: Let A = [tdE; and B = [ tdF;. Then the spectral order A > B holds
if B, < F; for all ¢. It was also shown in [21] that for positive operators A and B,

(5.1) A > B if and only if A™ > B" for all positive integer n.

We remark that Uchiyama [24] and Furuta [12] showed several properties of spectral order.
Here, as a similar result to Theorem 3, we have the following Theorem 5 on spectral order.

Theorem 5. Let Ay, A3, B > 0. If Ay = Ay and log Ay > log B, then for each a > 0,
(1.2) (BEA{BE)W > (BEAYBY)5
holds for all p, t and r such that p > 5, t > max{a,p} and r > 0.

Proof of Theorem 5. Since A; = A, if and only if A > AJ for all § > 0 by (5.1) and
Lowner-Heinz theorem, Theorem 3 ensures Theorem 5. (I

Remark 2. Related to Theorem 3 and Theorem 5, one might conjecture the following:
Let A1, A3, B > 0. Iflog Ay > log As > log B, then for each a > 0,

(1.2) (BEA|BE) T > (BEALBE) 3+
holds for all p, t and r such that p > 5, t > max{a,p} and r > 0.

But we have the following counterexample.

0 19 3 10 0 1
since A% > AQ% > Bi > 0.
Let a=0,p=1,t=2and r = 2. Then

4 4 4
Let 4, = (4 0) , Ay = (3 3> and B = <2 0) . Then log A; > log A> > log B

L > (—191359... —1004.86...
(BA?B)* — (BA,B)% = ( ) .

—1004.86... 130130....

Eigenvalues of (BA2B)z — (BA3;B) 3 are 130138.... and —1921.24. .., so that (BA?B)z #
(BA,B)3.
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