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BIOPERATIONS AND SOME SEPARATION AXIOMS
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ABSTRACT. We generalize the notion of operation-open sets in the sense of H.Ogata [16] to
bioperations and define bioperation-closures and bioperation-generalized closed sets. We obtain
properties of bioperation-continuities, bioperation-separation axioms and bioperation-normal
spaces.

1. Introduction. A topological space X with topology 7 will be denoted by (X, 7). The
interior and the closure of a subset S of (X, 7) will be denoted by 7-Int(S) (or Int(S) )
and 7-CI(S) (or CI(S) ), respectively. The power set of X will be denoted by P(X). An
operation v on 7 is a function from 7 into P(X) such that U C U” for every U € 7, where
U” denotes the value of v at U. The study of this concept was initiated by S.Kasahara
[9] and the operation + is denoted by «a in his paper [9]. S. Kasahara [9] unified several
characterizations of compact spaces [8], nearly compact spaces [22] and H-closed spaces [5]
[7] by generalizing the notion of compactness with the help of operation. After the work of
S. Kasahara, D.S. Jankovié¢ [6] defined the concept of operation-closures and investigated
some properties of functions with operation-closed graphs. Moreover, H.Ogata [16][17]
investigated the notion of operation-open sets, i.e.,y-open sets, and used it to investigate
some new separation axioms. Using these notions of operation-open sets [16] and operation-
closures [6], some operator-approaches to topological properties were studied, cf.[18], [19],
[24]. For two operations on 7 some bioperation-open sets and bioperation-separation axioms
were defined [25][20][23].

In this paper we shall introduce an alternative bioperation-open sets and investigate
more bioperator-approaches to properties of topological spaces. In section 2 we introduce a
different type of bioperation-open sets and investigate relations between it and that of [16],
[25] and [20]. We define two different types of bioperation-closures in section 3 and by using
basic properties of them we study bioperation-generalized closed sets in section 4. The
notion of new bioperation-separation axioms is introduced in section 5. We compare their
separation-axioms with the separation-axioms in [16], [25] and the ordinary T;-separation
axioms (i=0,1/2,1,2). The notions of bioperation-continuous functions and bioperation-
closed functions are introduced in section 7. We show that the set of all bioperation-
homeomorphisms from (X, 7) onto itself has a group structure. Finally, in section 8, we
obtain some relations of bioperation-continuous functions, bioperation-separation axioms
introduced in section 5 and bioperation-normal spaces.

Throughout this paper, let v and 4’ be given two operations on 7 in the sense of [9]
and [16]. That is, v : 7 — P(X) and v’ : 7 — P(X) are functions such that U C U” and
V c V7 for every U € 7 and every V € 7 where U” = v(U) and V7' = ~/(V). We recall
the following:
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(1.1) [9] 7y is said to be regular if for every open neighbourhoods U and V of each z € X,
there exists an open neighbourhood W of z such that WY Cc U" N V7.

(1.2) [16] A non-empty subset A of (X,7) is y-open if for each x € A, there exists an
open neighbourhood U of z such that U” C A. We suppose that the empty set is v-open
for any operation ~.

(1.3) [16] = is said to be open if for every open neighbourhood U of each z € X, there
exists a y-open set S such that z € S and S C U".

2. [v,7']-open sets. In this section the notion of [y,7']-open sets is defined and the
relations among [vy,7']-open sets, (7y,7')-open sets [25] and y-open sets due to Ogata [16]
are investigated.

Definition 2.1. A non-empty subset A of (X, ) is said to be [y,7']-open (resp. (v,7')-
open [25]) if for each € A there exist open neighbourhoods U and V of z such that
UrnvY c A (resp. UY U VY c A). We suppose that the empty set 0 is (v,+')-open and
also [y,7']-open for any operations y and «'.

Proposition 2.2. Let A and B be subsets of (X, 7).

(i) If A is y-open and B is v'-open, then AN B is [y, ~']-open.

(ii) If A is [y,7']-open, then A is open.

(iii) If A; is [y,7']-open for every i € T', then U{A; | i € T'} is [y,+']-open.

(iv) If A is y-open, then A is [y,v']-open for any operation +'.

(v) If (X, ) is a y-regular space [9] and A is [7y,7']-open for an operation +', then A is
~y-open.

(vi) A is y-open if and only if A is [y, X]-open, where X : 7 — P(X) is the operation
defined by UX = X for every Ue 7. O
Definition 2.3. The set of all [y,~']-open (resp.(y,7')-open) sets of (X, 7) is denoted by
Tlyr] (T€SP- T(,91))-
Remark 2.4. (i) The following relation (2.5) (resp.(2.6)) is shown by Proposition 2.2 (i),(ii),
(iv) and [25;(2.4)] (resp. Proposition 2.2(vi)):

(25) Ty N Ty =T(44) CTy CTUTy C Ty C T

(2.6) 14,x] =Ty
Remark 2.7. In (2.5) the set 7(, . is a proper subset of 7, ., and 7}, ., is a proper subset
of 7 as shown by the following example.

Example 2.8. Let X = {a,b,c} and 7 = {0, X, {a}, {b},{a,b}}. Let v and 4" be the
closure operation, i.e. U7 = U =CL({U). Moreover, let 4/ : 7 — P(X) be the interior-
closure operation, i.e. U =Int(CI(U)) for every U € 7. It is shown that 7, = 7,n =
{0, X}, 7 =7 and 7, ) = 7. Therefore, 7, ;1) = {0, X} G 7, yyand 7, ) G 7.

Proposition 2.9. Let v and ' be regular operations.
(i) If A and B are [y, ']-open, then AN B is [y, v']-open.
(ii) 7[y,4] Is a topology on X. O

Remark 2.10. The regularity on v and 7' of Proposition 2.9 can not be removed as shown
by the following example.

Example 2.11. Let X = {a,b,c} and 7 = {0, X, {a}, {b},{a, b}, {a,c}} be a topology on
X. For each A € 7 we define two operations v and 7', respectively, by

A ifbe A, . A if A# {a},
AY = ) and AY = .
Cl(A) ifbd¢ A, AuU{c} it A= {a}.
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Then v is not regular [16;Example 2.8]. The sets {a,b} and {a, c} are [y, y']-open, however
its intersection {a} is not [y,~']-open.

Definition 2.12. A space (X, 7) is said to be [y,7]-regular if for each point = of X and
every open neighbourhood U of z there exists open neighbourhoods W and S of z such
that W7 NS" C U.

Proposition 2.13. For y-regularlity, v'-regularlity and [y, ~']-regularlity of a space (X, 1),
the following properties hold.

(i) (X,7) is [y,v']-regular space if and only if 71, . = T holds.

(ii) (X, 1) is [y, X]-regular if and only if it is y-regular.

(iii) If (X, 1) is y-regular and ~y'-regular, then it is [y, ~']-regular. O

Remark 2.14. Let (X, 1), v and 7' be the same space and the same operations as in Example
2.8. This example shows that the converse of Proposition 2.13(iii) is not true in general.
Since 7,47 = 7 and 7, # 7, (X,7) is [y,7']-regular but it is not y-regular by using
Proposition 2.13(i),(ii) and (2.6).

3. [v,7']-closures. We introduce the [y, y']-closure of a set and investigate some properties
of [y,7']-closed sets.

Definition 3.1. A subset F of (X, 1) is said to be [y,7]-closed if its complement X \ F is
[v,7']-open. Let Fp, . be the set of all [y,7']-closed sets of (X, ).

Definition 3.2. For a subset A of (X, 7) and 7 1, 7[y,4/1-C1(4) denotes the intersection
of all [y, ~']-closed sets of (X, 7) containing A, i.e.,
T[,Y’,Yr]—CI(A):ﬂ{F | ACF,F e ‘7:[%7’]}'

Proposition 3.3. For a point © € X,z € 7, ,1-Cl(A) if and only if V.0 A # | for every
[v,v']-open set V containing x. O

Proposition 3.4. Let A and B be subsets of (X, 7). Then the following hold:
() AC Tly,']" CI(A)
(ii) If A C B, then 11, ,1-Cl(A) C 714.,41- Cl(B)
(iii) A € Fiy,4 if and only if 1, ,1-Cl(A) =
(1 ) Tiy,y']" CI(A) S .7:77]

We introduce the following definition of Cl A).

Definition 3.5. For a subset A of (X, 7), we define Cl, ,(4) as follows:

Cljy(A)={z € X | (U"N W) N A # 0 holds for every open neighbourhoods U and
W of z}.

Remark 3.6. In Definitions 3.1,3.2 and 3.5, put 4/ = X. Then, for any subset A of X, the
following hold:

(1) T[,Y’X]—CI(A) = T,Y—CI(A),

(ii) Fiy,x7 = {F | F is y-closed } and

(iii) Cly,x1(A)=ClL,(4),
where 7y-closedness,Cl, (A4) and 7.,-Cl(A) are defined in [6] and [16] respectively.

]

Proposition 3.7. For a subset A of (X, 1), the following hold:
(i) A cCl(A) CClpy41(A) C Ty,4-CI(A).
(ii) Cly,41(A) CCly, 41y (A), where Cl, o) (A) is defined in [25]. O
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Theorem 3.8. For a subset A of (X, 1), the following statements are equivalent:
(a) T[,Y’,Yr]—CI(A) = A.
(b) Clpy 4(A) = A,
(c) A is [y,7']-closed,i.e. A€ Fp, . O

Theorem 3.9. For a subset A of (X, ), the following properties hold:
(i) If (X, 1) is [y,7']-regular, then C1(A)=Cl, ,(A) = 7,4-Cl(A4).
(ii) Cl},,41(A) is a closed subset of (X, T).

(111) 01[777'](T[’Yy7']_01(‘4)) = T[,Y’,Yr]—CI(Cl[%,Y/](A)) = T[,Y’,Yr]—CI(A). O

Theorem 3.10. Let v and v’ be open operations and A a subset of (X,7). Then, the
following statements hold:

(1) Cl[%,y/](A) = T[777/]-C1(A).

(11) 01[7,7’](01[7,7’] (A)):Cl[%,yz](A)

Proof. (i) By Proposition 3.7, it suffices to prove that 7y, ,)-Cl(4) C Cl,(4). Let
T € T[y,41-Cl(A) and let W and S be open neighbourhoods of z. By the openness of v
and ' [16], there exist a y-open set W' and a y'-open set S’ such that x € W' C W7 and
z €S8 c 8. By Propositions 2.2(i) and 3.3, (S'NW')NA # () and hence (STNW? )NA # 0.
This implies that = €Cl, (4).

(ii) This follows immediately from (i) and Theorem 3.9(iii). O

Remark 3.11. Example 2.8 shows that the equalities of Theorem 3.10 are not true without
the assumption that both operations are open. The operation «y is not open. However,

Cl[%vr]({a}) = {a,c} C 7‘[%7/]—01({0,}) =X and Cl[wﬂr](Cl[%vr]({a})) 75 Cl[%,y/]({a}).

Theorem 3.12. Let A and B be subsets of X.
(i) If A C B, then Cl[%vr] (4) CCI[%WI] (B).
(ii) Cl}, (AU B) cCl,(A)UCl, (B).
(iii) If v and 4" are regular, then Cly, (A U B)=Cl, ,n(A)UCly, ,1(B). O

Remark 3.13. Example 2.8 shows that the inclusion of Theorem 3.12(ii) is a proper one in
general. For a subset {c}, Cl, ,({c}) = {c} CCL,({c})UCl, ({c}) = X.
We define the [y, ~']-interior of a subset A of (X, ) as follows:

Definition 3.14. (cf.[17;Definition 2.3]) For a subset A of (X, 7) and operations v and '
on 7, Intp, ,1(4) = {z | U NV C A for some open neighbourhoods U and V' of « }.

Proposition 3.15. For every subset A of (X, 1), the following holds:
Clpy (X \ A) = X\Int, ,1(4). O

¥7'] 7]

4. [v,7']-generalized closed sets.

Definition 4.1. A subset A of (X, 7) is said to be [y,7' ]-generalized closed (briefly [y,~']-
g.closed ) if Cl, ,(A) C U whenever A C U and U is [v," |-open.

Remark 4.2. (i) Every [y,7' ]-closed set is [y,7' ]-g.closed by Theorem 3.8, but its converse
is not true as shown in Example 4.3 (below).

(ii) The [y, X]-g.closedness coincides with the 7y-g.closedness due to [16;Definition 4.4]
(cf.Remark 3.6).

(iii) A subset A is [id,X]-g.closed if and only if A is g.closed [11], where id is the identity
operation.
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Example 4.3. (cf.[25;Example 4.8]) Let X = {a,b,¢,d} and 7 = {0, {a}, {b}, {c}, {a, b},
{a,c},{b,c},{a,b,c},{a,b,d}, X}. Let v and ' be operations on a topology 7 defined as
follows: for every non-empty open set A,

L [ Ing(Cl(A) if A= {a},
AT = { Cl(A) if A+#{a},

It follows from Proposition 2.2 that 7, . = 7,={0, {a}, {c} ,{a,c}, {a,b,d}, X} and a subset
{d} is not [y,~']-closed. However, {d} is a [y, ¥']-g.closed set.

and A7 = X.

The [y, ~']-g.closed sets are characterized as the following proposition.

Proposition 4.4. Let v and ' be any operations. A subset A of (X, 1) is [, 7']-g.closed
if and only if ANy, ,1-Cl({z}) # 0 for every x €Cl 1, ,1(A4). O

The following proposition shows that the regularity on 7 in [16;Proposition 4.6] can be
omitted.

Proposition 4.5. (cf.[16;Proposition 4.6]) A subset A of (X, 1) is y-g.closed if and only if
ANT,-Cl({z})# 0 for every z € Cl,(A). O

Proposition 4.6. (i) If a subset A of (X, ) is [7,v']-g.closed, then Cl, ,1(A)\ A does not
contain any non-empty [y,v']-closed set.
(i) If both v and ' are open operations, then the converse of (i) is true.

Proof. (i) Let F' be a [y,7' ]-closed set contained in Clj, ,1(A)\ A. Since A C X'\ F and A
is [,v']-g.closed, Cl, ,1(A) C X \ F and hence F' C(Cl,,(A) \ A) N (X\Cly, 41 (4)) = 0.

(ii) Since v and v are open, it follows from Theorems 3.8 and 3.10 that Clj, ,(4) is
[v,7" ]-closed. Let U be a [v,7']-open set such that A C U. Then, (X \ U)NCl, ,1(A4) is a
[7,7']-closed set by Proposition 2.2(iii) and it is contained in Cly, ,1(A4)\ A. Tt follows from
the assumption of the converse of (i) that (X \ U)NCl, ,(A) = 0. Therefore, we obtain

v
The following example shows that the openness of v in Proposition 4.6(ii) can not be

removed.

Example 4.7. Let (X,7), v and 7' be the same space and the same operations as in
Example 4.3, respectively. It is shown that v is not open and " is open. Then, Clj, . ({a})\
{a} =Cl,({a}) \ {a} = {a,d} \ {a} = {d} and {d} is not [y,7']-closed. However, {a} is not
[v,7']-g-closed in (X, 7).

Definition 4.8. A subset A of (X, 7) is said to be [y,7']-generalized open (briefly [y,~']-
g.open) if its complement X \ A is [y, ~']-g.closed.

Proposition 4.9. A subset A of (X,7) is [y,7']-g.open if and only if F' Clnt(, (A)
whenever F C A and F is [y,v']-closed. O

5. [v,7']-T; spaces (i=0,1/2,1,2). In this section we introduce [y, y']-T; spaces (i=0,1/2
,1,2) and investigate relations among these spaces.

Definition 5.1. A space (X, 7) is said to be [y, ¥']-T} 2 if every [y, 7' ]-g.closed set of (X, 7)
is [y,7']-closed. It follows from Remark 4.2(i) that (X, 7) is [y,7']-T1/2 if and only if the
[v,7']-g-closedness coincides with the [, y']-closedness.

Let X x X be the direct product of X and A(X) = {(z,z) | z € X } the diagonal set of
X.
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Definition 5.2. A space (X, 7) is said to be [y,7']-Ts, if for each (z,y) € X x X \ A(X)
there exist open sets U and V' containing 2 and open sets W and S containing y such that
UrNVYn(WrnsTy = 0.

Definition 5.3. A space (X, 7) is said to be [y,7]-T1, if for each (z,y) € X x X \ A(X)
there exist open sets U and V' containing x and open sets W and S containing y such that
y¢U'NVY and z ¢ WY NS,

Definition 5.4. A space (X, 7) is said to be [y,7]-To, if for each (z,y) € X x X \ A(X)
there exist open sets U and V such that z e UNV and y ¢ U" N VY, or yeUNV and
¢ UTNVY.

Remark 5.5. (i)(cf.[25;Definition 5.5]) For given two distinct points z and y, the [y,7']-
Th-axiom requires that there exist open sets U, V,W and S satisfying one of conditions
(), (b),(c) and (d): | |
(a)zeUNV,yeWnS,y¢U"'NVY andxz ¢ WYNSY,
byzeUNV,eeWnS,y¢U NV andy ¢ W'nS™,
()yeUnV,yeWnS,z¢U'NVY andz ¢ WINSY,
(yeUnV,eeWnS,z¢U "NV andy ¢ WINS7.
(ii) A space (X, ) is [v,7']-To if and only if for each (z,y) € X x X \ A(X), there exists
an open set W such that z € W and y ¢ WY N WY orye W and z ¢ WY N W7
To characterize a T' /, space we prepare the following lemma.

Lemma 5.6. For each x € X {z} is [v,7/]-closed or its complement X \ {z} is [y,7']-
g.closed in (X, 7). O

Proposition 5.7. A space (X, ) is [y,7']-T1/2 if and only if for each x € X, {z} is [v,7']-
open or [y,7']-closed in (X, ).

Proof. (Necessity) It is obtained by Lemma 5.6 and Definition 5.1.

(Sufficiency) Let F' be a [v,7']-g.closed set. We claim that Cly, . (F) C F holds. Let
x €Clpy 4 (F). It suffices to prove it for the following two cases:

Case 1. Suppose that {x} is [y,v']-open. Since x € 7, ,,-CI(F) and {z} € 7, 1, {z} N
F # () by Proposition 3.3.

Case 2. Suppose that {z} is [y,7']-closed. By Proposition 4.6(i), Cl, (F) \ F' does not
contain the [y, ']-closed set {x}. Since z €Cly, ,/(F), we have z € F.

Therefore, we prove that Cly, . (F) C F, and so F'is [y,7']-closed by Theorem 3.8. O

Proposition 5.8. A space (X,7) is [y,7]-T1 if and only if for each x € X,{z} is [,7']-
closed in (X, 7). O

The following proposition is proved by using Definitions 5.2, 5.3, Propositions 5.7 and
5.8.

Proposition 5.9. (i) If (X, 7) is [y,7]-T=, then it is [y,~']-T}.
(ii) If (X, 1) is [v,7']-T1, then it is [y,']-T1 2.
(iii) If (X,7) is [,7']-T1 /2, then it is [y,~']-To. O

Remark 5.10. From Proposition 5.9 and Examples 5.11,5.12 and 5.13,the following impli-
cations hold and none of the implications is reversible:

[, YT = [y, Y11 = [y -T2 = [, 7T,
where A — B represents that A implies B.
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Example 5.11. Let (X, 7) be the double origin topological space, where X = R? U {O*}
and O* denotes an additional point(eg.[21;p.92]). Let -y be the closure operation, i.e.
UY=Cl(U) for every U € 7. Let 7' be operation defined in [25;Example 5.9],i.e. for every
non-empty open set A,
AW,_{A ifO¢ Aand O ¢ A,
S lCi4) O e AdorOF € A,

where O is the origin of R?. Then, it is shown directly that each singleton is [y,7']-closed
in (X,7). By Proposition 5.8, (X,7) is [y,7']-T1. Using a fact that the operation 7' is
monotone, we can show that (U7NVY )N(W7NSY") # 0 holds for any open neighbourhoods
U,V of O and any open neighbourhoods W, S of O*. This implies that (X, 7) is not [y, y']-T%.

Example 5.12. Let X = {a,b,c,d} and 7 = {0, {a}, {b},{c}, {a, b}, {a,c}, {b,c},{a,d},
{a,b,d},{a,b,c},{a,c,d}, X}. Let v and ' be operations on a topology 7 defined as follows:
for every open set A,

, A ifae A,
AY =Cl(A) and A7 :{ b

Cl(4) ifad¢ A.

Then it is shown that 77, ., = 7 and (X,7) is T/,. By using Proposition 5.7, (X, ) is
[v,7']-T} /2. However, by Proposition 5.8, (X, 7) is not [y,7']-T1, in fact, a singleton {a} is
not [y, v']-closed.

Example 5.13. (cf.[25;Example 5.15]) Let X = R(the set of the real numbers) and 7 be
the cofinite topology for X. Let v and +' be operations on 7 defined as follows: for every
open set A,

A ifpe A,

Cl(A) ifpé¢ A,

where p is a specified point of X. Then the topological space (X,7) is not [y,7']-T1/»
because a singleton {p} is neither [y,~']-open nor [y,7']-closed. It is shown directly that
(X,7) is [v,7']-To.

Remark 5.14. (i) In Definitions 5.1,5.2,5.3 and 5.4,put 7' = X. Then a space (X,7) is
[v, X]-T; if and only if it is 7-T; where 1=0,1/2,1,2.

(ii) Let 4" = X in Proposition 5.7. Then by using Proposition 5.7, [16;Definition 4.5],
Remark 3.6, Theorem 3.8 and (i) above we have the following:

(5.15) (cf.[25;Corollary 5.14]) A space (X, 7) is -1}, if and only if for each z € X, {z}
is y-open or y-closed.
The statement (5.15) shows that the regularity on v in [16;Proposition 4.10(ii)] can be
omitted.

A7 =Cl(4) and Av’:{

6. Comparisons of related separation axioms.
Proposition 6.1. If (X, 7) is -1, then it is [y,~']-T;,where i=0,1/2,1,2.

Proof. The proofs for i=0,1,2 follow from Definitions 5.4,5.3,5.2 ,Remark 5.14(i) and [16;Def-
initions 4.1-4.3].

The proof for i=1/2 is obtained as follows: Let z € X. Then,{z} is y-open or y-closed
by (5.15). {z} is [y,7']-open or [y, ~']-closed because every y-open is [y,7']-open by (2.5).
The proof is completed from Proposition 5.7. O

Remark 6.2. The following series of examples show that all converses of Proposition 6.1
cannot be reserved.
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Example 6.3. Let (X,7) be the double origin topological space of Example 5.11. Let v
and ' be operations on 7 defined as follows: for every open set A,
, A if O* ¢ A,
A" =Cl(A) and AY = .
Cl(A) if O* € A.
Then (X, 1) is not y-T5 because U N V7 # () for any open neighbourhoods U and V' of O
and O*, respectively. However, it is [y, y']-T5.

Example 6.4. Let (X, 7) be the double origin topological space and 7 and ' operations
defined as follows: for every non-empty open set A, AY = AU{O*} and A7’:CI(A). Then
(X, 7) is not -1} because a singleton {O*} is not y-closed;it is [y, ']-T1.

Example 6.5. Let (X,7) ;¥ and 7' be the same space and the same operations as in
Example 5.12, respectively. Then (X, 7) is [y,7]-T1 /2. However, it is not v-T;/, because a
singleton {a} is neither y-open nor ~y-closed.

Example 6.6. Let (X,7) ;v and 7' be the same space and the same operations defined in
Example 5.13, respectively. Then, (X, 7) is not v-Tp;it is [y, v']-To.

Proposition 6.7. If (X, 7) is [y,7']-T;, then it is T;, where i=0,1/2,1,2.

Proof. The proofs for i=0,2 follow from definitions.
The proof for i=1 (resp. i=1/2) follows from Proposition 5.8 (resp. Proposition 5.7),
Remark 2.4 and Definition 3.1. O

Remark 6.8. The following series of examples show that all converses of Proposition 6.7
cannot be reserved.

Example 6.9. Let (X,7) , v and 7' be the same space and the same operations as in
Example 5.11. Then, (X, 7) is not [y,7']-T2(Example 5.11); it is T>([21]).

Example 6.10. Let (X,7) , v and ' be the same space and the same operations as in
Example 5.13. Then, (X, 7) is 7 and hence T} /5. However, it is not [y,']-T1 because it is

not [,7']-T1 2.
Example 6.11. Let (X,7) , v and v be the same space and the same operations as in
[17;Example 5], that is, X = {0,1},7 is the Sierpinski topology on X,~ is the closure

operation and ' is the interior-closure operation(i.e.A” =Int(CI(A)) for any A € 7). Then,
(X, 7) is not [y,v]-To; it is Tp.

Proposition 6.12. If (X, 1) is (v,v")-T;, then it is [y,']-T; , where i=0,1/2,1,2.
Proof. The proofs for i=0,2 follow from Definitions 5.2 and 5.4 and [25;Definitions 5.1,5.5].

The proof for i=1 (resp. i=1/2) follows from [25;Proposition 5.12(i)] (resp.[25;Proposition
5.12(ii)]) and Proposition 6.1. O

Remark 6.13. The converses of Proposition 6.12 for 1=0,2 are not true as showing by the
following examples. The converse of Proposition 6.12 for i=1,1/2 can not reversible by
Proposition 6.1, [25;Proposition 5.12] and Examples 6.4 and 6.5.

Example 6.14. Let (X,7) ,v and ' be the same space and the same operations as in
Example 5.13. Then, (X, 7) is not (vy,~")-Tosit is [v,7']-To.
Example 6.15. Let (X,7) ,v and ' be the same space and the same operations as in
Example 6.3. Then, (X,7) is not (y,v")-Ty;it is [y, 7']-T>.

Remark 6.16. From Propositions 6.1 and 6.7,Remark 5.10,[10;Corollary 5.6],Proposition
6.12 and [16; p.180], for distinct operations y and 7' we have the following diagram (cf.[25;
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p.57 ]). We note that none of the implications in the following diagram is reversible by
Remarks 5.10,6.2,6.8 and 6.13 and [17;Theorem 1]:

v — v — Ty — T

! ! ! !

1,7)- T2 — [,V — [T — 7,91 Ty2 — [Y]-To < (v,7)-To

! l ! !

TQ — T1 — Tl /2 — TO y

where A — B represents that A implies B.

7. ([v,7'],[8,8']) -continuous functions. Throughout this section, let f:(X,7)— (Y, 0)
be a function and let v,7" : 7 — P(X) be operations on 7 and 3,3 : ¢ — P(Y) be
operations on o.

Definition 7.1. A function f:(X,7)— (Y,0) is said to be ([v,7],[3, 8'])-continuous if
for each point # € X and each open neighbourhoods W and S of f(z) there exist open
neighbourhoods U and V of & such that f(U"NV™) c WP NS, A function f:(X,7)—
(Y, 0) is called a ([y,7'],[83, B'])-homeomorphism if f is a ([, 7'],[3, 8])-continuous bijection
and f~1: (Y,0) =(X,7) is ([8, B'],[Y,7'])-continuous.

Theorem 7.2. Let (a),(b1),(b2),(c1),(c2),(c3) and (cq) be the following properties for a
function f:(X,7)— (Y,0).

(a) f«(X,1)— (Y,0) is ([v,7'],[8, B'])-continuous,

(b1) f(Cly,4(A)) CClig g(f(A)) for every subset A of (X, ),

(bz) Clpy o (FH(B)) C f' (Clig,a(B)) for every subset B of (Y,0),

(c1) fY(B) is [y,7']-closed for every [, 3']-closed set B of (Y, ),

(c2) f(7]4,41-Cl(A)) C 73,31-CI(f(A)) for every subset A of (X, 7),

(cs) f= (V) € 7,4 for every set V € oy g1,

(cq) for each point x € X and each set W € oyg g containing f(z) there exist a set
U € 71,4 containing x such that f(U) C W.
Then (a) =(b1) <(b2) =(c1) ©(c2) & (c3) ©(ca) hold. O

Proof. (a) =(b1). Let f(z) € f(Cl},,,(A)) and W, S be open neighbourhoods of f(z).
There exist open neighbourhoods U and V' of  such that f(U"NV™") c W# N S?. Since
r €Clp, 1 (4), (UTNV7')NA # 0 by Definitioin 3.5. Therefore, we have f(A)N(W?ZNSP") #
(. This implies that f(z) €Cliz g(f(A)).

(b1) < (by). This follows from Definition 3.4 and usual arguments.

(b2) =(c1). Let B be a [3, 8']-closed set of (Y,0). By (bz) and Theorem 3.8,

Cliy 1 (f*(B)) C f*(B) and hence f~!(B) is [y,7']-closed.

(c1) =(c2). For every subset A of (X, ), by using (c;) and Proposition 3.4(iv),

1 (718,87-CL(f(A))) is [v,7']-closed in (X, 7). Using Definition 3.2 and Proposition 3.4(ii)
we obtain (cs).

(c2) =(c1). Let B be a [3, 8']-closed set of (Y,0). By (c2) and Proposition 3.4, 71, -
CUS(B)) C 1 (f (i -CUI (B))) C £~ (15,-CUF (7 (B)))) © £~ (B). There-
fore, by Proposition 3.4(iii), f~1(B) is [y,7]-closed.

(c2) =(c3). This follows from Definition 3.1 and the equivalence of (c1) < (c2) above.
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(cg) =(ca). It is obvious from Definition 2.1.

(ca) =(c3). Let V € 01g,3. For each z € f~1(V), by (c4), there exists a [7,7']-open set
U. containing z such that f(U,) C V. Then we have f~'(V) = UW{U, € 1, |z € f~1(V)
} and hence f~!(V) € 71,,,, using Proposition 2.2(ii). O

Corollary 7.3. If (Y,0) is a [, §']-regular space, or operations 8 and ' are open on o,
then all properties of Theorem 7.2 are equivalent.

Proof. By Theorem 7.2 it is sufficient to prove the implication (c;) = (a), where (a) and
(c1) are the properties of Theorem 7.2.

First, we show the implication under the assumption that (Y, 0) is a [3, ']-regular space.
Let z € X and W, S be open neighbourhoods of f(z). By Proposition 2.13(i), Y\ (W N.S)
is [, B']-closed. Then, f~1(Y \ (W NS)) is [y,7']-closed by (c1) and hence f~1(W N S) is
a [v,7']-open set containing x. Therefore, there exist open neighbourhoods U and V of z
such that U"NVY ¢ f~{(WNS) and so f(U"NVY) c WP NS, This implies that f is
([v,7'1,18, B'])-continuous.

Second, we suppose that the operations 8 and 3’ are open. Let z € X and W, S be open
neighbourhoods of f(z). By using openness of § and ' (cf.[16;Definition 2.6]), there exist
a (-open set A and a 3'-open set B such that f(z) € ANB and ANB C WA nSF. By
Proposition 2.2(i), Y\ (AN B) is [y,7/]-closed and hence f=1(Y \ (AN B)) is [3, 3']-closed.
Therefore, there exist open neighbourhoods U and V of & such that U"NV™Y c f! (ANB)
and so f(U"NV?) c WP NS . This implies that f is ([y,~],[3, 8'])-continuous. O

Remark 7.4. (i) As known by [24;p.67] the interior-closure operation (ie. U”=-
Int(CL(U))) is a typical example of the open operation. Moreover the identity operation
and the operation X : 7 —(X,7) are open on 7. Therefore,in Corollary 7.3, if 8 and ' are
choosen from these operations above, then all properties of Theorem 7.2 are equivalent.

(ii) The converses of implications (a) =(by) and (bs) =(c1) in Theorem 7.2 are not true
in general as shown by the following examples.

Example 7.5. Let X = {a,b,c} and 7 = {0, {a}, {b},{a,b}, X} be a topology on X. Let
f:(X,7)=(X,7) be a function defined by f(a) = b, f(b) = c and f(c) = a. Let v = 3 be
the closure operation on 7 and v/ = ' = X : 7 — P(X). Then, (X, 7) is not [y, X]-regular,
because of 71, x) = {0, X} # 7 (cf. Proposition 2.13 and (2.6)). It is shown that f is not
([v, X1, [v, X])-continuous. However, f satisfies the condition (by) in Theorem 7.2.

Example 7.6. Let (X,7) and 7 be the same space and the same topology as in Example
7.5 above. Let f:(X,7)—(X,7) be the identity. Let v = ~' = g = 7 = P(X)
be the operations on 7 and 8 the closure operation on 7. Then, the condition (c;) in
Theorem 7.2 is true. The condition (bs) is not true in general. In fact, 71, x) = {0, X'} and

f(Cl,x({a}) = f(X) = X €Clig x)({a}) = {a,c} holds.

Remark 7.7. By Theorem 7.2 and Proposition 2.9 we have the following;:

(7.8) if the operations v, " and 3, 8 areregular on T and o, respectively, and if f:(X, 7)—
(Y,0) is ([,v'], [, B'])-continuous, then the induced function f : (X, 71, 1) — (Y, 005,5)
is continuous.

However, the converse of (7.8) above is not true in general as shown by Example 7.5.

Let (X,7),(Y,0) and (Z,n) be spaces and v,7" : 7 —» P(X),3,8' : ¢ — P(Y) and
0,0' : 7 — P(Z) be operations on 7,c and 7, respectively.

Let hpy (X, 7) be the family of all ([,7'], [,7'])-homeomorphisms from (X,7) onto
itself.
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Theorem 7.9. (i) If f :(X,7)— (Y, 0) is ([v,7'], [B, B'])-continuous and g : (Y,0) — (Z,n)
is ([B,B'],[0,0']) -continuous, then its composition g o f :(X,7)— (Z,n) is ([v,7'],[9,9'])-
continuous.

(ii) The set hr, (X, T) is a group.

i) A (([v,7',[8, B'])-homeomorphism f :(X,7)— (Y,0) induces an isomorphism f, :
hiy (X, 7) = higp(Y,0) and the identity 1x :(X,7)—(X, ) induces the identity from
hy, (X, 7) onto itself.

Proof. (i) This follows from Definition 7.1.

(ii) A binary operation p : hpy (X, 7) X hpy (X, 7) = hpy (X, 7) is defined by
w(f,g9) = go f ( the composition ) for every f,g € hy, (X, 7). Then (hy, (X, 7),n)
is a group using Definition 7.1 and (i) above.

(iii) It is evidently shown from (i) that an isomorphism f, is defined by f.(h) = fohof~!
for every h € hy, ,1(X, 7). The induced isomorphism (1x). is the identity by definitions.
g

In the end of this section, we define the notion of bioperation-closed functions ( Definition
7.14 below ). The characterization will be obtained as a corollary of Proposition A.3 below
which study some functions by a general point of view (i.e.,Definition A.4 and Proposition
A5 in section 8).

(A.1) Let Ex and &y be given two collections of subsets of (X, 7) and (Y, o),
respectively, satisfying the following conditions: ), X € £x and 0,Y € £y. For £x and £y,
we define two collections of subsets as follows: £¢ = {U | X\ U € £x} and £ = {V |
Y \ Ve gy}.

Definition A.2. If a function f :(X,7)— (Y, 0) is said to be
(a) (Ex,Ey)-closed , if for every F € £§, f(F) € £F,
(b) (Ex,Ey)-continuous , if for every V € Ey, f (V) € Ex.

Proposition A.3. (i) If f :«(X,7)— (Y, 0) is (€x,Ey)-closed, then the following condition
holds:

(*) for each subset B of (Y,o0) and each U € Ex satisfying f~1(B) C U, there exists a
set V € Ey such that BCV and f~1(V)CU.

(ii) Conversely, if f :(X,7)— (Y, o) satisfies the condition (*) in (i), then fis (€x,&y)-
closed.

Proof. (i) Let B € P(Y) and U € £x such that f~1(B) CU. Put V =Y\ f(X \U). Then
it is shown that V € £{,B C V and f~1(V) C U.

(ii) Let F € £{. Put B = Y \ f(F). Then, it is shown that f~!(B) C X \ F and
X\ F € Ex. It follows from (*) that there exists a set V' € &y such that Y\ f(F) C V and
7Y V)C X\ F. Then wehave Y \V C f(F) C f(X\ f/*(V)C f(f71(Y\V)) CY\V.
Therefore, we can obtain f(F) = Y \ V and hence f(F) € £. This implies that f is
(Ex,Ey)-closed. O

In Proposition A.3, set £x = 7 and & = GO(Y,o)(ie.the set of all g-open sets of
(Y, o) [11;Definition 4.1]), RO(Y, o)(ie.the set of all regular-open sets of (Y, o) ), SGO(Y, 0)
(ie. the set of all sg-open sets of (Y, o) [2;Definitions 1,2]), GSO(Y,o)(ie. the set of all
gs-open sets of (Y,0) [1;Definition 1]) and PO(Y,o)(ie. the set of all preopen sets of
(Y, o) [13]), respectively. Then we obtain, respectively, the following characterization of g-
closed functions, (7, RO(Y, o))-closed functions, sg-closed functions and gs-closed functions
and (7, PO(Y, 0))-closed functions:
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(7.10) [12;Theorem 1.3] A function f: (X,7) — (Y, 0) is g-closed if and only if for each
subset B of (X, ) and each open set U containing f~1(B) there is a g-open set V of (Y, )
such that B C V and f~%(V) C U.

(7.11) A function f: (X,7) — (Y,0) is (1,GO(Y, 0))-closed if and only if for each subset
B of (X, 7) and each open set U containing f~1(B) there is a regular-open set V of (Y, o)
such that B C V and f~4(V) CU.

(7.12) [4;Theorem 3.3] ( resp. [4;Theorem 4.5]) A function f : (X,7) = (Y,0) is sg-
closed ( resp. gs-closed ) if and only if for each subset B of (X,7) and each open set U
containing f~!(B) there is a sg-open ( resp. gs-open ) set V of (Y, o) such that B C V and
fi(v)ycu.

(7.13) A function f: (X,7) = (Y,0) is (7, PO(Y, 0))-closed if and only if for each subset
B of (X,7) and each open set U containing f~!(B) there is a preopen set V of (Y, o) such
that BCV and f~}(V) CU.

Now we define some bioperation-closed functions as follows.

Definition 7.14. A function f :(X,7)— (Y, 0) is said to be ([v,7'],[8, 8'])-closed

(resp. ([v,7',18, B'])-generalized closed ) if f is a (71, 1, 0(3,37)-closed

(resp. (7[y,47, GOg p) (Y, 0))-closed ) function, where GOz (Y, 0) is the set of all [3, 3']-
g.open sets of (Y, o).

The following proposition is a characterization of ([y,~'],[3, 8'])-closed functions by set-
ting &x = 74,4 and & = 073 5 in Proposition A.3.

Proposition 7.15. A function f :(X,7)— (Y,0) is ([v,7'],[8, 8'])-closed if and only if
for each subset B of (Y,0) and each [y,7']-open set U containing f~'(B), there exists a
[8, B']-open set V such that B CV and f~Y(V) cU. O

Proposition 7.16. (i) If f :(X,7)— (Y,0) is bijective and f=' : (Y,0) —(X,7) is
([8, 8], [7,7'])-continuous, then f is ([,~'], [8, #'])-closed.
(i) If f «(X,7)= (Y, 0) is ([v,7'],[8, B'])-continuous and ([id,id],[B, B'])-closed,
then
(a) f(A) is [B, B']-g.closed for every [y,~']-g.closed set A of (X, ), and
(b) f~Y(B) is [y,v']-g.closed for every |8, 3']-g.closed set B of (Y, o).
f. (i

Proo ) This follows from definitions and Theorem 7.2.

(i) (a) Let V be a [3, 8']-open set containing f(A). By using Theorem 7.2,f 1(V) is a
[v,7']-open set containing A and so Cl, ,1(A) C f~(V). It follows from Definition 7.14 and
Theorem 7.2 that f(Cli, ,1(4)) is a [, 8']-closed set and hence Cljg g1(f(4)) CClig z(f(
Cl, 41(A))) = f(Cl, 41(A)) C V. This implies that f(A) is [y,v']-g.closed.

(b) Let U be a [y,v']-open set containing f~!(B). Since Cl, ,q(f*(B)) N (X \ U),say
F, is closed (cf.Theorems 3.8,3.9), we have f(F) C f((Cly,,q( f~'(B)) N f~ (Y \B)) C
Clig,e(f(f71(B))) N f(f~"(Y \ B)) by using assumptions and Theorem 7.2. Therefore,
Cly,41(B) \ B contains a [3, 3']-closed set f(F). It follows from Proposition 4.6(i) that
f(F) = 0 and hence Cl, . (f*(B)) C U. This shows that f~*(B) is [y,7']-g.closed. O

Regarding Definition 7.1, Theorem 7.2 , Corollary 7.3 and Proposition 7.16(ii) we note
the following in the end of this section.

Remark 7.17. (i) In Definition 7.1, put v/ = X and #' =Y. Then, it is shown that
(7.18) a function f :(X,7)— (Y, 0) is ([, X], [8, Y])-continuous if and only if f is (v, B)-
continuous (cf.[16;Definition 4.12]).
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Under this setting, we obtain immediately [16;Proposition 4.13] and [16;Remarks 4.14,4.15]
from Theorem 7.2 and Corollary 7.3, respectively.

(ii) It is shown that if f :(X,7)— (Y,0) is ([7,7'],[8, B'])-continuous, then f is (id, 3)-
continuous and (id, 3')-continuous. Conversely, if f is (v, 8)-continuous and (7', 3’)-contin-
uous, then f is ([y,7'],[8, 3'])-continuous. Therefore, we have the following:

(7.19) A function f :(X,7)— (Y, 0) is ([id, id], [3, B])-continuous if and only if f is (id, 3)-
continuous.

(iii) Let ' = X and 8’ =Y in Proposition 7.16(ii). Then, using (i) above we have the
following:

(7.20) (cf.[16;Proposition 4.18]) Suppose that f :(X,7)— (Y, 0) is (v, 3)-contin-
uous and f is (id, §)-closed. Then,

(a) for every ~y-g.closed set A of (X,7), the image f(A) is f-g.closed, and

(b) for every (-g.closed set B of (Y, (3), f~1(B) is y-g.closed.

The statement (7.20)(b) above shows that the regularity on § in [16;Proposition 4.18(ii)]
can be omitted.

(iv) In Proposition 7.16(ii), put v = v = id and f = ' = id. Then we can ob-
tain [11;Theorems 6.1,6.3] as a corollary of Proposition 7.16(ii) because of 77,44y = 7 and
Cljiq,iq)(A) =Cl1 (A) for every set A. .

8. Some relations amongs ([v,7], [3,3'])-continuous functions,[y,7']- T; spaces
and [vy,7']-normal spaces.

Theorem 8.1. (i) If f :(X,7)— (Y,0) is a ([v,7'],[8, 8'])-continuous injection and if (Y, o)
is [8, B']-T;, then (X, 7) is [v,v']-T;, where i=0,1/2,1,2.

() If f «(X,7)— (Y,0) is a ([v,7'],]3, B'])-continuous and ([id, id], [, 3'])-closed surjec-
tion and if (X, ) is [v,7']-T1/2,then (Y,0) is [, B']-T1 /2.

(iii) Suppose that f :(X,7)— (Y,0) is a ([v,7'],[8, #'])-homeomorphism. Then, (X,7) is
[v,~']-T; if and only if (Y, o) is |3, 8']-T;,where i=0,1/2,1,2.

Proof. (i) The proof for i=1/2 is as follows: Let € X. Then, by Proposition 5.7, {f(z)}
is [8, B']-closed or [3, #']-open in (Y, o). By Theorem 7.2 and Proposition 5.7, {z} is [y,7']-
closed or [7,v']-open and hence (X, 7) is [y,7']-T1/2. The proof for i=1 is similar as the
proof for i=1/2 by Proposition 5.8 in place of Proposition 5.7. The proofs for i=0,2 follow
from Definitions 5.4,5.2 and Theorem 7.2.

(i) Let B be a [8,8']-g.closed set in (Y, ). By Proposition 7.16(ii)(b), f~*(B) is [y,7']-
g.closed in (X, 7). Then, by using Definitions 5.1,3.1 and Proposition 2.2(ii), f~!(B) is
closed and hence f(f~ (B)) B is [, 8']-closed. This implies that (Y, o) is 3, 3']-T1 /2-

(iii) This follows from (i). O

Proposition 8.2. (i) Suppose that v and ' are regular operations on 7. A space (X, T)
is [y,7']-T; if and only if an associated space (X, 1y, ) is T;,where i=1,1/2.
(ii) If v and 4" are regular operations on 7 and (X, 7, ) is Tz, then (X, 1) is [y,7']-T».
(iii) If v and v" are regular and open and if (X, ) is [y, v']-Ts, then (X, 7, ) is To.

Proof. (i) It follows from Proposition 2.9 that a subset A is [y,7']-open in (X, 7) if and
only if A is open in (X, 7}, ). Therefore, the proof for i=1/2 ( resp. i=1 ) follows from
Propositions 5.7 ( resp. Proposition 5.8 ).

(ii) This follows from the Hausdorffness of (X, 71, /) and Definitions 5.2,2.1.

(iii) Let # and y be distinct points of X. By assumptions there exist y-open sets U, W
and 7'-sets V, S such that z e UNV,y e WNS and (UNV)N(WNS) = 0. It follows from
Proposition 2.2(i) that UNV € 17, and W N S € 71, .. This implies that (X, 7(,,,1) is
Ty. O
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Theorem 8.3. (i) Let f :(X,7)— (Y,0) and g :(X,7)— (Y, 0) be ([v,7'],[8, 8'])-continuous
functions. If (Y,o0) is [3,0']-T> and v and «' are regular on 7, then the following set
A={z|zeX, f(z) =g(x)} is [y,7']-closed.

(i) If f «(X,7)— (Y,0) is a ([v,7'],]8, 8'])-continuous function and (Y, o) is [B, 8] -T>,
then the following set B = {(z,y) | (z,y) € X x X, f(y) = f(x)} is closed.
Proof. (i) We show that Clp, ,j(4) C A. Suppose that z ¢ A for some z € X. Since
(Y,o) is [B, 0']- Ts, for f(x) # f(y) there exist open sets U and V containing f(z) and
open sets W and S containing g(z) such that (U NVA) N (WP N SP) = (). Then, by
assumptions there exist open sets Uy, Vi containing x and open sets Wi,S; containing y
such that f(U7 NV;) c UPNV? and (W] NS]) C WP N SP. By using regulalities of
~ and 4/ there exist open sets Us, Vy containing z such that f(Uy NV;" ) ng(U NVy') =0
and hence AN (U, ﬂV;’) = (). This implies that = ¢Cl, 1 (A) and hence A is [y, ']-closed.

(ii) We claim that X x X \ B is an open set. Let (z,y) € X x X \ B. Then, there exist
open sets U, V containing f(z) and open sets W, S containing f(y) such that (U° N VA') N
(WPNSP) =p. It follows from the assumption that there exist open sets Uy, Vi containing
x and Wy, S; containing y such that f(U; NV;) Cc UP N VA and fwinsS) cwhn Sh .
Therefore, we have (U1 NVi) x (W1 NS1) C X \ B and hence X \ B is open. O

Remark 8.4. (i) Put ' = X and 4’ =Y in Theorem 8.1. Then we obtain a slight improve-
ment of [16;Theorem 4.20] and [16;Theorem 4.22] as follows:

(8.5) (cf.[16;Theorem 4.20(i),Proposition 4.25]) If f:(X,7)—(Y,7) is a (v, 3)-continuous
injection and if (Y, o) is 8-T;,then (X, 1) is y-T; where i=0,1/2,1,2.

(8.6) (cf.[16;Theorem 4.20(ii)) If f:(X,7)—(Y,7) is a (v, 8)-continuous and (id, 3)-closed
surjection and if (X, 7) is 4-Ty /3, then (X, 7)is 3-Ty /5.

(8.7) (cf.[16;Theorem 4.22]) Suppose that f:(X,7)—(Y,7) is a (v, 5 )-homeomor-
phism. Then, (X, 7) is 4-T; if and only if (Y, o) is 5-T; where i=0,1/2,1,2.

The statements (8.6) and (8.7) show that the regularity on § in [16;Theorem 4.20(ii)] and
[16;Theorem 4.22] can be omitted. The statement (8.5) for i=1/2 shows that the (id, 3)-
closedness of f in [16;Theorem 4.20(i)] can be omitted.

(ii) Let ' = X in Proposition 8.2(ii) and (iii). Then we obtain [16;Lemma 4.26(i)] and
[16;Lemma 4.26(ii)], respectively. Let 4" = X in Proposition 8.2(i). Moreover, then under
the assumption that v is regular, (X, 7) is -T; if and only if (X, ) is T; where i=1,1/2.
The result for i=1/2 is shown in [16;Proposition 4.24].

(iii) Let v/ = X and 8/ =Y in Theorem 8.3(i),(ii). Then we have the following:

(8.8) (cf.[16;Proposition 4.27]) Let f:(X,7)—=(Y,7) and g:(X,7)—(Y, o) be (v, 3)-contin-
uous. If (Y,0) is B-Ty and ~ is regular on 7, then the set A ={z € X|f(z) = g(z)} is v-
closed.

(8.9) (cf.[16;Proposition 5.2]) If f:(X,7)—(Y, ) is (7, B)-continuous and (Y,0) is §-Ts,
then the set B={(z,y) € X x X|f(z) = f(y) } is closed.

The statement (8.8) shows that the openness on 7y and § and the regularity on § in
[16;Proposition 4.27] can be omitted.

In Definition 8.11 below we define the notion of [y, ~']-normal spaces preparing the fol-
lowing general point of view. Let Ox and Oy be collections of subsets of (X, 7) and (Y, o),
respectively, such that 0, X € Ox and 0,Y € Oy (cf.(A.1)). As similarly in (A.1) we define
collections of subsets O and O§: O(={A| X\ A€ Ox}and O = {F |Y \ F € Oy}.

Definition A.4. A space (X, 7) is said to be (Ox,Ex)-normal if for any pair of disjoint
sets A, B € 0%, there exist disjoint sets V, V' € Ex such that A CV and B C V.

Remark 8.10. In Definitioin A.4 above, put Ox = 7 and £x = SO(X, 1), PO(X, 1) , where
SO(X,r) and PO(X, 1) denote the set of all semiopen sets [10] of (X, 7) and the set of all
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preopen sets [13] of (X, ), respectively. Then, (7, 7)-normal spaces, (7, SO(X,7))-normal
spaces and (7, PO(X, 7))-normal spaces are called as normal spaces, s-normal spaces [14]
and pre-normal spaces [15],respectively.

Proposition A.5. If f :(X,7)— (Y,0) is an (Ox,Oy)-continuous and (Ex,Ey)-closed
surjection and (X, 1) is (Ox,Ex)-normal, then (Y, o) is (Oy,y )-normal.

Proof. Let A,B € O§ and AN B = (). Since f is surjective and (Ox, Oy )-continuous, we
have that f~1(4) and f~!(B) are not empty and f~1(4), f~1(B) € O%. Since (X,7) is
(Ox, Ex)-normal, there exist disjoint sets U € Ex and U’ € £x such that f~1(4) C U and
fY(B) C U'. By Proposition A.3(i), there exist subsets V € & and V' € €y such that
AcCV,BcCV' f~Y(V)cUand f~"(V') C U'. Then, f~'(V)N f~'(V') = B and hence
V' NV’ = 0. Therefore, this implies that (Y, o) is (Oy, Ey)-normal. O

Definition 8.11. A (7,7, ) -normal space is called shortly as a [y,7']-normal space.

Proposition 8.12. (i) If (X, 1) is [y,']-normal, then it is (7, GOy, (X, T))-normal, that
is the following condition holds:

(*) for any pair of disjoint closed sets A, B of (X, ), there exist disjoint [vy,~']-g.open
sets U,U" such that AC U and B C U’.

(ii) If v and 4" are open operations on T and if (X, 7) is (1,GO[, (X, 7))-normal, then
it is [y,~']-normal.

!

Proof. (i) By Proposition 4.9, every [y, v']-open set is [y,7']-g.open. Therefore, the proof
of (i) is proved.

(ii) Let A and B be disjoint closed sets of (X, 7). By assumptions and Proposition 4.9,
there exist disjoint [y,v']-g.open sets U and U’ such that A CInt . (U) and B Clnt,
(U'). Then, by Proposition 3.15, Definition 3.1, Theorems 3.8 and 3.10(ii), Int[, .1 (U) and
Int[, . (U’) are disjoint [y,7']-open sets. This implies that (X, 1) is [y, ']-normal. O

Theorem 8.13. (i) If f:(X,7)— (Y, 0) is a continuous (7}, 1, 0(3,31)-closed surjection and
(X, 1) is [y,7']-normal, then (Y, o) is [3, 8']-normal.

(ii) If 8 and ' are open operations and if f:(X,7)— (Y, 0) is a continuous ([, %'], 8, 8'])
-generalized closed surjection and (X, 1) is [y,7']-normal, then (Y, o) is [, #']-normal. O

Proof. (i) This follows from Proposition A.5 setting Ox = 7,0y = 0, £x = T}y, and
&y = 0p,9-

(ii) In Proposition A.5, put Ox = 7,0y = 0, x = T, and & = GO (Y, 0).
By Proposition A.5 and Definition 7.14, (Y, 0) is (0,GOjg 31(Y, 0))-normal. Therefore, by
using Proposition 8.12(ii), (Y, o) is [8, 8']-normal. O
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