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Abstract. The weight enumerators of the doubly even selfdual codes change to

modular forms by substituting of theta functions of the lattice
p
2Z to their variables.

In this paper we present the background informations about the connection between

weight enumerators of codes and modular forms based on the inversion formula of

theta functions of an integral lattice.

1 Introduction Let � be a lattice in Rn and �� be the dual lattice of �. Theta functions
of the lattice � are de�ned by

#�+� (�) =
X
x2�

e�i�(x+�)
2

(� 2 Rn):

Ordinarily it indicates only the series for � = 0 but we include translated ones for convenient.

Under the assumption that � is integral and � is chosen from ��, its inversion formula can

be written by

#�+�

�
�1

�

�
=

1

vol(Rn=�)
�
�r

�

i

�n X
�2��=�

��(�)#�+�(�);

where ��(�) = e2�i��� is a character of the �nite abelian group ��=�. For example, the

formulas for � =
p
2Z are

� = 0; #p
2Z
(� 1

�
) =

�
�

i

� 1
2 � 1p

2

�
#p

2Z
(�) + # 1p

2
+
p
2Z
(�)
�
;

� = 1p
2
; # 1p

2
+
p
2Z
(� 1

�
) =

�
�

i

� 1
2 � 1p

2

�
#p

2Z
(�) � # 1p

2
+
p
2Z
(�)
�
:

Now, let C be a [n; k] binary linear code. The weight enumerator for Hamming weight of

C is the polynomial in 2 variables which is de�ned by

WC(X;Y ) =

nX
i=0

AiX
n�iY i;

Ai = #fc 2 C : wH(c) = ig

where wH(c) = #fi : ci 6= 0g is the Hamming weight of a codeword c = (c1; � � � ; cn).
(A0; � � � ; An) is called the weight distribution of C. As a rough generalizations it is a key

factor in calculating ratio of decoding error but often we are forced to compute it through

the heavy process to count up the Hamming weight of every codewords. Thus the following

2000 Mathematics Subject Classi�cation. 11T71,11F11.

Key words and phrases. theta functions of lattice, MacWilliams identity, selfdual codes.



86 SHIGETO NISHIMURA

identity by MacWilliams is the useful tool which yields the weight distribution of a high

dimensional code from a low dimensional code([7]).

WC?(X;Y ) =
1

2k
WC(X + Y;X � Y );

where C? is the dual code of C.
Now, there is the well-know construction of the lattice �C from the code C by

�C =
1p
2
��1(C) where � : Zn �! (Z=2Z)n �= Fn2 :

This construction is accompanied with the correspondences of some properties, that is, �C
is unimodular i� C is selfdual, and �C is even i� C is doubly even. And it can be showed

that

WC

�
#p

2Z
; # 1p

2
+
p
2Z

�
= #�C :

Consequently, if C is a doubly even selfdual code, then WC

�
#p2Z ; # 1p

2
+
p
2Z

�
is the

theta function of the even unimodular lattice, which is to be a modular form. The above

theorem by MacWilliams is just inversion formula of #�C . Our concern is to establish

the connnection between weight enumerators of codes and modular forms, by seizing the

correspondence between a code and its dual as the duality of the �nite abelian group ��=�.

2 Duality of Codes Let G be a �nite additive abelian group. A linear code with length

n over G is a subgroup of Gn which is a direct sum of G. Taking � =
p
mZ, ��=� �= Z=mZ

as an additive group holds for any positive integer m. Thus we can take an integral lattice

� such that Gn �= ��=� and take an isomorphism �. Then the symmetric bilinear form

�(x) � �(y) mod Z is induced in Gn. We give the construction of the lattice by

�C =
S
c2C

�(c) + �:

�C is a lattice i� C is a linear code. In other words, there is the one-to-one correspondence

between the subgroups of Gn and the intermediate lattices �0 such that � � �0 � ��. Hence
there exists the subgroup which is particulary corresponded to the dual lattice ��

C
. Put

C?
�
= fc0 2 Gn : �(c0) � �(c) 2 Z for all c 2 Cg

and we have ��
C

= �C?
�
. It follows that �C is unimodular i� C = C?

�
. The de�nition

implies C?
�

is the annihilator of the character group
�
��(c) : c 2 C

	
, but we call it a dual

code with respect to � in aspect of coding theory.

Theorem 1

#�
C?
�

(�) =
1

#C

X
c02Gn

 X
c2C

��(c)(�(c
0))

!
#�(c0)+�(�)

(proof) It follows from the de�nition of �C that #�C =
P
c2C

#�(c)+�. Therefore
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�
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=
1
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i

�n X
�2��=�

 X
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!
#�+�(�)
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1
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n
2

�r
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i

�n X
c02Gn

 X
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��(c)(�(c
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!
#�(c0)+�(�):

We connect this with the inversion formula of �C . Since vol(R
n=�) = j��=�j 12 = #G

n
2 , the

volume of �C is vol(Rn=�C) =
1

j�C=�j
vol(Rn=�) =

#G
n
2

#C
. Then we have

#�C

�
�1

�

�
=

1

vol(Rn=�C)

�r
�

i

�n
#��

C
(�) =

#C

#G
n
2

�r
�

i

�n
#�

C?
�

(�):

Finally we have

#�
C?
�

(�) =
1

#C

X
c02Gn

 X
c2C

��(c)(�(c
0))

!
#�(c0)+�(�):

Note that the correspondence in Theorem 1 between a code and its dual keeps the order

of the elements of each codeword. It implies that the theorem may be regarded as the

MacWilliams theorem for exact weight enumerator.

Let m be a natural number. We study the weight distribution of C and C?
�
in case that

� is the direct sum of
p
mZ. When m is particularly replaced by a prime number p, the

following results are for codes over a prime �eld with characteristic p. The settings are as
follows.

� : (Z=mZ)n �! ��=�
[ [

(0;���;1;���;0)
i-th 7�!

1
m
ei=(0;���; 1p

m
;���;0)

i-th

We have �(c) = c1

m
e1+ � � �+ cn

m
en for a codeword c = (c1 � � � cn). Thus we know (c01 � � � c0n) 2

C?
�
if and only if c01c1 + � � �+ c0

n
cn � 0 mod m for all (c1; � � � ; cn) 2 C. When m is a prime

number, this means C?
�
= C?.

In this case we have

#�C (�) =
X
c2C

#�(c)+�(�) =
X
c2C

nY
i=1

# cip
m
+
p
mZ(�):

Collect the terms by notations of complete weight and we have

#�C (�) =
X

s=(sa)2Zn
A(s)

m�1Y
a=0

# ap
m
+
p
mZ(�)

sa ;

A(s) = ]fc 2 C : n(c) = sg;
n(c) = (n0; � � � ; nm�1) : the complete weight of c;

nj = #fi : ci � j mod m g:

Replacing � by �1

�
and applying for the both hands the inversion formulas, we see that

#�
C?
�

(�) =
1

mk

X
s

A(s)

m�1Y
a=0

 
m�1X
b=0

e
2�i
m

ab# ap
m
+
p
mZ(�)

!sa

:
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It may happen #�C1 = #�C2 in spite of C1 6= C2, since # ap
m
+
p
mZ (a = 0; 1; � � � ;m � 1)

are not always algebraic independent. Replacing # ap
m
+
p
mZ by variable Xa, the codes are

corresponded to di�erent polynomials in Xa and the above formula changes into the identity

which transforms the complete weight enumerator of a code C,

WC(X0; X1; � � � ; Xm�1) =
X
s

A(s)Xs0

0 Xs1

1 � � �Xsm�1
m�1

to the complete weight enumerator of its dual code as follows.

Proposition 1 Let C be a code over Z=mZ. Then

W
C
?
�
(X0; X1; � � � ; Xm�1) =

1

#C
WC

 
m�1X
a=0

Xa;

m�1X
a=0

e
2�i
m

aXa; � � � ;
m�1X
a=0

e
2�i
m

(m�1)aXa

!
:

3 Modular Forms In this section we study #�C as modular form. Recall that SL2(Z)

is generated by S =

�
0 �1
1 0

�
and T =

�
1 1

0 1

�
. For their actions by linear fractional

transfromations, #�C satis�es

#�C (S�) =

�r
�

i

�n
#�C (�) i� C = C?

� ;

#�C (T
N�) =

X
c2C

#�(c)+�(� +N) =
X
c2C

X
x2�

e�i�(x+�(c))
2 � eN�i(x2+�(c)2):

Note that �(c)2 2 Z holds i� C � C?
�
. Thus we know modular invariance of #�C .

Proposition 2 Let C = C?
�

with length n � 0 mod 8. Then #�C is a modular form of

weight n

2
for the congruent subgroup of level 2 generated by S, T 2. If � is particularly an

even lattice and �(c)2 2 2Z for all c 2 C, #�C is a modular form for SL2(Z) of weight
n

2
.

When � is the direct sum of
p
2Z, �(c)2 is equal to the half of the Hamming weight

of c. That is why the weight enumerators of the binary doubly even selfdual codes have

connection with modular forms for SL2(Z). As generalization of such codes, selfdual codes

over Z=2kZ with �(c)2 2 2Z are named Type II([2]).

Denote a prime �eld with characteristic p by Fp. We show that selfdual codes over Fp
are related to modular forms when p � 3 mod 4, .

Lemma 1 Let k=Q is a Galois extension �eld and P is a prime ideal lying over p. Denote

the trace of x by Trk=Q(x). If the decomposition �eld kZ = Q, then�
Trk=Q(x) : x 2 P

	
� pZ:

(proof) Take an arbitary x 2 P and an arbitary � 2 Gal(k=Q). Since the decomposition

group is equal to Gal(k=Q), TrK=Q(x) 2 P . Thus TrK=Q(x) 2 P \ Z = pZ.
Take k = Q(

p�p) and P = (
p�p). Since p is rami�ed, Ok=P �= Fp where Ok is the

integer ring of k. The reduction map of Ok is given by

Ok �! Ok=P
[ [

a+ b! 7! a+ b

2
mod p
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where 1, ! =
1+

p
�p

2
are the integral basis and 1

2
means the inverse element of 2 in Fp.

The positive de�nite symmetric bilinear form on Ok is de�ned by

(x; y) := Trk=Q

�
x�y

p

�
=

1

p
(x�y + �xy) (x; y 2 Ok)

where �x, �y is the complex conjugate. Since

(x; x) =
2

p

�
a2 + ab+ (

p+ 1

4
)b2
�

(x = a+ b!);

P with this form is an even integral lattice by Lemma 1. Since

#P�=P = det

 
(
p�p;p�p) (

p�p; �p+
p
�p

2
)

(�p+
p
�p

2
;
p�p) (�p+

p
�p

2
; �p+

p
�p

2
)

!
= p

and the inclusion Ok � P� follows from Lemma 1, the dual lattice of P is Ok. Therefore

we have P�=P = Ok=P �= Fp.
1 Let

� : Fn
p
�! (Ok=P)n

be the mapping to representatives of the reduction mod P in each coordinate. � maps a

linear code C into (Ok=P)n and we can construct the lattice �C which is associated with

the theta function

#�C =
X
c2C

#�(c)+Pn

Theorem 2 Let WC(X0; � � � ; Xp�1) is the complete weight enumerator of a selfdual code

of length n over Fp. If p � 3 mod 4 and n � 0 mod 4,

WC (#P ; #1+P ; � � � ; #p�1+P)

is a modular form of weight n, where #j+P(�) =
X

x2j+P
e�i�Trk=Q(

x�x
p
).

(proof) C?
�
= C? is easily checked. It remains to show �(c)2 2 2Z. Since

#j+P (�) =
X
a;b2Z

e
�i� �2

�
a
2+ab+(

p+1
4

)b2�jb+ j2

p

�
(j = 0; 1; � � � ; p� 1);

we have #j+P (� + 1) = e
2j2

p
�i#j+P (�). Therefore #�(c)+P(� + 1) = #�(c)+P(�) holds if and

only if c21 + c22 + � � �+ c2
n
� 0 mod p.

Finally we show some examples of selfdual codes over Fp.

Examples.

1. Suppose that a2+ b2+ c2 � 0 mod p. If abc 6� 0, then there exists [4,2] selfdual codes

over Fp de�ned by the generator matrix

G =

�
a 0 b c
0 a c �b

�
:

1
Let k be an algebraic �eld such that [k : Q] = n. If P is a prime ideal of degree f and the discriminant

of k is pn�f , then P�=P = Ok=P �= F
pf

. We have the case n = 2; f = 1. The case n = p � 2; f = 1 is

studied in [4]
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2. Suppose that a2 + 2b2 + 2c2 � 0 mod p. If abc 6� 0, then there exists [8,4] selfdual

codes over Fp de�ned by the generator matrix

G =

0
BB@

a 0 0 0 b �b c c
0 a 0 0 b b �c c
0 0 a 0 �c c b b
0 0 0 a c c b �b

1
CCA :

3. Let p � 1 mod 4. If m 6� 0 mod p, there exists [2m,m] selfdual codes over Fp de�ned

by the generator matrix

G =

0
BBB@

a 0 : : : 0 �(m� 2) 2b : : : 2b
0 a 0 2b �(m� 2)b 2b
...

. . .
...

...

0 0 a 2b 2b �(m� 2)b

1
CCCA :

where a2 +m2b2 � 0 mod p.

Remark. The equation a2+ b2+ c2 � 0 mod p has non trivial solutions by the theorem

of Chevalley-Warning([9]). If abc � 0, the code de�ned by G is constructed from codes of

smaller length. It is true for a2 + 2b2 + 2c2 � 0 mod p. For p = 8m + 1 or 3, under the

assumption that b2 + c2 = 4m+ 1 has the solution such that bc 6= 0, we may take a2 � �1
or 1 so that a2 + 2b2 + 2c2 � 0 mod p. For p = 8m + 5 or 7, under the assumption that

a2 + 2b2 = 8m+ 3 has the solution such that ab 6= 0, we may take c2 � 1 or 2 respectively.

Note that 4 positions of the check bits of G gives a 2-(4,3,2) design.
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