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THE ARENS REGULARITY OF WEIGHTED SEMIGROUP ALGEBRAS
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ABSTRACT. In [4], Baker and Rejali are concerned with the regularity of £1 (S, w), where
S is a discrete semigroup. We study the Arens regularity of the weighted semigroup
algebra My (S, w), for non-discrete S. We show that ¢1(S,w) is regular if and only if
My (S, w) is regular.

We obtain conditions for the regularity of MZ(S,w), analogous to the weighted
group algebra L' (G, w). It is shown that L'(G,w) is regular if and only if G is finite
or G is discrte and Q is 0—cluster, where Q(z,y) = w(zy)/w(z)w(y) for z,y € G.
We obtain that M/ (S, w) is regular whenever MZ(S) is. Furthermore, MZ(S,w) is
regular if and only if ¢1(F,(S), w) is regular, where F,(S) is the foundation semigroup
of MX(S,w). For a foundation semigroup S, the regularity of M, (S, w), M:(S,w) and
£1(S,w) are equivalent.

Introduction

Let A b a Banach algebra. In [1, 2], R. Arens showed how to construct two multipli-
cations on A** which make A** into a Banach algebra and extend the product on A. The
two multiplications are, in general, distinct. According to Arens, A is called regular if they
coincide.

In [5], Crow and Young obtained a partial answer for the regularity of the weighted semi-
group algebra ¢ (S, w). Baker and Rejali [4] obtained some new criteria for the regularity
of ¢1(S,w), for any semigroup S.

In [15], the weighted semigroup algebra M, (S, w), for non-discrete S, and MZ(S,w),
analogous to the group algebra L'(G,w) were introduced, where S is a completely regular
semitopological semigroup and w is a Borel-measurable weight function for which w=" is
bounded on compact subsets of S.

Crow and Young [5] showed that there exists a weight function w for which L!(G, w) is
regular if and only if G is discrete and countable. Following [4], we denote by € the map
(xz,y) — w(zy)/w(r)w(y) of S xS to (0,1], where w : S — (0,00) is a weight function;
that is w(st) < w(s)w(t) for all s,t € S. A bounded real-valued function f on S x S is
called a cluster [respectively O-cluster], if for each pair of sequences (x,,) and (y,) of distinct
elements of S there exist subsequences (z',) and (y',,,), respectively, such that

limlim f(2'n,y",,) = limlim f (2", /",,)

[respectively, both limits equal zero], whenever both limits exist.

We will show that L'(G,w) is regular if and only if G is finite or G is discrte and Q
is O-cluster. We obtain conditions for the regularity of the convolution measure algebras
My (S, w) and M.(S,w). If ME(S) [respectively, My(S)] is regular, then ME(S,w) [respec-
tively, My (S, w)] is regular. If S is a foundation semigroup, then MZ(S,w) is regular if and
only if ¢1(S,w) is regular.
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In [9], Duncan and Hosseiniun asked for which semigroup S, the convolution measure
algebra ¢1(S) is regular. Young [17] obtained some equivalent conditions for the regularity
of £1(S). We establish necessary and sufficient conditons for which M/ (S, w) is regular.

The Arens regularity of weighted semigroup algebras

Throughout this paper S is a locally compact topological semigroup and w is a Borel-
measurable weight function on S for which w™! is bounded on compacta and 2 is a sepa-
rately continuous function.

In [16], Wong applied generalized functions to study invariant means on locally compact
semigroups. Lashkarizadeh, in [12], used it for the representation theory. We apply weighted
generalized functions for the study of regularity of weighted semigroup algbras.

For an introduction to the theorey of semigroups, we refer the reader to [6] and [11].

Following [15], let M," (S, w) be the set of all positive Radon measures p on S, i.e., u is
inner-regular and finite on compacta, such that pw € M,"(S) where

pw(E) :/ wdyp, for Borel measurable E C S.
E

Let Co(S,w) = {f: S5 — R: % € Co(S)}, where Cp(S) is the Banach space of all
continuous (real-valued) functions on S which are zero at infinity.
Let ¢ : MF(S,w) x M, (S, w) — Co(S,w)* be defined by (u,v) — I, — I, where

L= 1A0) = [ = [ pav.sor & CoS.u).
In general, ¢ need not be injective. Let “~” be the equivalence relation on MbJr (S,w) x
M,F(S,w) defined by
(u,v) ~ (p',v')if andonly if u+v' =py' +v
and let [u, V] be the equivalence class of (u, ). Then we define
My(S,w) = {jv] s v € My (S,w)}

Let [w,v] and [i/, V] be in Mp(S, w). Then M, (S, w) with the following norm and multipli-
cation is a convolution measure algebra, see [15, Th. (2.2)].

[, V)l = [0 — v]]
V[ V) = usp sy pxr
1, V) % [ o pu 1 1

where

M*V(E):/G/GXE(xy)du(x)dV(y)

for all Borel measurable E C G and u,v € M, (S,w). Let n = [u,v] € My(S,w). Then
nt = (pw —vw)Tw ! and n~ = (pw — vw)" w1t so |n| =nt +n7 € M (S, w) [For w!
is bounded on compacta], see [10, p.180].

It is routine to show that the map [u,v] — I, — I,, from M;(S,w) onto Co(S,w)* is an

isometric isomorphism such that, for all f € Cy(S, w),

1=1.0)= [ san— [ av.
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Example 1: Let G = (R,+) and wo(x) = 1/(1 + |z])3, w(x) = |2| + 1 for z € R. Let
i = woA|r+ and v = wpA|g-, where X is the Lebesgue measure on R. Then pu, v € MbJr(G, w),
but there is no finite signed measure 7 on R such that

Hﬁ=4ﬂm=éﬂw—éﬁmhﬁ€%@w)

[For there exist fi, gm € Coo(R)] such that I(fn,) =m and I(g,,) = —m for all m € NJ.
Following [12, p. 3], let p € My(S,w) and let Loo(|u|, w) be the Banach space of all
w—bounded Borel-measurable (real-valued) functions on S with essential supremum norm,

171 !
w

Consider the product linear space II{Loo (||, w) : p € Mp(S,w)}. An element f = (f,) in
this product is called a w—generalized function on S if the following conditions are satisfied:

() [[fllw,00 = sub{ll fiullw,p - pp € Mp(S,w)} is finite,

(i) if p, v € Mp(S,w) and |u| < |v|, then f, = fo,|u| — a.e.

Let GL(S,w) denote the linear subspace of all w—generalized functions on S. Then
My(S,w)* is isometrically linear-isomorphic to the space GL(S,w), see [12]. Furthermore,
let T : GL(S,w) — My(S,w)* be defined by

Tflu,) = [ fudn~ | fuiv
s s
for all f € GL(S,w) and [u, ] € Mp(S,w). Then T is an isometric isomorphism such that

- ||f/w|#:inf{o¢20:{x65: () > a} is |u|—null}.

Tf(v)= /Sfpdy, for all v < p and p,v € M, (S, w).

It is easy to show that {(s,) € GL(S) : s, is a simple function} is norm-dense in GL(S)
and (xB,) € GL(S) if and only if u(B,) = u(B,), for all p < v, where B, and B, are
Borel-measurable subsets of S. In particular (xg) € GL(S), for all Borel-measurable B C S.

Let A be a convolution measure algebra in M (S, w), i.e. a normed-closed solid sub-
algebra of My(S,w). In other words, let p € My(S,w) and v € A such that |u| < |v|.
Then p € A. Analogous to the above arguments, one can define, the linear subspace
GL(A) of II{Loo(|p|,w) : p € A} consisting of all w—generalised functions on S. Let
f,9 € GL(A) and f.g := (fug,/w). Then GL(A) is a commutative C*—algebra with iden-
tity. Also for each F' € A* there exists a unique generalized function f = (f,) € GL(A)
such that F(v) = [g fudv for all v € AT, Define ,f € GL(A), by (uf), = fuw for
v € A. Then ,F is the linear functional corresponding to ,f. Since A** = GL(A)*, by
using the Eberlein-Smulian Theorem, {,F : p € A;} is relatively weakly compact (r.w.c.)
in A* if and only if {,F : p € A1} is r.w.c. in the product space II{L>®(|v|,w) : v € A}
if and only if {f,., : p € A1} is row.c. in L*(|v|,w) for each v € A, by using the Kelley-
Namioka Theorem stating that weak topology for a product of linear topological spaces is
the product of the weak topologies for the coordinate spaces. Therefore F' € Wap(A) if
and only if f, € Wap,(S,w) for each v € A, that is f € Wapa(S,w), where Wap, (S, w)
[resp. Wapa(S,w)] is the set of all w—bounded Borel-measurable functions g on S [resp.
f € G(A)] such that {uj‘(gs) : s € Supp(Jv])} [resp. {pf : p € A1}] is relatively weakly
compact in Lo (|v|,w) [resp GL(A)].

Let g be a w—bounded Borel-measureable function on S and P(S,w) be denoted the
set of all w—probability 17 measures on S. Define

ng(s) == /Sg(ts)dn(t) for s € S.
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Since P(S,w) = " {Ext(P(S,w))} and Ext(P(S,w)) = {ogls € S} where 5 = 4,

is the point measure at the point s, by Krein- Mllman Theorem. In addition 7, = 7
for some n, € co{w(s) i s € Supp( )}, 80 4.9 — 19 [because, u(y,f) = n(f.) for all

p € MH(S,w) and f € Co(S,w); also  is a separately continuous functions, and f,,/w(zx) =
Js(f Jw)(xy)Qz, y)dpw(y), so f. € Co(S,w)]. Tt is routine to show that

Sg

s € Supp(|v])} € {9 :n < |v|} and

—=w

g
ws) s € Supp(|v])}.

Hence the map (z,y) — g/w(zy)Q(z,y) is cluster on Supp(|v|) x Supp(|v|) if and only
if g € Wap,(S,w) if and only if the map (1,¢) — [q [q9(zy)dn(x)d((y) is cluster on
LY(Jv],w); x LY(|v|,w)1, see [18,84.1, Ex.(2)].

Lemma 2. The following statements are equivalent.
(i) Mp(S,w) is regular.

(ii) For all (k) € GL(S) , the map (x,y) — ky(zy)Q(z,y) is cluster on Supp(|n|) x
Supp(|nl)-

(iii) For all (xa,) € GL(S), the map (x,y) — xa, (xy)Q(z,y) is cluster on Supp(|n|) x
Supp(|n])-

(iv) £1(S,w) is regular.

Proof. Let F € My(S,w)*. Then there is a unique f € GL(S,w) such that Flu,v] =
Jo fudp — [g fudv, for all [p,v] € My(S,w). Let (pn), (Vm) be in M;" (S, w)1. Then

F (i * vm) = /S Sy, At * vy = /S /S S (£9)dpin () ()

_ /S /S Fa@y)dn () dvin(y)
:/S/Sfn/w(xy)ﬂ(x,y)dunw(x)dvmw(y),

wheren = Y 5=&"and § =
n=1 k=1
n, for all n,m € N.

By applying [18, §4.1, Ex.(2)], (i) and (ii) are equivalent. Since {(s,) € GL(S) : s,
is a simple function } is norm-dense in GL(S) and the uniform limit of bounded cluster
generalized functions is cluster. The equivalence of (ii) and (iii) follows. Clearly (iv) implies
(iii), by [4, Th (3.2)]. Also ¢1(S,w) is a closed subalgebra of My(S,w), so (iv) follows from
(i), by [9, p.312].0
Furthermore, M;(S,w) is regular whenever M;(S) is, by [4, Cor. (3.4)].

We can now study the Arens regularity of weighted semigroup algebras MY (S, w). In [3],
A.C. Baker and J.W. Baker studied the subalgebra M/(S), analogous to the group algebra.
In [15], we studied the weighted semigroup algebra M!(S) inside M(S), for completely
regular semitopological semigroups S. We answered in the affirmative a question raised by

L (uk+vg). Clearly n € M, (S, w) and fin, Vi, fin %V <
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Baker and Dzinotyiweyi in [8, p. 9], whether M(S) is a convolution measure algebra for
semitopological semigroup.

Let p € My(S) such that the map x — |u|(z71K) is continuous on S, for all compact
K C S. Then p is called an absolutely continuous measure and the set of all such measures
is denoted by MZ’(S). We define

ME(S,w) = {[u, V] € My(S,w) : pw — vw € MA(S)}.
The subspace MY (S, w) is a Banach algebra, left ideal and solid in M, (S, w), by [15, Th(3.2)].

Following [12, p.4], one can define a weighted absolutely continuous generalized function
f = (fu) that satisfies the following conditions:

(6] 117l = 5Dl 11 € ME(S,w)} i fiite

(ii) If p,v € M.(S,w) and |u| < |v|, then f, = fo,|u| — a.e.

Let GL,(S,w) be the set of all such functions. Since ME(S,w) is solid, in My(S,w)
by an argument similar to the one used in [16, Th(2.2)], one can show that M/(S,w)*
is isometrically linear-isomorphic to the bpace GLy(S,w), see [12, Th.(1.2)]. Let F €
ME(S,w)*. Then there exists f € GL,(S,w) such that
for all [u,v] € M.(S,w).

/hw /ﬂw
We define

WAP,(S,w) := {(fu) € GLa(S,w) : f, € Wap,(S,w), for all y € M:(S,w)},

where g € Wap,(S,w) if and only if the map (z,y) — w(gx()zgzy) is cluster on S, x S,

where S, := Supp(|p]). Let f be a w—bounded Borel-measurable function on S. Then
F(n) = [g fdn™ — [ fdn~ defines an element of M;(S,w)*.

Theorem 3. The following statements are equivalent.

(i) ME(S,w) is regular.

(ii) WAP,(S,w) = GL4(S,w).

(iii) For all (k‘ ) € GLo(S), the map (z,y) — ky(zy)Q(z,y) is cluster on Sy, x S,,.

(iv) For all (xB,) € GL4(S), the map (z,y) — xB, (xy)z,y) is cluster on S, x S,,.

(v) For all (xB,) € GL4(S), the map (z,y) — xB,(wy):x,y) has a separately contin-
uous extension to a map from Sy, x 35S, into [0, 1].

(vi) For all (xB,) € GL4(S) and for each pair of sequences (x,,), (Yym) in Sy,

{XB,,; (xnym)Q(xna ym) n< m}_ N {XB,,; (xnym)Q(xnaym) n > m}_ 7é %)

Proof. Let F € M!(S,w)*. Then there exists a unique f € GL,(S,w) such that, for all

[, v] € Mg (S, w),
V]:/Sfudu—/sf,,du.

Let (i1n,), (vm) be in ME(S,w);. Then there is n € M!(S,w); such that ji,, Vm, fin * Vm < 1,
for all n,m € N. Thus,

F(,Un * Vm) = /Sf,un*umd,undl/m

:AAMWWMM%@

_ / / e () QU ) w0 () dv W (y)
SJS
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where k, = f,/w € Loo(n).

Hence the map (u,v) — F(u*v) is cluster on M£(S,w); x M.(S,w); if and only if the
map (z,y) — ky(xy)Q(z,y) is cluster on S, x S, that is f, € Wap,(S,w), see [18,§4.1,
Ex.(2)]. Thus (i), (ii) and (iii) are equivalent. By an argument similar to the one used in

Lem. (2), the equivalence of (iii), (iv) is immediate. The remaining equivalence are routine,
see [4, Th.(3.2)].0

Corollary 4. Let S be a subsemigroup of a locally compact group with positive Haar-
measure. Then the following statements are equivalent.
(1) ML(S,w) is regular

(ii) WAP(S,w) = Loo(S,w)
(iii) S is finite or Q is 0—cluster.

Proof. Since M£(S,w) = L*(S,w), by [15, Th.(3.6)], we have f, = f\ where X is the Haar
measure, |u| — a.e for all p € ME(S,w). Thus GL,(S,w) = Leo(S,w) and WAP,(S,w) =
WAP(S,w), as Banach spaces.

Suppose M/(S,w) is regular and S is infinite. Let (), (ym) be sequences of distinct
elements in S. Since S is cancellative semigroup, so there are subsequences (z'4,), (v/,,,) of
(1), (ym), respectively, such that

{20y in<m}n{a’ g, in>m}=02.
Let B = {2',¥/,,, : n < m}. Then
limlim Q (2", y/,,,) = imlim x g (2"ny",,) Q2" n, ')

= lgln h’ran XB(‘r/nylm)Q(x/ﬂv ylm) = O

Also  is cluster, by choosing B = S. Thus 2 is 0—cluster..]

Remark 5. Let G be a locally compact topological group. Then a lot more is known about
the Arens regularity of L' (G, w). For example G is discrte, whenever L!(G, w) is regular, by
[7, Th.(1.22)]. Also the refree mentioned that L'(G,w) is strongly Arens irregular whenver
the function s — w(s)w(s™!) is bounded on a set which cannot be covered by less than
E(S) many compacta, where k(.5) is the least cardinality of a compact covering of S; see [7,
Th. (11.3)] and [13, Th.(1.2)].

The following example shows that, in general, M!(S,w) # L'(S,w) and (Cor. 4) does
not hold for any semigroup.

Example 6.
(i) Let S = ([0,1],-) where z -y = min{z +y,1} for z,y € S, and let w be a weight
function on S for which w™! is bounded. If S has the Euclidean topology, then

ME(S,w) = LY(S,w) ® {\T: X € R}.

(ii) If S has the usual multiplication, then M’(S,w) = {\0 : A € R} is regular and S is
not discrte. But M (S, w) is irregular, for some w, where 0 is the point mass measure. Also
f = (fa) € GLy(S,w) if and only if f,(0) = f3(0), for all o, 3 € R. Thus M.(S,w)* =
{Fy: f € GLy(S,w)}, where Fy(a0) = afo(0) for a € R.
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(iii) If S = (R,-) where x -y = x for x,y € S, then M!(S) = {0}, [for, p(z7'K) =
w(S)xk(z) for x € S]. If x -y =y, for ,y € S, then M(S,w) = My(S,w) is regular, but
S is neihter finite nor € is 0—cluster, where w(z) = 1 for z € R.

Let F,(S) := ct{{USupp(|u|) : p € M.(S,w)} and F,(S) = S. Then S is called a founda-
tion semigroup, see [3]. If the map (z,y) — f(xy)Q(x,y) is cluster on Supp(|x|) x Supp(|x|)
for all u € ME(S,w), then (x,y) — f(ay)Q(z,y) is cluster on F,(S) x F,(S), for each
bounded Borel-measurable function f on S, see (Th.7). We can now state the main results
of this paper.

Theorem 7. The following statements are equivalent.
(1) ML(S,w) is regular.

(ii) €1 (Fo(S),w) is regular.
(iii) My(Fo(S),w) is regular.
Proof. Since A = M!(S,w) is a closed left ideal in M;(S,w), F,(S) is a closed left ideal

in S. [For, let # € F,(S) and y € S. Then z, — =z, for some z, € Supp(|pa|) and
fa € A. Since yx, € Supp(y * i) and 7 * o € ML(S,w), so yz € F,(S)]. Hence F,(5)

is a locally compact topological semigroup. Let z € F,(S). Then ﬁ € Zilu . [For,

%(ma) = Zo_(f) — %(m) = —Z-(f), for some z, € Supp(us) with z, — z and p, € A4,

w(za) w(x)

for each f € Cy(S,w)]. Let F € A*. Then,

{Fipedi” Y Ce{,F:pe A,

see [12, p. 223].
Suppose A is regular, so {,F : p € A"} is relatively weakly compact, by Krein-Smulian
Theorem. Let f be a w—bounded Borel-measurable function on S and G(u, v fs fS (zy)dp(z)dv(y)

for y,v € A7 . Then
{G,:ve A_lw*} Ceo{G,:ve A},

where G, (p) =, F(v) for p € A_lw* and v € Ay. Let () be in A_lw* and (v,,) be in Aj.
Then,

limlim Gy, (pr) = lim lim p, F'(v,)
= limlim pp, F(vp,) = lim lim Gy, (tin)

by Groéthendieck’s Theorem. Therefore {G, : v € A1} is a relatively weakly compact set

and so {G, : v € A_lw} Hence the map (u,v) — G(u,v) is cluster on A x ALY . Let

(zn), (ym) be sequences of distinct elements in Fy,(S) and p,, = Ty Vm = wéjm 3- Then

*

Iy Vm € A , for all n,m € N. Thus,
lim lim f/w(xnYm ) Tn, Ym) = limlim G (g, Vi)
= limlim G(pn, V) = imlim f/w(znYm) U @n, Ym)

m n

Therefore the map (x,y) — f/w(xy)Q(z,y) is cluster on F,(S) x F,(S), so {1(F,(S),w) is
regular, by [4, (3.1)]. The rest of the proof is immediate from Lem. (2) and [9, p. 312]. O
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Corollary 8. Let S be a foundation semigroup. Then the following statements are equiva-
lent.
(i) ME(S,w) is regular.

(il) Myp(S,w) is regular.
(iil) €1(S,w) is regular.

Since M/(S) [resp. My(S)] is regular if and only if £1(F,(S)) [resp. ¢1(S)] is regualr, so
by using (Th.7) and [4, Cor.(3.4)] the following statement is immediate.

Corollary 9.
(i) If M.(S) [resp. My(S)] is regualr, then so is M. (S, w) [resp. M;(S,w)].
(ii) If © is O—cluster, then M!(S,w) is regular.

Remarks 10.

(i) Let S be either a locally compact or a complete metric semitopological seigroup.
Then M/(S,w) and M;(S,w) are Banach algebras, see [15, Th.(2.2), (3.2)]. Furthermore,
the results from Lem. (2) to Cor. (9) hold for such S.

(ii) By a similar argument as used in this paper, all results can be extended to a convo-
lution measure algebra A in Mp(S,w). For example, let F4(S) = cl{USupp(|p|) : p € A}.
Then A is regular if and only if ¢1(F4(S5),w) is regular.

The following example shows that WAP(S, w) = £ (S, w), for some non-compact foun-
dation topological semigroups, see [12, Th.(3.12)].

Example 11. Let S = Z, the integer numbers with addition and the discrete topology.
Then S is a foundation semigroup such that C~*D, CD~! are compact, for all compact sets
C,D C S. Also M!(S,w) = £1(S,w), where w(n) = |n| + 1 for n € Z, is regular [for, Q is
0—cluster]. Thus Wap(S,w) = £so(S,w), by Cor.(4), but S is not finite.
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