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A MULTIDIMENSIONAL INTEGRATION

SHIZU NAKANISHI
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ABSTRACT. We proposed in [6] a multiple integration on a multidimensional interval,
named the (LA) integral in the strong sense, which reduces to the special Denjoy
integral in the one-dimensional case (cf. [5]). In this paper, we show that in the
two-dimensional case, Fubini’s theorem holds for the (LA) integral in the strong sense
in addition to the following three statements which have been proved in [6]: The
indefinite integral of an (LA) integrable function in the strong sense is continuous; the
derivative of a finitely additive interval function which is derivable in the strong sense
at every point is (LA) integrable in the strong sense; and the indefinite integral of an
(LA) integrable function f in the strong sense is, at almost all points p, derivable in
the ordinary sense and its derivative coincides with f(p).

In [6], we defined a multiple integration for a real valued function on a multidimensional
interval, named the (LA) integral in the strong sense or the strong (LA) integral. In this
paper, we discuss the statements shown in [6] which are true in all multidimensional cases,
in more detail (Theorems 1, 2 and 3), and show that, in the two-dimensional case, Fubini’s
theorem holds for the strong (LA) integral (Theorem 6). Theorem 2 is already proved in
[6], but in this paper, we show a direct proof of the theorem (Proposition 9).

In general, when a function f is strongly (LA) integrable on an n-dimensional interval
R (n > 2), for a variable taken arbitrarily if, fixing a point p in the projection of the interval
R into the (n — 1)-dimensional space consisting of the other variables, we consider the func-
tion f as a function of the variable taken first, then the function is strongly (LA) integrable
for almost all p in the projection of R (Theorem 4).

This paper is a correction of the study for the multiple integral proposed in [4], named
the (D) integral (we found recently an error in the study (precisely, in the proof of [4,
Théorem 6])).

We remark that we have defined in the paper [9] a multidimensional multiple integration,
named the (Dy) integral, whose integral reduces to the special Denjoy integral in the one-
dimensional case and is expressible as the iterated integral of the one-dimensional (Dg)
integral.

Throughout this paper, we refer to the terminology and notations indicated in the paper
[9]. In this paper, parts of the proof are omitted. The proof of the parts omitted is leaved
to the reader to see the corresponding parts in [6] or [9].

We denote the n-dimensional Euclidean space by E,,. A finite system of intervals is called
non-overlapping if they have mutually no common inner points. An interval function in an
interval Ry C F, means a function defined on the family of all sub-intervals of Ry. A finitely
additive interval function, or in short, an additive interval function, in Ry means an interval
function F such that F(I; U Iy) = F(I;) + F(I3) for any pair of non-overlapping intervals
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I, and I whose union is an interval. A finite system of intervals I; (1 =1,2,... ,ip) in E,
is called an elementary system if I; N I;; = () for 4 # 4/, sometimes the elementary system
is denoted by S : {I; (: = 1,2,... ,i0)}. Throughout this paper, p, denotes the Lebesgue
measure on F,,, sometimes, the Lebesgue measure of an interval I in FE, is denoted by
|7]. Sometimes, for an elementary system S : {I; (i = 1,2,...,i9)}, S denotes the set
U, I; and |S| denotes the Lebesgue measure > .° |I;|, and when F'is a finitely additive
interval function in an interval containing S, F(S) denotes Z F(I;). Measure means
Lebesgue measure. For a set A in E,,, A denotes the closure of A in E,, and A° denotes
the interior of A in F,. For an interval I = [a1,b1;a2,b2;... ;an,bs], norm(I) denotes
max{b; —a; : i = 1,2,... ,n}, and d(I) denotes sup{dist(z,y) : x,y € I'}. For a closed set
F' in the one-dimensional Euclidean space Fp, an interval I in F; is said to be contiguous
to F if the both end-points of I belong to F' and I° N F = (). N denotes the set {1,2,...}.
Sometimes, the empty set is treated as a measurable set or a closed set.

Let the Euclidean space E,, be the product space E, = E,, x E,, of Euclidean spaces

E,, and E,, and A a subset of E,,. Then proj,(A) denotes the projection of A into F,,, and
E'nl

proj, (A) the projection of A into E,,,, in particular, when n = 2 and ny = ny = 1, proj,(A4)

En,

denotes proj,(A), and proj, (A) denotes proj,(A). For a point p € E,,, AP denotes the set
ny En2

{(p,q) : (p,q) € A, q € E,} and for a point q € E,,, A? denotes the set {(p,q) : (p,q) €

A, peE, }.

81 Multidimensional integration

Definition 1 ([6, Definition 5]). Let Ry be an interval in the ng-dimensional Euclidean
space E,, and f a real valued measurable function on Ry. The function f is said to be
(LA) integrable in the strong sense or strongly (LA) integrable on Ry if there exist a finitely
additive interval function F' in Ry, a nondecreasing sequence of measurable sets M, (n =
1,2,...) such that M, C Ry and US2{M,, = Ry, and a nondecreasing sequence of closed
sets F, (n = 1,2,...) such that F,, C M, and p,,(Ry — U2, F,) = 0, satisfying the
following two conditions (1) and (2):

(1) The function f is Lebesgue integrable on F), for each n € N;

(2) Given n € N and € > 0, there exists a d(n,e) > 0 for which the following holds; if
I; (1=1,2,... ,ip) is a finite system of non-overlapping intervals in Ry such that

(2.1) ImMn;é@fori:l,z... io;
(2.2) pino (UiZy1i — My) < 6(n, €);
(2.3) norm(I )<1/n fori=1,2,. 0

then the following inequality holds:

2)
3)

<eE.

)
d
DX ], o

In this case, F'(Rp) is called the (LA) integral in the strong sense or the strong (LA) integral,
of f(p) on Ry, and is denoted by
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(SLA) f(p)dp or (SLA) flzi,za, ... Ty )d(z1, T2, ..., Tpg)-
Ro RO

In this definition, it does not arise any confusion by Proposition 2 below. The sequence
M, (n=1,2,...) is called a characteristic sequence of the strong (LA) integral and the
sequence F,, (n=1,2,...) a fundamental sequence of the strong (LA) integral. In the case
when we can choose {M,,}°2 , and {F,}5°, so that M,, = F), for every n, the function f is
said to be strongly (LA*) integrable on Ry.

We remark that in Definition 1 we can suppose that
5(n,g) > d(m,e) for m > n,and §(n,e) > §(n, ') for e > &', (1°)

When no confusion is possible, we also use the symbols (SLA) fRo fdp, (SLA) fRo fo (L) [, f,
etc.

Remark 1. In the definition of the strong (LA) integral we can replace the condition
(2.3) with the condition:

(2.3') d(L;) < 1/n for i =1,2, ... io.

Because, we have norm(I) < d(I) < (no)'/? norm(I) for any interval I in E,,,. First,
suppose that, if, for n € N and € > 0, a system of non-overlapping intervals I; (i =
1,2,... ,io) satisfies (2.1), (2.2) and (2.3'), then ‘zgﬁ; VF(L) = X0 (D) [y f‘ < ¢ holds,
where {M,},{F,} and §(n,e) are those indicated in the definition of the (LA) integral. In

this case, take a sequence of positive integers m, (n =1,2,...) so that m, > (ng)'/?n and
1<m; <mg<...,and put

Mf=...=M} =0, M, =M}, . =...= M, _,=M,...,
M, =My =...=M =M. ..;
Ff=...=F\ =0, F, =F\ =...=F, | =F,...,
Fp =Fp y=...=F, =F, ...

Then, if, for m, +k € N and € > 0, where 0 < k < (my41— 1) — my, a finite system of non-
overlapping intervals I; (i = 1,2,... ,ip) satisfies (2.1), (2.2) and (2.3) for m,, +k, M
and 6(my, + k,€), then

(2.1) N M, #0 for i =1,2,... ig;

(2.2) fing (U2 I; — M,,) < 6(mp + k,e) < 8(n,€) by my, +k > n;

(2.3) d(I;) < (no)'*norm(L;) < (no)"/?(1/(mn + k) < (no)'/*(1/mn)
< (no)Y2/((no)"?n) = 1/n for i = 1,2,... ,io.

Hence, |02y F(1) = S0 () fy.op, f] < & 50 [ S0 F() = S0 () fy o

f ’ <e.
mn+k
The converse is clear by the inequality indicated first.

By Remark 1, we have:
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Proposition 1. A function f is strongly (LA) integrable on Ry in E,, in the sense of
Definition 1 if and only if it is (LA) integrable in the strong sense on Ry in the sense of [6,
Definition 5], and both integrals coincide.

By Proposition 1 above and [6, Corollary 1, p. 421], we have:

Proposition 2. Tha finitely additive interval function F' indicated in the definition of
the strong (LA) integral is uniquely determined.

The following Propositions 3-5 follow immediately from the definition of the strong
(LA) integral.

Proposition 3. If a function f is strongly (LA) integrable on an interval Ry in E,,,
then so is it on any sub-interval R of Ry. If F' is an interval function indicated in the
definition of the strong (LA) integral for f, then F(R) is the strong (LA) integral of f on
R for any sub-interval R C Ry.

Proposition 4. Let f = ¢g almost everywhere in Ry C E,,. Then, if one of them is
strongly (LA) integrable on Ry, then so is the other, and the strong (LA) integrals of f and
g on Ry coincide.

Proposition 5. If f and g are strongly (LA) integrable on an interval Ry in E,,, then
so is af 4+ Bg, where o and [ are real numbers, and (SLA) fRo (af 4+ Bg) = a(SLA) fRo f+

B(SLA) fRo g.

Proposition 6. Let f be a function on an interval Iy in the one-dimensional Euclidean
space Fy. Then it is strongly (LA) integrable on I if and only if it is (D) integrable ([9],
Definition 1) (so special Denjoy integrable by [9, Proposition 4]) on Iy, and both integrals
coincide.

Proof. 1t is clear that if f is (D) integrable, then f is strongly (LA) integrable and
both integrals coincide, because a finite system of non-overlapping intervals is classified into
two parts so that each part is an elementary system. Next, we prove that if f is strongly
(LA) integrable on Iy, then f is (Dg) integrable on Iy. Let F, {M,}%,, {F,}52; and
d(n,€) be those indicated in the definition of the strong (LA) integral for f. Now, given
n € N and € > 0, put

5" (n,e) = (1/2) min{1/n,d(n,e/2)}.

Next, we shall prove that:
If I, (i=1,2,...,4p) is an elementary system of intervals in Iy such that
(21) ;N M, #0fori=1,2,... dp;
(2.2) pa (U I; — M) < 5*(n,e),

then
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In this case, without loss of generality, we can suppose that there exists an integer i; with
0 < i1 < ip for which

‘ul(LﬂMn)ZOfOI"L=172, ,il andul(LﬂMn)>0forZ=11+1, ,io.

First:

(i) For I; (i = 1,2,...,i1) : We have puy (UL, I; — M,,) < §*(n,e) < §(n,e/2), and for
i=1,2,... 01, pi(Li) = m(l; — My) < 6*(n,e) and so norm(l;) < 1/n. Hence, with (2.1)
above by the definition of the strong (LA) integral we have

i1

0=y [

i=1 I;NF,

fl <e/2.

Next:

(ii) For I; (i =41+ 1,...,40) : For each ¢ € {i; +1,... ,40}, by the Vitali’s covering
theorem we can find finite intervals Ji, ..., J; . such that: |Ji| < 1/n, Ji C I; and both

end-points of Ji belong to M, for k =1,2,... ,ko(); pa((L; N My) — UZO(?J};) < 1/2n; and
A o (i) A€ mutually disjoint. Denote the family of intervals contiguous to the closed

set consisting of Uko(l)Jk and the both end-points of I; by H; (h=1,2,...,ho(i)). Then
Uk giy U (UMW HiY = I for ecach i.
Further
Ji N M, # 0 for each pair i, k;
Hj N M, # ) for each pair i, h;
k i h i *
(U, (G2 T UV HLD) = Ma) = (Ui, 1 1o = Ma) < 8*(n,) < (n, /2);
norm(J}) = |J}| < 1/n for each pair i, k;
norm(H}) = |Hy| < iy (I — U2 J) < (5 = (I 0 M) + i (5 0 M) = URS) )
< 0*(n,e)+1/2n <1/2n+1/2n = 1/n for each pair 4, h.

The system of intervals {J, H}, where i = i1 + 1,... ,i0, k = 1,2,... ,ko(i) and h =
1,2,... ,ho(7)} is a finite system of non-overlapping intervals in . Hence by the definition
of the strong (LA) integral

i0 0 i0 ko (%) ' ho (i) '
PBRAOEEDY (L)/ f‘ DI DI ACAED I AL
i=ttl i=i1+1 LNy i=i1+1 \ k=1 h=1
i ko (%) ho ()
- (L) / [+ / <eg/2.
i:;rl kZ:l JNFy, Z thn

Thus, by (i) and (ii), | 2232, F(L:) = 3221 (L) [r,np, fI <&

The indefinite integral of a strongly (LA) integrable function f on Ry is the interval
function F in Ry defined by F/(I) = (SLA) [, f for every interval I C Ry.
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An interval function F' in Ry is said to be continuous on Ry if, given € > 0, there exists
a d(e) > 0 such that |F(R)| < ¢ for every interval R C Ry with |R| < 0(¢), to be continuous
from the inside for an interval R C Ry if, given € > 0, there exists a d(¢) > 0 such that
|F(R) — F(J)| < ¢ for every interval J C R with p,,(R — J) < d(¢), and to be continuous
from the inside on Ry if F' is continuous from the inside for every intereval R C Ry.

Theorem 1. The indefine integral of a strongly (LA) integrable function on an interval
Ry in E,, is continuous on Ry.

This theorem is true by Propositions 7 and 8 below. Proposition 7 is proved in [10,
Théorem, p. 282].

Proposition 7. An additive function F' in an interval Ry C E,,, is continuous on Ry if
and only if it is continuous from the inside on Ry.

Proposition 8. The indefinite integral of a strongly (LA) integrable function in an
interval Ry is continuous from the inside on Rj.

In order to prove Proposition 8, it is sufficient to prove the following lemma (the proof
is a correction of [6, Proposition 12]).

Lemma 1. Let F be the indefinite integral of a strongly (LA) integrable function f on
an interval Ry in E,, and A C Ry an (ng—1)-dimensional interval contained in a hyperplane
of E,,, written for some i € {1,2,... ,n0} in the from

A={(&,... &) : & =cand aj <& < bj for j #i}.

Then given € > 0, there exists p(¢) > 0 such that for any intervals A, and A_. in E,,
written in the form

Are={(&,... &ny):c<&G <c+eanda; < <b; for j #i};

Ao ={(&,... ;&) i c—e <& <cand a; < <b; for j#1i}.

where 0 < e < p(g), and contained in Ry, we have |F(Ay.)| < e and |F(A_.)| <e.

Proof. We shall prove only for the case of i = 1. Let {M,,}22; and {F,}52; be the se-
quences of measurable sets and closed sets indicated in the definition of the strong (LA) in-
tegral of f. In this case, by the definition given n € N and € > 0, there exists a 6*(n,e) > 0
such that for any interval I C Ry such that INM,, # 0, |I| < 6*(n,€), and norm(I) < 1/n,
we have |F(I)| < e. For each p € A, take the n(p) € N with p € M,y — My, y—1, where
My = 0. Define a function g on A by g(p) = 1/3n(p) for p € A. Then, by [3, Compatibility
theorem, p. 168] for example, there exists a g-fine division of the (ny — 1)-dimensional
interval A, written (Ds,ps) (s =1,2,...,50) with ps € Ds. Given € > 0, put

min 1/n(ps)H /3 max{1, (np — 1)-dimensional

"’ 1<s<s0

ple) = [min { min 5 (n(p.).2/50)

measure of A}.

Let 0 < e < p(¢) and put D} = [c—p(e), c+p(e)] xproj,(Ds). Then, the set A, is the union
of non-overlapping intervals D* N Ay, (s = 1,2,...,s0). In this case, ps € (DX N AyL) N
M,y p.y, norm(Di N Aye) < d(Dj) < 1/n(ps) and |[Di N Ayc| < p(e) ((no — 1)-dimensional
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measure of A) < ¢*(n(ps),e/so) for each s € {1,2,...,s0}. Hence, |[F(D* N Ase)| < €/s0
for each s € {1,2,...,s0}. Therefore, |F(A4:)| < € for every e with 0 < e < p(e). Similarly,
|F(A_:)| < € for every e with 0 < e < p(e).

For an interval function F' in an interval R C E,, and a p € R, consider a variable
interval I C R with p € I. Then, if there exists the limit value limg1y—o F'(I)/|I] as a finite
value, the interval function F' is said to be derivable in the strong sense at p, and the limit
value is called the strong derivative of F' at p and is denoted by F7(p).

Theorem 2 ([6, Proposition 3]). Let F be a finitely additive interval function in an
interval Ry in the no-dimensional Euclidean space E,, (ng > 1) which is derivable in the
strong sense at every point of Ry. Then the strong derivative F. of F is strongly (LA) in-
tegrable, more precisely, strongly (LA*) integrable, on Ry, and F(Ry) = (SLA) fRo F!
holds.

This theorem is proved in [6, Proposition 3], but in what follows, we shall show a direct
proof of the theorem, as an immediate consequence of Proposition 9 below.

For a finitely additive interval function F' in an interval Ry which is derivable in the
strong sense at every point of Ry, we denote, for each n € N, by A,, the set of all p € Ry at
which

[A,n] : |F(I)|/|I]| < n for any interval I C Ry such that p € I and d(I) < 4/n.

Lemma 2. Let F be a finitely additive interval function in an interval Ry in E,,, (ng >
1). Suppose that F' is derivable in the strong sense at every point of Ry. Then:

(1) A, C Ay, for every n € N;

(2) |F!| <non A, for every n € N,

(3) F! is measurable and bounded on A,, for every n € N;

(4) A, T Ry as n — o0.

Proof. 1t is proved in [11, p. 112, (4.2), Theorem] that F) is measurable on Ry. For (1),
see [6, p. 415]. The other parts are clear.

Let R = [a1,b1;. .. ; Qny, bny| be an interval in E,,,. Corresponding to each s € {0,1,...},
consider a grating(s) of R obtained by the family of hyperplanes:

x; =a; + k(b —a;)27° (1 <i<ng, 0<k<2° 4k are integers),

where z; is ith coordinate of point of E,,. We denote the family of hyperplanes indicated
above by $5(R). An interval in R written

[CLl + k1 (b1 — a1)2_5, a1 + (kl + 1)(b1 — CL1)2_S; Lo a kl(bl — ai)Z_S, a; + (kl + 1)
(bi - a‘i)278; ce 3Oy T+ kno (bno - an0)2787 (ng + (kno + 1)(bn0 - an0)278]7
where k1, ..., kp, are integers with 0 < k; < 2°—1 (i = 1,2,...,ng), is called a mesh of

grating(s) of R. An interval in R is called a mesh of R if it is a mesh of grating(s) of R for
some s € {0,1,...}. For an interval I = [c1,dy;... ;¢;,d;;. .. ;Cng,dn,], the intersection of
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the interval I and any one of the 2ny hyperplanes x; = ¢; and x; = d; is called a face of the
interval I.

We denote the family of all intervals I in R for which there exists an s such that each
face of I is contained in some hyperplane belonging to $5(R), by J(R).

Lemma 3 Under the same assumption as in Lemma 2, for each n € N and any interval
R C Ry, the following (1) and (2) hold:

(1) For each interval I € J(R) such that I N A, # 0, let us choose a sequence of meshes
of B;R? (j = 1,2,...) (possibly empty or finite) as in [A], (a) and (b) indicated in [6, p.
409]. In this case, we have:

(i) U2 R =1 — A, and R} (j=1,2,...) is non-overlapping;
(i) 2252, FI(R}) is convergent;
(iii) If I is a mesh of R with d(I) < 1/n, then

SIF(R))| < (nkiny) > IRY,
j=1 j=1

where Ky, is a number depending only on the dimension of FE,, such that x,, > 1.

(2) For each interval I € J(R) such that I N A, = (), let us choose a finite sequence
R} (j=1,2,...,j0) as in [A], (c) indicated in [6, p. 410]. In this case, we have

(iv) F(I) = X0, F(R).
__ Proof. The case of (1) is proved in a quite similar way as in [6, p. 410], replacing F with
A, and using Lemma 2, (1) above instead of (2.3) in [6, p. 408]. The case of (2) is clear.
Under the same assumption as in Lemma 2, for each n € N and any interval R C Ry,
we define a function G,,(R;I) on J(R) as follows:
(a) Gu(R; 1) = (L) [;z, [+ 252 F(R}) if T — A, # 0 and I NA, # 0;
(b) Gu(R; 1) = (L) [z fif I = A, =0and INA, #0;
(c) Gu(R; 1) =F(I)if I — A, =0,
where R} (j =1,2,...) is the sequence of meshes of R chosen in Lemma 3.

Let R C Ry be an interval, K a function of mesh of interval R C Ry and p € R. Let [
be a variable mesh of R with p € I. Then, if there exists a unique limit: limgy_o K (I)/|1]
as a finite limit, we say that K is derivable with respect to meshes of R at p, and denote
the limit by K} (P).

Lemma 4. Under the same assumption as in Lemma 2, for each n € N and any interval
R C Ry, the function G, (R;I) on J(R) has the following properties:

(1) Gp(R; I) is additive;

(2) (Gn(R))g = F! almost everywhere in RN A,,.

_ This is proved in a quite similar way as in the proof of [6. Lemma 2|, replacing F' with
Ap and Fy with Fy.



A MULTIDIMENSIONAL INTEGRATION 267

Lemma 5. Under the same assumption as in Lemma 2, for each n € N F(R) =
Gn(R; R) holds for any interval R C Ry, where G, (R; R) is the value defined above as
I = R. More precisely

F(R) = (L) /R S STA!

j=1
where{R?} (possibly empty or finite) is the sequence of meshes of R indicated in Lemma 3.

Proof. This is proved in a quite similar way as in [6, Lemma 3], replacing F' with A,,, F;
with F!, and As,(n) with As,, and putting

6(e) = min{d1(e),e/4nsny, (|R|/(norm(R))")(1/(nv/no))"}-

Proposition 9. Let F' be a finitely additive interval function in an interval Ry C
En, (no > 1). Suppose that F is derivable in the strong sense at every point of Ro. Then,
for A, (n=1,2,...) the following statements hold:

(1) A, T Ro as n — o0;
(2) F! is measurable and bounded on A,, for every n € N;

(3) Given n € N and ¢ > 0, there exists §(n,e) > 0 such that, if a finite system of
non-overlapping intervals R; (i = 1,2,... ,ip) in Ry satisfies:

(3.1) RiNA, #0fori=1,2,... ip;

(3.2) fing (U R; — A,) < 8(n,e); and

(3.3) d(R;) < 1/nfori=1,2,... g,
then

~

10

Srm)-Yw [ w

i=1 =1

<e.

Proof. (1) and (2) hold by Lemma 2. Next, we prove (3). For n € N and € > 0 given,
put §(n,e) = £/nky,, where ky, is the number indicated in (iii) of Lemma 3. For each
interval R;, let {R;”} (j =1,2,...) be the sequence of meshes of R; chosen as in Lemma 3
to define G, (R;; R;). Then, by Lemmas 5 and 3 we have

S Fm)-Y 0 [ F

i mzn

%0 20

- RS R - Y |

i=1 RinAn i=1 j=1 i=1 RinAn
io o io

< Z(rmno Z |R"|) = nsin, <Z g (Ri — An)> < Nkpyd(n,e) = e.
i=1 j=1 i=1

For an interval I in E,,, the parameter of requrality of I is the number |I|/|R|, where R is
the minimum cube containing I, and is denoted by r(I). If »(I) > 7, the interval I is called
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n-regular. A sequence of intervals {I;} is said to be n-regular if I; is n-regular for every 4, and
we say that the sequence {I;} tends to p if d(I;) — 0 as i — oo and p € I; for every i. Let
F be an interval function in an interval Ry in E, and p € Ry. For an n with 1 > n > 0, we
call the least upper bound [resp. the greatest lower bound] (extended real number) of the
numbers [ for which there is an n-regular sequence {I;} of intervals tending to p such that
lim; oo F(I;)/|I;| = I the upper derivate [resp. the lower derivate] in the n-regular sense
of F' at p. The upper [resp. lower] derivate of F in the 7-regular sense at p is denoted by
D, F(p) [resp. D, F(p)]. When D, F(p) = D, F(p), the common value is called the derivative
in the n-regular sense of I at p, and is denoted by Fj (p). If further Fj (p) is finite, F is said
to be derivable in the n-regular sanse at p. As easily seen, F' is derivable in the n-regular
sense at p if and only if there exists a unique limit limgry_o F'(1)/[I| as a finite limit, where
I is a variable 7-regular interval with p € I. If lim,, o D, F'(p) = lim, o D, F(p), then the
common value is called the ordinary derivative of F' at p, and is denoted by F’(p). When
F’(p) is finite, F is said to be derivable in the ordinary sense at p.

Theorem 3. Let f be strongly (LA) integrable on an interval Ry in F,, and F' an
indefinite integral of f. Then, at almost all p € Ry, F' is derivable in the ordinary sense and

F'(p) = f(p) holds.

The theorem holds by virtue of [6, Theorem 5, (2), p. 424] and Proposition 1 above.
Because, a strongly (LA) integrable function on Ry is (L A) integrable in the ordinary sense
on Ry (see, for the definition of “(LA) integrable in the ordinary sense”, [6, Definition 4, p.
423]). To prove the theorem we extend the idea of the semi-regular integral in the Burkill
sense introduced by S.Kempisty in [2] to the n-regular integral in the Burkill sense with any
n, where 0 < n < 1([6, p. 416])(cf. [1]).

We improve on the definition of (D) integrability proposed in [4] as in Definition 2 below,
by replacing the condition that “M,, is closed” with the condition that “M,, is measurable”.

Definition 2. Let Ry be an interval in E,, and f a measurable function on Ry. The
function f is said to be (D) integrable on Ry if there exist a finitely additive interval function
F in Ry, a nondecreasing sequence of measurable sets M,, (n = 1,2,...) such that M,, C Ry
and U2 ; M,, = Ry, and a nondecreasing sequence of closed sets Fj, (n = 1,2,...) such that
F,, C M, and pn,(Ro — US2 1 F,,) = 0, satisfying the following two conditions (1) and (2):

(1) The function f is Lebesgue integrable on F), for each n € N;

(2) Given n € N and ¢ > 0, there exists a 6(n,€) > 0 for which the following holds: if
I; (1 =1,2,... ip) is an elementary system in Ry such that

21) ;NM, #0fori=1,2,...,14;

(2:2) fing (U2 I; — My,) < 8(n, e);

(2.3) norm(I;) < 1/nfori=1,2,... g,
then the following inequality holds:

SR -3 (1) /I 1

1= =1

<e.

In this case, the sequence M,, (n = 1,2,...) is called a characteristic sequence of the
(D) integral and the sequence F,, (n = 1,2,...) is called a fundamental sequence of the
(D) integral.
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We remark that in Definition 2 we can suppose that
5(n,g) > d(m,e) for m > n and §(n,e) > d(n, &) for e > &', (2°)

Proposition 10. Let f = g almost everywhere in an interval Ry C E,,,. Then, if one of
them is (D) integrable on Ry, then so is the other, and both integrals coincide.

The condition imposed on the definition of (D) integrability is weaker than it imposed
on the definition of the (Dg) integral and is weaker than it imposed on the definition of the
strong (LA) integral. Hence

Proposition 11. (1) If f is (Dy) integrable on an interval Ry in E,,, then it is (D) in-
tegrable on Ry.

(2) If f is strongly (LA) integrable on an interval Ry in E,,, then it is (D) integrable
on Ry.

Since the difference in the definition of strong (LA) integrability and (D) integrability is
only the difference of condition given for the system of intervals I; (i = 1,2,...,ip): “non-
overlapping intervals” and “mutually disjoint intervals”. Hence, when ny = 1, the finitely
additive interval function F' indicated in the definition of (D) integrability is uniquely
determined by Proposition 2, so we may call F(Rp) the (D) integral of f on Ry, and denote

F(Ry) by (D) [, f(p)dp etc.
By Proposition 6 and the statement above, we have

Proposition 12. When ng = 1, for the (LA) in the strong sense, (D), and (Dy) their
integrabilities are equivalent with the integrability of Denjoy in the special sense, and their
integrals coincide.

In what follows, Ry denotes an interval in E,,. When f is (D) integrable on Ry, let
F, {M,}o2, {F.}y, and d(n,€) be those indicated in the definition of (D) integrability
for f.

Lemma 6. Let f be (D) integrable on an interval Ry in E,,. Then, if, for n € N and
e>0,1; (i=1,2,...,ip) is an elementary system in Ry such that

(2.1%) ;N M, #0 fori=1,2,... i

(2.2%) ping (U, T3) < 8(n, 2);

(2.3%) norm(L;) < 1/n fori=1,2,... g,
then

10

io
=1 /I nF,

i=1

< Ang€,

where A,, is a positive number depending only on the dimension of the space E,,. In
particular Ao = 4.

The lemma follows easily from the definition of (D) integrability.
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Let f be (D) integrable on Ry in E,,. For n € N and € > 0, let n(n,c) be a positive
number such that

if jing (E) < 7(n,<), then (L) /E lfi<e, (3°)

Without loss of generality, we can suppose that
n(n,e) > n(m,e) for n < m and n(n,e) > n(n,e’) for e > &'. (4°)

Throughout this paper, let €, (n = 1,2,...) be a sequence of positive numbers such
that

en | 0 and Z em < &p for each n € N, (5°)

m=n+1
and let €7* (n =1,2,...) be the nonincreasing sequence defined by
e =min{1/n, 5(n,e,/2" %), n(n,e,/2" ")} for each n € N. (6°)

We have % | 0

Let J be an interval in the one-dimensional Euclidean space Ey and A, (n =1,2,...)
a nondecreasing sequence of closed sets in E; such that US>, A, = J. Then we say that
a non-empty closed set F,,,,, in F1, where n < m, has the property (By) forn < m in J
associated with {A,}22 and {eX*}52, if it has the following property (B1).

(B1): (1) Fp C J and Fpy, C A

(2) Denote the sequence of intervals contiguous to the set consisting of the set Fj,,
and the both end-points of J by J; (j = 1,2,...). Then, J; (j = 1,2,...) are classified
into m — n + 1 parts written Ji; (j = 1,2,...) (possibly empty or finite), where k =
n,n+1,n+2,...,m, so that

1) 325200 ksl < &7
2) (Jrj)° N A =0 for every j € N;
3) one at least of the end-points of the interval Ji; belongs to Ay for each j € N.

In this case, the point taken as one at least of the end-points of Ji; in 3) is called the
characteristic point of Ji; and the number k is called the characteristic number of Jy;.

First, let us spply Lemma 2 in [4, p. 72; 8, p. 2] for the interval Ry, the sequence of
closed sets {M,,}2°; and the sequence of positive numbers {e*}22 ;. Then, the following
statement (I) holds.

(I) There exist two increasing sequences of positive integers
n; and m; (i =1,2,...) such that i < n; and n; < m; < 141 (7°)
and a nondecreasing sequence of non-empty closed sets

Fnimi (221,2,)
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having the following properties (1) and (2):
(1) Fo,m; C Ro and F,,m, C M,,, for every i € N;

(2) Put
Y = U2, proj y(Fn,m,) and Z = proj 4(Ro) — Y, (8°)

o —1 Eng—1

then

b) for each ¢ € Y and i € N, if (Fy,,m,)? # 0, the closed set (F,,,,)? has the property
(By) for n; < m; in (Rp)? associated with {(M,)?}52, and {£*}22 ;; and

c) U2, (Frym;)? = (Ro)? holds for each ¢ € Y.
Next, to each point

q € Z <: proj U(RO) - U?il proj y(Fn1m1)> )

ng -1 ng

let us apply Lemma 1 in [4, p. 72; 8, p. 2] for the one-dimensional interval (Ro)?, the
sequence of one-dimensional closed set {(M,)?}5°; and the sequence of positive numbers
{er*}22,. Then:

(IT) There exist two increasing sequences of positive integers

n;(q) and m;(q) (1 =1,2,...) such that i < n;(q) and n;(q) < m;(q) < ni+1(q)

and a nondecreasing sequence of non-empty closed sets
Fm(q)fm(q) (Z: 1,2,...)

such that:

a) each F,, (q)m,(q has the property (Bi) for n;(q) < mi(q) in (Ro)? associated with

{(?z)"}%":l and {e},"}7%,, in particular, Fy,, (g)m;(q) C (R0)? and Fy, (gym.i(q) C (Mm,(g))%
an

b) U1 o, (gymi(q) = (Ro)?.

An elementary system S : I; (i =1,2,... ,ig) in E, is called a (x)-elemetary system if
proj 4(I1) = proj 4(l2) = ... = Jgroj o (Lig)-
n—1 n—1 n—1

An elementary system S is called a (xx)-elementary system if it is composed of finite (x)-
elemetary systems S; (I =1,2,...,ly) such that

proj (1) N proj ,(Sy) =0 for I, ' € {1,2,...,lp} with | # 1.

En_1 En_1
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Lemma 7. If f is (D) integrable on an interval Ry in E, (ng > 2), then there exists
a nondecreasing sequence of measurable sets By, (h =1,2,...) (the first finite sets may be
empty) such that:

(1) Br T Ro as h — o0;
(2) for every h € N, the set (Bj)? is a closed set for every ¢ € proj 4(Bp),
E

n—1
in such a way that the following statement holds:
Corresponding to h,e with h € N and € > 0, there exists a p*(h,e) > 0 such that:
Given € > 0, suppose that, for some h € N, a (*x)-elementary system .S consisting of

(x)-elementary systems S; (I =1,2,...,lp), where for each [

S is a (x)-elementary system consisting of intervals written

Iy (1=1,2,...,50(0)),

satisfies the following conditions:

(a) For each | € {1,2,...,lp}, there exists a ¢; € proj 4(S;) N proj ,(Bp) such that

(1) 1 (Bn)® # 0 for every j € {1,2, .. ,jo()}; Fro

(b) | prOj1 y(9)] < p*(h,e);

o
(c) norm(bproj 4(S1)) < 1/hfor every 1 € {1,2,...,lo}.
no—1
Then the following inequality holds:
|F(9)| <e.

Proof. For simplicity, we prove only for the case when ng = 2 and Ry = [0,1;0,1].

Denote g; taken in the assumption (a) of the lemma by y;.

Let
ni,m; and Fm, (1 =1,2,...)
be the two sequeces of positive integers and the sequence of non-empty closed sets indicated
in (I) above.
Corresponding to each h € N, if there exists an m; with m; < h, then we put
i(h) = max{i:m; <h, i€ N}. (9°)
In this case, the following holds:

Foom, = F,

Mi(mp) Mi(my,)

for every k € N.
Put, as in (8°)

Z = proj y(RO) - U?il proj y(Fm’mi)'
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Then

pi(Z) =0.
Corresponding to each y € Z, let n;(y),mi(y) and Fy,()m,y) (i = 1,2,...) be the two
sequences of positive integers and the sequence of closed sets indicated in (II) above.

Corresponding to h € N, if there exists an m;(y) with m;(y) < h, then we put
i(y,h) = max{i: m;(y) < h, i € N}. (10°)
Given an h € N, put

B = Fasgymuy U (Ugez Pty wimaym ) When i(h) is definable;

By, = U;EZFni(y,h)(y)m'i(y,h)(y) for the other case, (11°)

where the union Uy, is over all y € Z for which i(y, k) is definable. Then, By, (h =1,2,...)
is a nondecreasing sequence of measurable sets (the first finite sets may be empty) satisfying
(1) and (2) of the lemma.

Now, for h € N and € > 0, put
p*(h,e) = min{6(h,e/27h), n(h,e/2*h)}. (12°)
Then
p*(h,e) > p*(k,e) for k > h and p*(h,e) > p*(h,€’) for e > €.

Given € > 0, let, for some h € N, S be a (xx)-elementary system S; (I = 1,2,... o)
satisfying the conditions (a), (b) and (c) of the lemma for By, p*(h,¢) defined above and
h.

First of all, for the (xx)-elementary system S we suppose the following condition:

(d) Let I € {1,2,...,lo} and y; the point of proj, (S;) Nproj, (Bs) taken in the condition
(a). For each pair I,j with € {1,2,... ,lo} and j € {1,2,... ,jo(l) — 1}, if we denote by d}
the right hand end-point of one-dimensional interval (I;;)¥ and by b’ the left hand end-point
of one-dimensional interval (I; j41)¥, then ([al, 4] x {yi}) N By, # 0 for j = 1,2, ... jo(1) - 1.

The proof requires four steps.

(1) Consider the family of all intervals I;;, possibly empty, for which
[proj »(11)| < 1/h, where l € {1,2,... ,lp} and j € {1,2,...,50(])},
and denote the family by
R (m=1,2,...,m).

Then, by the condition (a), we have Ry, N By, # 0 for m = 1,2,... ,m;. Further since
Mmi,(h) ) Fni(h,)mi(h)’ Mmi(y,l(y) 2 Fn'i(y,h,)(y)m'i(y,h)(y) by (1) of (I) and a) of (II), Mi(h) < h
and my;(y n)(y) < h, we have M}, D By,. Therefore
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RL. NMj # 0 form=1,2,... ,m.
(2) Consider the family of all intervals I;;, possibly empty, for which

|proj »(I;;)| > 1/h, where I € {1,2,...,lp} and j € {1,2,...,50(])}. (13°)
For each interval I;; of the family and y; taken in (a), denote the sequence of one-dimensional
intervals contiguous to the one-dimensional closed set consisting of the non-empty closed
set (I;;)¥ N (Bp)¥ and the both end-points of the interval (I;;)¥* by

Jljr (’I“Z 1,2,...),

where we can suppose that |J;,| > |Jijr41] for r =1,2,... . Take an index r such that

|Jijr] > 1/2h and |Jijr41| < 1/2h, and written ro(Z, §).

Next consider the sequence of one-dimensional intervals contiguous to the one-dimensional
closed set consisting of the set U:‘):(i’])Jljr and the both end-points of the interval (I;;). De-
note the sequence by

Ky (t=1,2,...,t0(l,7)).
Then, for I € {1,2,...,lp} and j € {1,2,...,jo(l)}, we have
U7 g DU Ky = ()
to(l,7 Jo%) o
U K = U220 gy e U (0)% 0 (B)¥); (14°)
{Jijr (r=1,2,...,70(1,5)); Kiju (t=1,2,...,%0(l,7))} are non-overlapping.

For Ky (1=1,2,...,l0, 7=1,2,...,50(0), t =1,2,... ,to(l,7)), first consider

(2.1): the family (possibly empty)

{Kiji : |Kijt) < 1/h, where [, j is any pair belonging to the set of all indices (I, j)

for which I;; is chosen to be (13°), and t € {1,2,... ,t0(l,4)}},

and associate, with each Kj;; of the family, the two-dimensional interval
proj o (Kiji) X proj4(Si).

We denote the family of such two-dimensional intervals by
R2

o (m=1,2,... ,ma).

Since then Kj;; N By # () and M}, O By, we have
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R:2NM, # 0 form=1,2,... ,mao.

Next, consider

(2,2): the family (possibly empty)

{Kij¢ : |Kijt] > 1/h, where [, j is any pair belonging to the set of all indices (I, j)

for which I;; is chosen to be (13°), and ¢t € {1,2,... ,to(l,5)}}.

Corresponding to each Kj;; of the family, take a finite sequence of non-overlapping one-
dimensional intervals Kj;; (s = 1,2,...,s0(/,7,¢)) whose union is Kjj and such that
1/2h < |Kj;,,l < 1/h. With each of such intervals K7, we associate a two-dimensional
interval;

proj « (Kjjis) X projy(Sy),
and denote the family of all such two-dimensional intervals by
R} (m=1,2,...,m3).
Then, we have
R} N My #0form=1,2,... ms.

Because, Kj;;, N B, # 0 holds for every Kj;, . Indeed, suppose that Kj;, N (By)" = 0.

for some K7, . Since then Kj;,, C U2, 1y Jijr by (14°) and Jijr (r =1,2,...) are the
intervals contiguous to the closed set consisting of the non-empty closed set (Bp )% N ()Y

and the both end-points of (I;;)¥!, there exists an r* > ro(l, j) + 1 for which K7;,, C Jijp-.
Hence, |K[j;,| < |Jijr-| < 1/2h, which contradicts |K7;, | > 1/2h. Thus, Kj;, 0 M}, # 0 for

every K, by M}, D By.

For simplicity, we put
{Rm, (m=1,2,...,mp)}
={RL, (m=1,2,... ,m1); R2, (m=1,2,... ,ma); RS (m=1,2,... ,m3)}.

As easily seen, R,, (m =1,2,...,myp) are classified into two parts so that each part is an
elementary system. In addition, we have R, N M, # 0 for m =1,2,... ,;mo; > o>, |Rm| <
6(h,e/2"h), because | proj, (S)| < p*(h,e) < 6(h,e/27h) by (b) and (12°) and | proj, (Ro)| =
1; and norm(R,,) < 1/h for m =1,2,... ,mg by (c). Hence by Lemma 1, we have

mi_o:l F(Rm) - mi_o:l([/) /Rmth f < 4(5/27]1) « 9 = 5/16h

Further, since > | |R,,| < p*(h,e) < n(h,e/2%h),
fore

S (L) S, om, f| < 2/16h. There-
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ZF

)| < e/16h + &/16h = &/8h. (15°)

Next, consider

(2.3) the family of one-dimensional intervals Ji;» (1=1,2,... ,lp, 7 =1,2,...50(]), r =
1,2,...,79(l,7)). Then we have |J;,| > 1/2h for each such J;. Corresponding to each such
interval J;, there exists uniquely a one-dimensional interval Hj;. having thte following
properties:

(a®) Hyjy is contained in one of the intervals contiguous to the closed set consisting of
(Br)¥ and the both end-points of (Ro)", say Hj,;

(b°) Hijr D Jijr;

(c®) One end-point of the interval Hyj, is an end-point of Jy;

(d°) The other end-point of the interval Hjj, is the characteristic point of the interval
Hl]r SaY Pijr-

We denote the characteristic number of the characteristic point p;;- by hyj-. Since then
Nihy < hijr < My o Ny (Y) < hijr < My (y) for some y € Z by the definition
of characteristic number, we have 1 < hy;, < h by (9°) and (10°). In this case, by the
assumption (d) and the definition of (¥)-elementary system, Hyj (j = 1,2,...,50(0), r =
1,2,...,79(l,7)) are non-overlapping for each [ € {1,2,... ,lo}.

Next, for each triple I, j,r with I € {1,2,... ,lo}, 7 € {1,2,... ,jo(D)},and r € {1,2,...,
TO(l7j)}7 put

Qujr = proj(Jijr) x projy(Si);

Q;r = Proj »(Hijr) X projy(S1).

First, corresponding to each k with 1 < k < h, consider the family of two-dimensional
intervals Qj;, for which hyj, = k, where | = 1,2,...,lp, j = 1,2,... ,jo(l) and r =
1,2,...,70(l,j), and denote the family by R; . (m =1,2,... ,mo(k)). When QJ;, is denoted
by Rj,,, we denote Qi by Rpm. Then for each k with 1 <k < h:

R;  (m=1,2,...,my(k)) are non-overlapping;

R}, N My #0form=1,2,... ,mo(k);

(UM PRy < 1p(S) < p*(hye) < 8(h,e/27h) < 8(k,e/27h) by (b), (12°) and
(2°); and

norm(Ry}, ) < max{e;*,1/h} <max{1l/k,1/h} =1/k for m=1,2,... ,mo(k) by
virtue of 1) of (2) of the property (B1), (¢) and (6°).

In addition, R}, (m=1,2,...,my(k)) are classified into two elementary systems. Hence,
by Lemma 5 we have

’I’no(k})

mo (k)
> F(R;,,) - mz::l (L) /R ﬁka < 4(e/27h) x 2 = £/16h.

m=1
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On the other hand, since (1 <)k < h, by (b), (12°) and (4°)

’I’no(k})
> R < pa2(S) < p*(hye) < n(h,e/2°h) < n(k,e/2*h).
m=1

Hence, by (3°)

mo (k)
> (L)/ f| < ¢e/16h.
Therefore
’I’no(k})
> F(R;,,)| <&/16h+¢/16h = £ /8h.
m=1
Thus, we obtain
h mo(k)
> F(R;,)| <e/8.
k=1 m=1
Similarly, we obtain
h mo(k)
> > F(Rj,, — Rim)| <e/8.
k=1 m=1
Therefore
h mo(k)
> > F(Rim)| <e/4. (16°)
k=1 m=1
By (15°) and (16°)
mo h mg(k)
IF(S) < Y. F(Rm)|+ D> > F(Rim)| <e/8h+e/4<e/2,
m=1 k=1 m=1

because S = UM% | R, UUP_, Uz():(f) Rim.

In general, the intervals constructing S classified into two parts so that each part satisfies
the condition (d). Hence, |F(S)| < € holds.

As an application of Lemma 7, we obtain:

Proposition 13. Let f be (D) integrable on an interval Ry in the two-dimensional
Euclidean space, then if I; (i = 1,2,...) is a sequence of intervals in Ry such that:
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I DI, >... and |proj,(I;)| — 0,

we have lim; . F(I;) = 0.

Proof. There exists a point ¢ € N2, I;. Since By, 1 Ro by (1) of Lemma 7, there exists an
ho such that ¢ € By,. Hence, I; N By, # 0 for every i € N. For ¢ > 0, take an ig = () so
that | proj,(Z;)| < min{p*(ho,¢e),1/ho} for every i > ig (p*(ho,€) is the number indicated
in Lemma 7). In this case, norm(proj,(I;)) < 1/hg for every i > iy. Hence, by Lemma 7,
|F(I;)| < € holds for every i > ig.

For an interval T = [ay,b1;a2,b2;. .. ;an, by] in E,, we denote by R,,(I) the family of all
intervals which are written; [a; + (k1 (b1 — a1))/m, a1 + ((k1 + 1) (b1 — a1))/m;az + (k2(be —
az))/m, az + (k2 +1)(b2 — a2))/m; ... ;an + (kn(bn — an))/m, an + ((kn + 1) (b — an))/m],
where k; is an integer with 0 < k; <m —1fori=1,2,...,n.

Lemma 8. Let f be (D) integrable on an interval Ry in E,, (no > 2). Given a
sequence of positive numbers ¢, (n = 1,2,...) such that ¢, | 0 and Z;’;’:nﬂ Em < &p for
every n € N, there exist:

nondecreasing sequences of closed sets A; (i =1,2,...) and D; (i =1,2,...) such that
(1) pino (Ro — U321 Ai) = 0 and pin, (Ro — U2, D;) = 0;
(2) A; D D; for every i € N;
(3) f is Lebesgue integrable on D; for every i € N,
and a nonincreasing sequence of positive numbers 7* (i = 1,2,...) with 77* | 0,
in such a way that the following statement (4) holds:
(4) For each i € N the following holds: If S is a (x%)-elementary system consisting

of (x)-elementary systems S; (I =1,2,...,1lp), where for each [

S is a (x)-elementary system consisting of intervals written
Ilj (] = 1a 27 s 7j0(l))a

such that

(4.0) norm( proj y(Sl)> <trforl=1,2,...,lp,
Eng-1

and for which there exists a non-empty measurable set Y in proj ,(Rp) such that:
E'nofl

(41) Y C proj,(S°) N proj ,(A);

Eno—l Eno—l

(4.2) ping—1 <proj v(S) — Y) <7

ng—1

(4.3) Y N proj 4((S1)°) # 0 for every € {1,2,... ,l};

Enofl

(4.4) for each 1 € {1,2,...,lo} if g € Y N proj ,((S;)°), then
Eno—l
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(1) N (Ay)? # 0 for every j € {1,2,...,jo(D)},

then the following inequality holds:

Fs) - [ g <
SND;
We emphasize that, in the two-dimensional case, we can remove the assumption (4.0)
in the statement (4) of Lemma 8 above. In detail:

Lemma 9. When ny = 2, for the {A4;}$2,, {D;}2; and {7;}3°, indicated in Lemma 8
the following statement (4*) holds:

(4*) For every ¢ € N, the following holds: Let S be a (xx)-elementary system with the
form indicated in (4) of Lemma 8 (without the assumption of (4.0)). If, for such an S, there
exists a non-empty measurable set Y in proj ,(Ro) satisfying the conditions (4.1), (4.2),

ng—1

(4.3) and (4.4) in Lemma 8, then }F(S) — (L) fsnp, f} < &; holds.

Proof of Lemma 8. For simplicity, we prove only for the case when ny = 2 and Ry =
[0,1;0,1]. For the {€,,}22 ; given in the lemma, we define {¢*}>° ; as in (6°). Let n;,m; and
Fom; (1 =1,2,...) be the sequences of integers and the sequence of closed sets obtained
as in (I), associating with Rg, {M,}%; and {&:*}°,. Put

7 = (1/2) min{1/m;, p*(my, ;/2*)} for each i € N, (17°)

where p*(h,e) is the number defined in (12°). Then, 7; (i = 1,2,...) is a nonincreasing
sequence with 7; | 0.

For each i € N, take an h(i) € N so that

h(i) > i, h(j) > h(i) for j > i and pz(Fnm, — Finy) < 7 (18°)
Put
Ai = Fyyn, and D = Fyypn, 0 Fin, ) for each i € N. (19°)
Then
A; D D; and pe(A; — D;) < 7; for each i € N.
Put

77 = (1/2) min {73, n(mpq), Eh(i)/25)} for each i € N. (20°)

Then, {4;}$2, and {D,}$2, are nondecreasing sequences of closed sets satisfying (1), (2)
and (3) of the lemma, and {7}, is a nonincreasing sequence with 7;* | 0 by (4°). Next,
we shall prove that the statement (4) holds for them. The proof requires three steps.

Take an i € N and fix. Under the assumption of (4) of the lemma:

(i) The case when p1(Y N proj,((S;)°)) > 0 for Il =1,2,...,1p : There exists an mq()
with



280 SHIZU NAKANISHI

mo(l) > my; (210)

such that: for each pair I,j with [ € {1,2,... ,lp} and j € {1,2,...,50(])}, there exists a
non-empty family of cells belonging to R,,,(;)(I1;), denoted by

les (5 = 172a- = 780(la.j))7

such that:
]-) les mAi 7& (Z) for s = 1727~~~ 730(laj);

2) RN A; = 0 for the other cells R belonging to R, ;) (I;);
8) 1z (U207 Rijs — As) < g/ iy do (1)
and, further, when we denote the family of R;;s for which

Rijs N D; #0, where s € {1,2,... ,s0(l,5)}

by Rijs (s =1,2,...,51(1,5)) (possibly empty), where s1(,5) < so(l,j) (without loss of
generality, such expression is possible), we have

1) iz (U5 Rujs = Di) < iy i o (0):

Denote, for each pair [, j, the set U(proj,(R) — proj4((R)°)), where the union U is over
all cells R belonging to R,,,;)(11;), by Eij. Then, Ey; = Eyj for j,5" € {1,2,...,50(1)}.
Denote the common set by Ej.

Now put ¥; = (Y — E;) Nproj, ((8:)°) for L = 1,2,... ,lyp. Then, we have

YVinYy =0 forl, '€ {1,2,...,lo} with { £ I';

Ul Y Y and py (Y — U, V) = 0.

In this case, as seen in [9, proof of Lemma 3], for each [ € {1,2,...,lp} there exists a finite
sequence of intervals in proj, (Ro) written

J(yi) (’U =12,... 700(1))7

having the following properties:

1)yl eV forv=1,2,...,v9(l);

€ (J(yh))° for v =1,2,... ,v(l);
3%) U D (gl € proj, ((51)°);
4%) m ( O(l)J(yu)) <77 /lo;

5*
6*
7*

norm(J(yl)) < 1/m; for v =1,2,... ,vo(l);

(W) NJ(yh) =0 for v # s

2)
) U
)
)
) J

) The both end-points of J(y!) belong to ;.
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(Refore to [9, Remark 1, (1)] for the case ng — 1 > 2.)
By 3%), 4*) and (4.2), we have:
8°) m(proj, (8) — Ui U J(5))) < 277

Because, 1 (proj, (S) — Ul UW J(yh)) = 3212 s (proj, (51) — U D T (yh)) <
S0 i (proj, (1) — Vi) + 00 i (Vi — U I () < g (proj, (S) — U, Yi) +
7 < pa(proj, () = V) + m (Y — UL, V) + 77 < 277

In this case, as seen in [9, proof of Lemma 3], J(y!) (v =1,2,... ,v0(l)) can be chosen to
have the following properties («) and (3) in addition to the properties 1*)-7*) above:

(a) For each I € {1,2,...,lp}, put
I! = proj.(Ro) x J(y!) for v =1,2,... ,vo(l).

Then, for every interval I} N Ry;s belonging to the family:
{10 Rujs : (Rijo)e 0 (Ag)e # 0,

where j € {1,2,...,jo(I)} and s € {1,2,...,s0(1,5)}} (22°)
which is non-empty, we have
proj,(IL N Ryjs) = J(yl) for every v € {1,2,... ,v0(1)}.
(B) For each I € {1,2,...,lp}, put
IL; = projo (i) x J(y,) for v=1,2,... ,vo(l) and j € 1,2,... , jo(l),

and, in each If)j, consider the family of all two-dimensional intervals I contained in If)j, such
that the both sides of I parallel to y-axis, say ss(I), belong to K, (I — ss(I)) C If)j - K
and proj, (I) = proj,(I};), where K is the closed set consisting of the set U(Ryjs N 1I};), U
is over all Ry;s, s = 1,2,...,s0(l, ) with (les)yf, N (Ai)yf, # (), and the both sides of If}j
parallel to y-axis. Denote the family by

L. (z=1,2,...,2(,v,5)).

For simplicity, for each pair [,v with { € {1,2,...,lo} and v € {1,2,... ,v9(])}, denote the
family
L. G=12... ), 2=1,2,...,2(,v,))
by
LL, (w=1,2,... ,wo(l,v)). (23°)
Then we have

LI, NnA; =0 forw=1,2,... wo(l,v);



282 SHIZU NAKANISHI

and L', (1=1,2,...,0p, v=1,2,...,09(1), w=1,2,... ,we(l,v)) are mutually disjoint.

Next, for each I € {1,2,...,lp}, denote the family of intervals contiguous to the closed
set consisting of UZOZ(?J (y.) and the both end-points of proj, (Si) by

T (u=1,2,...,u0(l)).

(Refer to [9, Remark 1, (2)] for the case of ng — 1 > 2.)
Put

I: = proj . (Ro) x Jit for u=1,2,... ,uo(l);

Ll =I'nIyforu=1,2,... ,up(l) and j =1,2,...,jo(l). (24°)
(i,1) Denote the family of intervals indicated in («) (defined in (22°)):

{I' N Ryjs : (Rijs)? N (A £ 0, 1€{1,2,... 1o}, ve {1,2,...,u(])},

je{l,2,...,jo()} and s € {1,2,... ,s0(l,5)}}
by
RS (S: 1,2,... ,80).

In this case without loss of generality, we can suppose that

RsND; #0forse{1,2,...,s1} and RsND; =0 for s € {s1 +1,...,80},

where 0 < s1 < s¢ (if s1 = 0, then the former is empty; if s1 = sg, then the latter is empty).
First, for Ry (s =1,2,...,1), we have, as seen in [9, proof of Lemm 3, (i,2)],
1) Ry N My, # 0 for s =1,2,... ,s1;
2) io (USLy Ry — My, ) < i (USL, Ry — D;)

l jo (1 s1(Lj
<2l Zﬁ-i(l) H2 (Uslz(l ])les - Di)

l l . .
< Ty (mio/ Sizy D)  (ol0))
=Th(i) <0 (mh(i)vf‘:h(i)/211) by 4) above.
Further

3) norm(Rs) < 1/mo(i) < 1/m; < 1/my, since mg(i) > m; and i < h(i) by (21°) and
(18°).

Hence, by the definition of (D) integrability we have
S1

S F(R) -3 [
s=1

s=1 Rsmth(i)

f

< Eh(i)/Qll.
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On the other hand, as in [9, proof of Lemma 3, (i,2)]

fl < en@/2°
ﬁ(th(L) 'i
Hence
s1
- Z(L)/ f <ei/2" +enw /28
_ s=1 RsND;
Next, consider for Rs (s =s1 4+ 1,...,50). Then, as seen in [9, proof of Lemma 3, (i,2)]

we have

(1) ReNM,,, #0 for s =51+ 1,...,50;
(2) p2 (UsZy, 11 Rs) < 0(miy,ei/27).

Further, we have
(3) norm(Rs) < 1/m; for s =s1+1,...,s0.

Hence, by Lemma 6

So S0
S PRI - Y @[ f|<te a2
s=s1+1 s=s1+1 RsNFm;

Therefore, as in [9, proof of Lemma 3, (i,2)], we obtain
S0

-y |
s=1 R

(1,2) For the family indicated in (83) (defined in (23°)):

fl< Ei/27+35i/25~
sti

L, w=1,2,...,0), w=1,2,...,w(l,v)):

Corresponding to each two-dimensional interval L!  , consider the one-dimensional interval,
say J! . determined uniquely by the following four conditions, by virtue of the assumption

vw?

of (4.4) of the lemma:

1°) J!,, is contained in an interval, say J¥! . which is one of the intervals contiguous to
the closed set consisting of the set (Ai)yv, ie., (an)ylv and the both end-points of the

interval (Ro)Ys;

2°) One end-point of J!, is one of the end-points of (L mu)vf,;

VW

3°) The other end-point of J!, is the characteristic point of the interval J*' taken in
1°) above, say p;

4°) JL, O (LL,)%.

In this case, J!, (w = 1,2,... ,wo(l,v)) are classified into two parts: J.. (w =
1,2,... ,wl(l,v)) and J2 (w = 1,2,... ,wz(l,v)) so that each part consists of mutually

disjoint intervals. Denote the interval associated with J!! in 1°) by JX!l. Similarly, we
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define J*'2. We denote the characteristic point of J¥ by pll . Similarly, we define p!2 . We

VW
denote the characteristic numbers of p!!, and pl2, by hll and h!2 | respectively. We have

vw?
n; < hi}w < m; and n; < hlfw < m;.

Put

HY = J s J(yl) forv=1,2,... ,00() and w = 1,2,... ,wi (I, v).

For each k € N with n; < k < m;, denote the families of all intervals J'. and H!. for
which hll =k by

o (w=1,2,...,wi(l,v,k)) and HLL} (w=1,2,...,w1(l,v,k)),

respectively. Then, HY* (1=1,2,... 1o, v=1,2,...,0(), w=1,2,... ,wi(l,v,k)) is an
elemetary system in Ry such that:

(1 )H“kﬁﬂk # 0;

(2) po (Uéo 1 UUO(Z) le(l " k)H”k) er* < 0(k,er/255) as seen in [9, proof of Lemma
3, (i,1)];
(3) morm (Hyy') = max{| T3], norm(J(y,))}
< max{e;*, 1/m;} (by hll, =k and 5%))
< 1/k (by (6°) and k < m;).

Hence, by Lemma 6

lo wvo(l) wi(l,v,k) lo wvo(l) wi(l,v,k)
SYY A=Y S (W[ <aef2 ) - e
=1 v=1 w=1 =1 v=1 w=1 Halwlwkka

Further, as in [9, proof of Lemma 3, (i,1)]

lo vo(l) wi(l,v,k)

S S W dean

=1 v=1 w=1

Therefore
m;  lo vo(l) wi(l,v,k)
XSS rum <
k=n; I=1 v=1 w=1

Consequently

lo vo(l) wi(l,v)

SN F(HL)| <efs

=1 v=1 w=1

Similarly
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lo vo(l) wi(l,v)

Z Z Z Hil)}u Li)lu;) < 51/8

=1 v=1 w=1

Hence

lo vo(l) wi(l,v)

S>> P <ei/4

=1 v=1 w=1

Thus, since Lt N D; =0,

lo vo(l) wi(l,v)
OIS F(Lf}w)—(L)/ f|<ei/a
=1 v=1 w=1 Ll ND;
Similarly
lo vo(l) wa(l,v)
(F(wa)— (L)/ f) <&/
=1 v=1 w=1 L2 ND;
Therefore

vw i

=1 v=1 w=1

lo vo(l) wo(l,v)
IIPIPD ( - [ me) <eif2.

(i,3): For I{jé (l=1,2,...,00, u=1,2,...,up(l), 7 =1,2,...,50(1)) defined in (24°):
For each pair I,u with { € {1,2,... ,lo} and u € {1,2,... ,uo(l)}, denote the (x)-elementary
system:

I*l (] = 1a27 s 7]0(1))
by S! and consider the (*#)-elementary system consisting of (x)-elementary systems
SL1=1,2,...,00, u=1,2,... ,up(l)).

(Refer to [9, Remark 1, (3)] for the case of ng — 1 > 2.)
Then, as seen in [9, proof of Lemma 3]
there exists a y, € proj,(S,) N proj, (Bpm,) for which (I:5)%* N (B, )V # 0 for j =
1,2,...,jo(l), for each pair I,u with I € {1,2,...,lp} and v € {1,2,... ,uo(l)};
12 0D [proj , (S1)] < ar (proj(8) = ¥) +p (U, Yi — U2, Ui T(0h)
<TF 4T S i < p*(mi,€:/2%) by (4.2) and 4*);
and further, by (4.0)

norm(proj ,(S%)) < norm(proj,(S))) < 77 < 7, < 1/m; for every pair [,u with | €
{1,2,..., 0o} and w e {1,2,... ,uo(l)}.
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(Remark A: When ng = 2, the assumption (4.0) is not needed. Because, by 8*), (20°) and
(17°) we have Ml(prOJy(I*l)) = (Y <2 <1 <1/m;.)

Therefore, by Lemma 7
uo(l

iZFSl <e;/2t

=1 u=1

On the other hand, since 31 $7"00) gt < s7lo suo(l) | proj, (SL)| < 277 < n(magy, engy/2°)

and D; C Fi, .,
lo uo(l
Y[ A <o e
=1 u=1 SLND;

Therefore

lo uo(l) lo wo(l)

PIDIRACHEDS Z(L)/ fl<ei/2 + /2.
StND;

=1 u=1 =1 u=1

Consequently, by(i,1), (i,2) and (i,3)

rs) - [

f’ < 61/274—361/25 +Ei/2+€¢/24+61‘/25.
sND;

(ii) The case when u1(Y N projy((Sl) )) =0forl =1,2,...,lp : As in [9, proof of
Lemma 3], for every | € {1,2,...,lp}, there exists a y; € prOJy(Sl) N prOJy(B ;) for which
(Li)% N (Bm,)" # 0 for j =1, 2.  Jo(1); IprOJy( )I < 7f <7 < p*(my,ei/2*); and by
(4.0) norm(prOJy(Sl)) <TFE< T <1/m;forl=1,2,... 1.

(Remark B: When ng = 2, the condition (4.0) is not needed. Because, we have u1 (Y N
proj, ((51)°)) = 0, and so u1 (Y Nproj, (S;)) = 0. Hence, by (4.2) p1(proj,(Si)) < 77 < 1/m;.
So norm(proj, (S;)) < 1/m; for 1 =1,2,... ,lp.)

Hence, by Lemma 7
|F(9)] < e;/2%

Further, since p2(S) < p1(proj, (S)) < 77 < n(muy, n(i)/2°) and D; C F,

Mp (i)
‘(L)/ f‘ <en(i)/2° <&if2°.
SND;
Consequently

F-w [

f‘ < Ei/24 +5i/25-
SND;

(iii) The case when p1(Y N proj,((S:)°)) > 0 for some I € {1,2,...,lp} and pi (Y N
proj, ((51)°)) = 0 for some I € {1,2,...,lo} : This case follows from the results of (i) and

(ii).
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By (i), (ii) and (iii) the proof is complete.

Proof of Lemma 9. The proof of Lemma 9 is complete by Remarks A and B with the
proof of Lemma 8.

Theorem 4. Let f(x1,22,... ,Zn,) be (D) integrable on the interval Ry = [a1,b1; ag, be;
. §Qng,bny] in the ng-dimensional Euclidean space E,, (no > 2). Then, the following two
statements hold.

(1) Given any n € {1,2,... ,ng}, for almost all ¢ = (1, 22,... ,Tn_1,Tnt1,--. ,Tn,) I
the (ng — 1)-dimensional interval [a1, b1;as,bo;. .. ;an—1,bn—1; @nt1, bnt1. - ; Qng, bny) the
function f(z1,z2,...,%n,) considered as a function of z,, in the one-dimensional interval
[an,by] is (D) integrable on [ay, by,].

(2) Corresponding to each n € {1,2,...,ng}, there exists a nondecreasing sequence of
closed sets D; (i =1,2,...) in R such that p,,(Ro — U2, D;) =0 and

1— 00

bn
(D)/ flxi,@a, .. Ty, .o Ty )dTy, = lim (L)/ flxi,@a, ..y T, Ty )dTy,
[o 7% (Di)q

for almost all ¢ = (z1,%2,... ,Zn—1,Tnt1 ... ,%n,) in the (ng — 1)-dimensional interval
[a1,b1;a2,b2; ... ;Gn—1,0n—1;0n11,bnt1;- -+ 5 Angs bny -
Proof. For simplicity, we prove only for the case when ny = 2 and Ry = [0,1;0,1].

Let {e,}52; be the sequence of positive numbers given in (5°) such that ¢, | 0 and
> i1 Em < €n for every n € N. Let

A = Fopm, (i=1,2,...) and D; = Fym, O Fyyy (1= 1,2,..0)

T (i=1,2,...)

be the nondecreasing sequences of closed sets and the sequence of positive numbers de-
fined as seen in the proof of Lemma 8 for the sequence {e,};>;. Let Z = proj,(Ro) —
U2 proj, (Fn,m,) (defined in (8°)) as in (I).

As seen in [9, proof of Theorem 1], there exists a set X of p1-measure zero with Xy D Z
such that for every y € proj, (Ro) — Xo, we have:

(a) (4;)Y (1=1,2,...) is a nondecreasing sequence of closed sets whose union is (Ro)Y;
and

(b) (D;)¥ (i = 1,2,...) is a nondecreasing sequence of closed sets such that (D;)¥ C
(A:)Y, p1((Ro)Y —UR (D;)Y) =0 and f(z,y) is Lebesgue integrable on (D;)Y as a function
of x for every i € N.

Hence, by [9, Remark 2], in order that the function f(x,y) is (D) integrable on [0, 1]
as a function of x for almost all y € proj, (Ro) — Xo, it is sufficient to prove that, when we
denote the set of all y € proj, (Ro) — Xo for which one at least of the statements of (1) and
(2) in [9, Lemma 5] is not true by Y*, we have p1(Y*) = 0. In order to prove it, supposing
w1 (Y*) > 0, we lead a contradiction. For the proof, we can proceed in the same way as in
the case of [9, Theorem 1], making the following alterations:

(1) We employ 7;° defined in (20°) of this paper instead of x} defined in [9, (14°)];
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(2) We employ Lemma 8 of this paper instead of [9, Lemma 3];

(3) For each s €* {1,2,...,s0} with u1(Zs) # 0, we choose the one-dimensional elemen-
tary system K7 (I =1,2,...,ly(s)) indicated in [9, proof of Theorem 1] so that it satisfies
the condition

norm(Kj') < 7, for 1 =1,2,... o(s),

in addition to the following conditions indicated in [9, (23°) and (24°)]:

(KP)°NZs #0for 1 =1,2,...,l(s);

p1(Zs — U K5) < ko /2s0; and

lo(s s . %

ul(Uloz(l)Kl‘ — Zs) < (1/50)(min{0, Ti,(s)}).

From this fact, each of the following two-dimensional (kx)-elementary systems:
SP(se g, 1e{1,2,...,lp(s)}) and S7 (s € A;, L €{1,2,...,lo(s)}),

considered in (A) and (B) as in [9, proof of Theorem 1], respectively, has the following
property:

(4.0) norm(proj, (S7)) = norm(K;) < 77
By virtue of this fact, we can employ Lemma 8 of this paper instead of [9, Lemma 3].

Now, put
Wo =XoUY™.

Then, p1(Wo) = 0, and for every y € proj,(Ro) — Wo, f(x,y) is (D) integrable as a
function of z on [0, 1], lim; .o (L) [, oy I (z,y)dx exists, and the limit value coincides with

1
(D) Jo f(@,y)da.
§2 Two-dimensional integration

Theorem 5 (Fubini’s Theorem). Let f(x,y) be (D) integrable on an interval Ry =
[a, b; ¢, d] in the two-dimensional Euclidean space F3. Then:

(1) For almost all y € [c,d], the function f(z,y) considered as a function of x is (D)
integrable on [a, b];

(1') For almost all z € [a,b], the function f(z,y) considered as a function of y is (D)
integrable on [e, d];

(2) (D) f;f(ac,y)dx is (D) integrable on [c, dJ;
(2" (D) fcd f(z,y)dy is (D) integrable on [a, b];
3) (D) [ (D) [, fla.yde) dy = (D) [ ((D) [ f (@, y)dy) do = F((a,bic,d).

Proof. (1) and (1') are already proved in Theorem 4. Next, we prove only (2) and the
first equality of (3) for the case of Ry = [0, 1;0, 1]. We omit the proof of the others, because
the proof is similar. Put
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fily) = (L) / J(z,y)da for every y € proj, (Ro) — Wo, and
(Dq)Y

= 0 for every y € Wy;

1
£(6) = (D) [ (@) for every y € proj, (o) = Wo. and

= 0 for every y € W,
where {D;}5°, is the sequence of closed sets and W), is the set of ui-measure zero, indicated
in the proof of Theorem 4.

Since then f(y) = lim; . fi(y) on proj,(Ro) and fi(y) is measurable for each i €
N, there exists a sequence of measurable sete M} (k = 0,1,...) such that: U2 M} =
proj,(Ro); p1(Mg) = 0; and for each k € N, My N Mg =0, My, D M}, M is a closed
set, fi(y) converges uniformly to f(y) on M}, and f(y) is Lebesgue integrable on M.

Let {Bx}%2 ; be the sequence of measurable sets indicated in Lemma 7 (defined in (11°)).
Put

Zy = proj, (Ro) — U2, proj, (Dy);
Ly, = ((proj,(Bx) N Zo) U proj, (Dy)) N (Mg U M) for k=1,2,...;
Ny = proj, (Dy) N Mj; for k=1,2,....

Then, p1(Zy) =0, Lx (k=1,2,...) is a nondecreasing sequence of measurable sets whose
union is proj,(Ro) and Ny (k = 1,2,...) is a nondecreasing sequence of closed sets such
that Ny C Ly and 1 (proj, (Ro) — URZ; Ni) = 0. Further f(y) is Lebesgue integrable on Ny,
for each k € N.

For k € N and ¢ > 0, take an ig(k,¢) so that ig(k,e) > k, €y < €/7 and |f(y) —
fiok,e)(y)| < €/7 for every y € Mj. Let A(k,e) be a positive number such that if pz(E) <

Ak, €), then ’(L) Jenp. " )f(x,y)d(x,y)} < ¢/7. Let A*(k,¢) be a positive number such
ig(k,e
that if pq1(E) < A\*(k,¢), then ’(L) Jean, f(y)dy’ <e. Put

5% (kye) = (1/2) min{r}, oy p°(kee/T), Ak,2), A (k,e/T)}.

We denote, for any set E C proj,(Ro), the set proj,(Ro) x E by E*, and let G(I) be the
interval function in proj,(Ro) defined by G(I) = F((I)*) for any interval I C proj,(Ro),
where F' is the interval function indicated in the definition of (D) integrability.

Next, we prove that:

For k€ N and e > 0, if I; (t=1,2,... %) is an elementary system in proj, (Ro) such
that

LiNL#0fort =1,2,... tg and py (U2, I, — Ly) < 6*(k,e),

then
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to to

SoG->0 [ sy

t=1 t=1 NN

<e.

For I; (t =1,2,...,tp), denote by I1; (t =1,2,...,t1) the family of all intervals I; for
which I, N proj, (D) # 0, where t € {1,2,... ,to}; and by Ip; (t = 1,2,... ,t2) the others.
Let {Ar}2, (k=1,2,...) be the sequence of closed sets indicated in the proof of Theorem
4.

(i) For Ii; (t = 1,2,...,t1) : By Proposition 13, there exists an elementary system
Hy (t=1,2,...,t1)in projy(Ro) such that (H14)° D I1 for t =1,2,... 14, ul(U?:lHlt —
UL Iy) < 6*(k,¢e), and

t1 t1
> G(Hyu) =Y G| <e/T.
t=1 t=1
In this case, for the (xx)-elementary system (Hy;)* (¢t = 1,2,...,t1) in Ry, we have

proj, ((H1¢)*) = Hi and proj, (((H1¢)*)°) = (H1)°. Further, as seen in [9, proof of Theo-
rem 2], putting YV = Uﬁlzl(Hlt)o N projy(AiO(k’E)), we have ul(Uﬁllelt -Y)< Ti*;(k’a), and
Y N (Hy)® = (H1t)® N proj, (Aigk,ey) # 0 for t =1,2,... ,t1. Hence, by Lemma 9

t1

SR =W [ )
14)*ND5 (ke e)

t=1 t=1

< Eig(k,e) < E/T.

And so

<e/T.

G(Hyu)— ) (L) fio(k,e)(y)d
; . ; /Hu (o) () dy

Thus, as seen in [9, proof of Theorem 2], the following holds:

t1 t1

S6th)->0 [ fwiw)

t=1 t=1 11NN,

< 5e/T.

(ii) For Iy (t = 1,2,...,t2) : For the (xx)-elementary system (I2;)* (t = 1,2,...,t2),
as seen in [9, proof of Theorem 2|, we have (I3;)* N By # 0 for t = 1,2,... ¢, and
1 (proj, (U2 (I)*)) < 6%(k,2) < p*(k,/T). Further, norm(proj,((I)*)) = u1(Iar) <
0" (k,e) < T ey < T < Tk < 1/my and so norm(proj,((12)*)) < 1/k by (7°) for ¢t =
1,2,...,t2. Hence, by Lemma 7

ta

ZF((I%)*)

t=1

ta

> GIy)

t=1

< ¢/7,and so <e/T.

Therefore, as seen in [9, proof of Theorem 2] we obtain

to to

>G>0 [ fwiw)

t=1 t=1 I2¢N NG,

< 2e/7.
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Thus, by (i) and (ii)
to to
S.G->0) [ s <e.
t=1 — ItNNy,

t=1

Consequently, f(y) is (Do) integrable on proj, (Ro) and so (D) integrable on proj, (Ro),
and the (D) integral of f(y) on proj,(Ro) coincides with F'(Rp).

By Proposition 11, (2) and Proposition 12, as a corollary of Theorem 5 we obtain:

Theorem 6 (Fubini’s Theorem). Let f(z,y) be strongly (LA) integrable on an
interval Ry = [a, b; ¢, d] in the two-dimensional Euclidean space Fs5. Then:

(1) For almost all y € [e, d], the function f(z,y) considered as a function of x is strongly
(LA) integrable on [a, b];

(1") For almost all z € [a, b], the function f(z,y) considered as a function of y is strongly
(LA) integrable on [c, dJ;

(2) (SLA) f; f(z,y)dz is strongly (LA) integrable on [c, d];
(2") (SLA) fcd f(z,y)dy is strongly (LA) integrable on [a, b];

(3) (SLA) [ ((SLA) [ f(w,y)dw) dy = (SLA) [ ((SLA) [ f(z,y)dy) de
= (SLA) [, f(,9)d(x, ).

As a corollary of Theorems 2 and 6, by Proposition 6 we obtain:

Theorem 7. If a finitely additive interval function F(I) in an interval Ry = [a, ; ¢, d]
in the two-dimensional Euclidean space FEs is derivable in the strong sense at every point
of Ry, then:

(1) For almost all y € [c, d], the function F!(x,y) considered as a function of x is special
Denjoy integrable on [a, b];

(1") For almost all « € [a, b], the function F.(z,y) considered as a function of y is special
Denjoy integrable on [, d];

(2) (D) f: F!(z,y)dz is special Denjoy integrable on [c, d];

(2" (D) fcd F!(z,y)dy is special Denjoy integrable on [a, b];

(3) F(Ro) (= (SLA) [y, Filx.)d(x,y)) = (D) [ (D) J, Filw,y)dz) dy
= (D) [}/ (D) ! Fi(.y)dy) da,

where (D) [ denotes the special Denjoy integral.

Problem. Does Fubini’s theorem hold for the strong (LA) integral in the ng-dimensional
case when ng > 37
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