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ABSTRACT. The extension of classical discriminant analysis techniques in multivariate
analysis to time series data is a problem of practical interest. Discrimination between
different classes of multivariate locally stationary processes, which constitute a class of
non-stationary processes, can be characterized by differing covariance or time varying
spectral structures. For discrimination between the multivariate non-Gaussian locally
stationary processes, Kullback-Leibler discrimination information measure has been
developed. In this paper, asymptotic error rates and limiting distributions are given
for a generalized time varying spectral disparity measure that includes foregoing cri-
teria as special case. It is well known that the log-likelihood ratio based on observed
stretch gives optimal classification. It is shown that the discriminant criterion based
on such generalized disparity measure is Gaussian optimal. A non-Gaussian optimal
discriminant criterion is also proposed in view of the LAN theorem.

1. Introduction. In multivariate analysis, many methods of discriminant analysis have
been investigated in detail (e.g. Anderson, 1984). The extension of classical discriminant
analysis techniques in multivariate analysis to time series data is a problem of practical
interest. Shumway (1982) gave an extensive review of various discriminant problems in
time series. Zhang and Taniguchi (1994) discussed the parametric discriminant problems
for non-Gaussian vector linear processes, and showed that discriminant criterion based on
an integral functional of periodogram has some good properties, for example, asymptotic
normality and non-Gaussian robustness, etc. Zhang and Taniguchi (1995) have shown ro-
bustness of Chernoff information measure to peak contamination in spectra of the process
concerned. For discrimination between non-Gaussian multivariate time series, Kakizawa et
al. (1998) have introduced a disparity measure, which includes the Kullback-Leibler dis-
crimination information and the Chernoff information measure, and gave applications to
the problems of classifying earthquakes and mining explosions.

Although the analysis for stationary time series is well established, stationary time series
models are not plausible to describe the real world. Dahlhaus (1996a, 1996b, 1996¢, 1997)
has introduced an important class of non-stationary processes, called locally stationary
processes, and established the asymptotic theory of statistical inference. Discrimination
between different classes of multivariate time series that can be characterized by differ-
ing covariance or time varying structures is important in applications of occurring in the
analysis of seismic records and biometrics data. Sakiyama and Taniguchi (2004) investi-
gated the problems of classifying a multivariate non-Gaussian locally stationary process
{X,r} into one of two categories described by two hypotheses IT; : f;(u, ), ¢ = 1,2, where
fi(u, \) are time varying spectral density matrices. They used an approximation of the
Gaussian Kullbuck-Leibler information measure as a classification statistic for this prob-
lem and showed that this statistic is consistent. The misclassification probabilities were
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also evaluated under contiguous hypotheses. In this paper, we generalize this measure to
non-linear time varying spectral measures which include the Kullbuck-Leibler information
and the Cernoff information measure. We also propose a genuine non-Gaussian optimal
discrimination criterion based on another approach.

The time series data recoded in real phenomena such as seismic record and financial time
series, are often non-stationary and non-Gaussian. To investigate the actual performance
of our discrimination criterion to such multivariate non-stationary and non-Gaussian time
series data will be increasing importance. However, this problem requires another paper.
We will make it as a future work.

This paper is organized as follows. In Section 2 we define the multivariate non-Gaussian
locally stationary processes, and introduce a nonparametric time varying spectral density
estimator, which is due to Dahlhaus (1996a, 1996b, 1997). Section 3 gives a generalized
measure of disparity which includes Kullbuck-Leibler and Chernoff information measure.
In Section 4, we derive the limiting distributions and asymptotic error rates of our discrim-
inant statistics. We also discuss conditions for non-Gaussian robustness, and show that our
discriminant criterion is Gaussian optimal. Peak robustness of our discrimination criterion
is studied, and some numerical examples are given. In Section 5, we propose a genuine
non-Gaussian optimal discrimination criterion based on the LAN property. All the proofs
of Theorems are given in Section 6.

2. Non parametric spectral estimator of multivariate locally stationary pro-
cesses. When we deal with nonstationary processes, one of the difficult problems to solve
is how to set up an adequate asymptotic theory. To meet this Dahlhaus (1996a, 1996b,
1997) introduced an important class of nonstationary processes and developed the statis-
tical inference. We give the precise definition of multivariate locally stationary processes
which is due to Dahlhaus (2000).

Definition 1. A sequence of multivariate stochastic processes Xy = (Xt(}%, ... 7Xt(,?“))/7
t=2-N/2,...,1,....,T,....,T+ N/2;T,N > 1) is called locally stationary with mean
vector 0 and transfer function matriz A° if there exists a representation

0 Xur = [ exp ()AL (VAW
where
(1) €)= (&1(N), ..., En(N) is a complex valued stochastic vector process on [—m,w] with

Ea(N) = &u(—N) and

k
Ha a
(2) cum{d&a, (M), .-, d€a, ()} = 1> A)) AJ 1’ —ALen B Ay d e,
7j=1
fork>2,a1,...,ar=1,...,m, where cum{...} denotes the cumulant of k-th order,
and n(\) = Z;‘;_OO (A4 2mj) is the period 2w extension of the Dirac delta function.

(ii) There exists a constant K and a 2m-periodic matriz valued function A :[0,1] x R —
C™*™ with A(u,—A) = A(u, \) and

o t

)

(3) sup <KT™!

tA

foralla,b=1,...,m and T € N. A(u, \) is assumed to be continuous in u.
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fu, ) := A(u, \)QQA (u, \)* is called the time varying spectral density matrix of the process,

where Q = (kab), y—1 _,, and D* denotes the complex conjugate of matrix D. Write

(4) €t 1= /Tr exp(iAt)dE(N),

—T

then E(e:) = 0, E(ee}) = Q and E(gse) for t # s is a zero matrix. We make the following
assumption.

Assumption 1. X, has the MA(co) representation

o0

(5) Xt,T = Z at’T(S)StiS7
that is
(6) ?,T()‘) = Z a; 7(s) exp(—iAs),

where the coefficients fulfill

(7) Y

§=—00

=0T

{rrt == (3)],

for all ¢,d = 1,...m, with continuous matriz function as(u). Then, the condition (3) is
fulfilled for

(8) A(u, ) = Z as(u) exp(—ils).

§=—00

Furthermore we make the following assumption on the transfer function matrix A (u, ).

Assumption 2. (i) The transfer function matriz A(u,\) is 2mw-periodic in A and the pe-
riodic extenszon is twice dzﬁerentzable i u and \ with uniformly bounded continuous
derivatives au2 A, 8‘9/\2A and 2 oz 8,\A

(ii) All the eigenvalues of f(u,\) are bounded from below and above by some constants
01,02 > 0 uniformly in u and \.

As an estimator of f(u, A), we use the nonparametric estimator of kernel type defined by

™

(9) fr(u )= [ Wr(\— w)Iy(u,p)du,

—T

where Wp(w) =M Y07 W (M(w + 27v)) is the weight function and M > 0 depends on
T, and In(u,\) is the data tapered periodogram matrix over the segment {[uT] — N/2 +
1, [uT] 4+ N/2} defined as

N
1 S .
In(u,A) = Sr N { g h (N) X{uT)=N/2+s,T exp{z)\s}}

N *
(10) : {Z h (%) XuT]-N/24rT eXP{MT}} :
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Here h : [0,1] — R is a data taper and Hy y = Zivzl h (%)2 It should be noted that
In(u, ) is not a consistent estimator of the spectral density. To make a consistent estimator
of f(u, A\) we have to smooth it over neighbouring frequencies.

Now we impose the following assumptions on W(-) and h(-).

Assumption 3. The weighted function W : R — [0, o] satisﬁes W(x) = 0 for z ¢
[—1/2,1/2], and is a continuous and even function satisfying f 172 W(x)dz =1 and

f_lﬁ2 2?W(x)dz < o0.

Assumption 4. The data taper h : R — R satisfies (i) h(xz) = 0 for oll x ¢ [0,1] and
h(z) = h(1 —z), (i) h(z) is continuous on R, twice differentiable at all x ¢ U where U is
a finite set of R, and sup,¢y [ (z)| < co. Write

-1

(11) Ki(z) := {/O h(x)2dx} h(x+1/2)2, x€[-1/2,1/2],

which plays a role of kernel in the time domain.

Furthermore, we assume

Assumption 5. M = M(T) and N =N(T), M < N < T satisfy

2 (0]
(12) % = o(1), g— — o(1), @ = o(1).

The following lemmas are multivariate version of Theorem 2.2 of Dahlhaus (1996¢) and
Theorem A.2 of Dahlhaus (1997) (See also Sakiyama and Taniguchi (2003)).

Lemma 1. Assume that Assumptions 1-5 hold. Then

(1)
1/2 ) ) 52
E(Iy(u,N) =f(u, A) + o3 /1/2x Ki(x) dmwf(u, A)
N? log N
(13 ro(F2) +o(M57).
(ii)
=R N2 rl/2 ) 5 92
BE(, ) = £ ) + oo /_ 1/23: K)o (0, )
1/2 a

(14) +o <W+M >+O<IO§VN>,
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(iii)
™ N M 1/2
Var (fi;j(u,\)) = — lu,\)? Ki(z)?da
i;l ( ! ) N 2 " —1/2
1/2 o
(15) / W (z)?dz(27 + 27{\ = 0 modn}) + o (—) .
—1/2 N
Hence, we have
~ 2 M M
(16) E Hf(u,)\) ~ f(u, /\)H -0 (F) +0 (M2 4+ N2T72)* =0 (N) :

where || A|| is the Euclidean norm of the matriz A; | A|| = {tr{AA*}}l/Q.

Lemma 2. Assume that Assumptions 1-5 hold. Let ¢j(u,N), j = 1,...,k be m x m
matriz-valued continuous function on [0,1] x [—m, 7] which satisfies the same conditions as
the transfer function matriz A(u, X) in Assumption 2 and ¢;(u, \)* = ¢;(u, ), ¢j(u, —A) =
¢j(u, N)*. Then

o=t [ ol () 1)
(17) —/0 /Wtr{gﬁj(u,A)f(uA)}dAdu}, j=1,...k

have, asymptotically, a normal distribution with zero mean vector and covariance matrix V.
whose (i, 7)-the element is

1
477/
0

1 ™
+—2 Z Z Kby ,bg,b3,ba / bi (u7 )\)al ,az (bj (u7 u)(l47a3

47
a1,a2,a3,a4 by,bs,bs,by YT

[ et 8 )6, (0 VG ) i

—T

(18) AUy N ag by AUy =Ny by AUy, — 1) 0y b Alu, u)%md}\du} du.

Assumption 5 does not coincide with Assumption A.1 (ii) of Dahlhaus (1997). As men-
tioned in A.3 Remarks of Dahlhaus (1997), Assumption A.1 (ii) of Dahlhaus (1997) is
required because of the v/T-unbiasedness at the boundary 0 and 1. If we assume that
{Xo-ny21y -+ Xor} and {Xry1,7,. .., Xpypn/2,r} are available with Assumption 5, then
from Lemma 1 (i)

E (Lr(6;)) { XT:/W { (%,A)IN<%7)\>}CD\
_/0 /,ﬂ”{%’ (W)f(u,A)}dAdu}

(19) ZO(\/T<ZZ\Z—22+$+%)>=0(1).
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3. Measures of disparity. We suppose that we have a collection of zero-mean m-
dimensional vector locally stationary time series X; r = (Xt(lT)7 Xt(?, . ,Xt(f;))’, t=
1,2,...,T. Denote by p;i(x), i = 1,2, the probability density functions of the mT x 1
vector X = (X’LT7 X5 1y, X ) under two hypotheses II;, i = 1,2, respectively. In the
case of locally stationary processes, II;, i = 1,2 are, respectively, described by the time
varying spectral density matrices f;(u,\), ¢ = 1,2 corresponding to mT x mT matrices
Yr(pi), i = 1,2. Although theory developed later transcends the usual normal theory, it
is convenient to use the normal assumption temporarily to motivate measures of disparity
between the densities p;(-), i = 1, 2.

One classical measure of disparity between two multivariate densities is the Kullback Leibler
(KL) discrimination information, defined by

(20) K(pjipr) = Ep {10g%},

where E, denotes the expectation under the density p(-). The KL discrimination informa-
tion takes the form

1 Yr(p;
(1) K(pyie) = 5 (tr{2n() 20 ) = tog SEEAL )

2 X7 (pr)|
when p;(x) correspond to two hypothetical zero-mean multivariate normal distributions.
The mT xmT covariance matrices Y7 (p;) contain the mxm matrices X7, (p;), s,t = 1,...,T

as blocks, where

1 T - ] ]
(22) ST ) = 5 | expliMs - 1) ASp (VRA (-3
Parzen (1990) proposed to use the Chernoff (CH) information measure

(23) Ba(pjips) = —log B, {(pj(x)f},

Pr(x)

as a measure of disparity between the two densities, where the measure is indexed by «,
0 <a<l Fora= %, the Chernoff information measure is the symmetric divergence
measure. For two normal random vectors differing only in the covariance structure, the
measure (23) takes the form

(24) Ba(pjipr) = 2(10g|a2T(pj) (1-a)Sr(pn) |ET(pj)|>.

Sr(pe)] OB IS (o))

It is of interest to note the antisymmetry property Bo(p;;pr) = Bi—a(pr;p;) and that

B, (pj; pr), scaled by a(1 — o) converges to K (p;; pi) for  — 0 and to K (pg; p;) for a — 1.
Hence the Cernoff measure behaves like the two Kullback-Leibler measures for values of the
parameter « that are near the boundaries 0 and 1.
It should be recognized that the information measures (21) and (24) both involve mT x mT
matrices whose dimensions tend to infinity as T' — oo. As in the case of stationary processes,
it is natural to use spectral approximations in terms of the time varying spectral density
matrices f;(u, A), ¢ = 1,2. The appropriate versions of (21) and (24) are

K(f;;f,) = hm T~'K(pj; )

(25) / /_ ] (tr{f w NE (1, \)} — log% - m) %du
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and

B, (f5;£) = hm T7'B, (pj; Pr)

laf; (u, A) + (1 — a)fi (u, N)| —alo £ (w, N\ dA
/ /_Tr< [k (u, A o Ifk(u7>\)|> 2"

Note here that the time-varying spectral matrices f;(u, A) correspond to the multivariate
densities p;(x). The advantage of (25) and (26) is that the evaluation problem is reduced
to inverting m x m matrices. Both forms (25) and (26) are functions of the matrix product
£;(u, \)f; ' (u, \) and can be generalized to the following disparity measure

(27) Dultf) =5 [ [ HE N 0

where H (-) is some matrix-valued function. To ensure that Dy (f}; fi) has the quasi-distance
property, we require Dy (f;;f;) > 0, and that the equality holds if and only if f; = £
almost everywhere. The function H(Z) must have a unique minimum at Z = E,,, the
identity matrix. There are many possible choices of H(Z) such that Dy (-;-) satisfies the
quasi-distance property, but we consider only the two cases corresponding to (25) and (26):

(28) Hic(Z) = tr{Z} - log || -
and
(29) Hp, (Z) =log|aZ + (1 — a)Ey,| — alogl|Z|.

Note that another possible choice is the quadratic function
1
(30) Ho(Z) = 5tr (Z — E.)>.

Generally, Dg(+;-) is not symmetric but can easily be made so by defining

(31) H(Z)=H(Z)+H(Z™).

The general form (27) can be approximated by sums over frequencies of the form A\; =
27s/T and time uy = t/T, s,t =1,2,...T, i.e,

(32) Dy (f);f —T 2 Z (e, Ao) By (e, As)) -

s, t=1

4. Discriminant analysis. Suppose that we wish to investigate the problem of clas-
sifying a realization Xp = (X, N2 Xy Xy X’T+N ) T) into one of two
known categories 11, j = 1,2, where II; is described by the tlme varying spectral density

matrix f;(u, A). Let ?T(u7 A) be the nonparametric time varying spectral density estimator
given by (9), which is based on observation to be classified. We measure the disparity

between the sample spectrum of X7 and category II; by Dy (fT; f;). Then the proposed
rule is to classify X into IIy or Il according to Dy > 0 or Dy < 0, where Dy is the
discriminant function defined by

(33) Dy = Dy (fr: ) — Dy (Fr: £1).

In this section we examine the asymptotic properties of discriminant function (33). Assume
that the category II; is an m-variate linear process of the form X; 7 = >0 ag %(k:)et,k,
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where m X m matrices agj%(k:)’s and i.i.d. m x 1 zero mean vectors £;’s satisfy Assumptions

1 and 2. The use of ?T(u, A) instead of the data tapered periodogram Iy (u,\) is essential,
because Dy (In;g) does not converge in probability to Dy (f;; g) under IT; if Dy (Iy;g) is
nonlinear with respect to Iy (See Taniguchi and Kakizawa (2000)).

We discuss the performance of the discriminant function (33). First, we evaluate the asymp-
totics of the misclassification probabilities based on Dy;

(34) Pp,, (2|1) = Pr(Dy < O[IL;)
and
(35) PDH(]-|2) = PI‘(DH > O‘Hg)

It is shown that Pp,, (2|1) and Pp,, (1|2) converge to zero as T — oo if f1(u, \) # f2(u, A).
Next assuming that IT; is contiguous to e, the limit of the two misclassification probabilities
is evaluated. Then we will elucidate the asymptotic optimality and robustness

In what follows, set (j,k) = (1,2) or (2,1). We give the following assumption on matrix-
valued function H(Z).

Assumption 6. (i) H : C™*™ — R is real-valued holomorphic function defined on an
open set D in C™>™,

(ii) HE,) = 0 and HY(E,,) = 0 (m x m zero matriz), where HW({-}) is the first
derivative of Z at {-} whose (a,b)-th element is %@H(Z). The m? x m? Hessian
matriz of H(Z), defined by

d 9 /
(36) ez ez )

is positive definite at Z = E,,. That is, H(Z) has a unique minimum zero at Z = E,,.

(iii) The m x m matriz Q; i (u, \) defined by
(37) Quuk(u, ) = £, ) [H (85, )8 ()

satisfies Qjk(u, A)* = Qjk(u,A) and Qj x(u, —A) = Qj k(u, ).

Theorem 1. Under the Assumptions 1-6, suppose that f1(u, ) # fao(u,\) on a set of
positive Lebesque measure. Then under I1;, Dy il (=1 Dy (£;;fx) and

(38) VI{Dy + (1) D (£ £i)} 2 N(0,VA(j, k), as T — oo,
where Dy (f;;f,) is the integral disparity (27) and

1 1 ™
Vit = [ ly | Qs g
0 -7
1 . .
(39) taam O Fasedvey () (W) du,
a,b,c,d
with

us

(0) TV =G = [ AT ) Qe M) Ak A

) —
B —r
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In view of Theorem 1, the limiting forms of misclassification probabilities (34) and (35)
satisfy limr_,o Pp, (k|j) = 0 for (j,k) = (1,2),(2,1). This shows that the discriminant
Dy is consistent. From (39), one may also approximate them as the normal integrals

(41) Pp,, (k|j) ~ ® (ﬂﬁ%) |

which depend on the fourth-order cumulants unless (40) is a zero matrix. To look at
robustness, we assume that the hypothetical m-variate linear process is generated by

oo
(42) Xor= Y aj)(s)es
under II; and by
oo
(43) Xer= Y0 {afhe) + T2 0} e,
§=—00

under Il;. Thus, the time varying spectral densities associated with IT; and II5 are
(44) f1(u, A) = AW (1, NVQAD (4, \)*
and

f(u, ) = {A(l)(m A) + T72A@) (y, A)} Q

(45) [AO @) + 771240, N}

with A (u,\) = 320 agi)(u) exp{—iAs}, ¢ = 1,2. The quantities Dy(f;;f;) and

§=—00

Vi (j, k) are determined by the local property of the function H(Z) at Z = E,,.

Assumption 7. The m? x m? Hessian matriz of H(Z) at E,, is cK,,, where K,, is the
commutation matriz (e.g., Magnus and Neudecker (1988)) and ¢ > 0.

Note that Hi, Hp, and Hg in (28), (29) and (30) satisfy Assumptions 6 and 7.

Theorem 2. Let £y and fa, defined by (44) and (45), be the hypothetical time varying hy-
pothetical spectral density matrices of m-variate linear processes (42) and (43), respectively.

Under Assumptions 1-7, if a(()2) (u) = 0 (m x m zero matriz), the asymptotic misclassifi-
cation probabilities are independent of the non-Gaussinanity of the process, and are given
by

Jim Pp,, (2[1) = lim_Pp,(1]2)

(46) =0 _%\/i/o /_:tr{A(u, A)F2dAdu |,

with

Au, A) = {AD (u, NVQA® (u, \)* + AP (u, N)QAWD (u, \)*}
(47) {AD (u, QAW (u, \)*} L
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Furthermore, if the process concerned is Gaussian, the exact Gaussian log-likelihood ratio
is
1 . - .
Ar(p1,p2) = T Gaussian log likelihood ratio

=" (p2)|

(48) = 57X (57 () = 57 (p2) ) X — o .

2T

According to Proposition 2.5 and Lemma A.8 of Dahlhaus (2000), it is seen that, under
I1;, for each € > 0,

E (ﬁAT(pth))
T
= \2/5 {tr{ET p;) (T (p1) "t == (p2) ')} —log %}
fg U,)\
/ /_W{tr{f (u, \) (£ (u, A) — £ (u, A))}—log%}d)\du
+O(T 3t L T3 10gt T)
(49) = (=1)""'VT D, (£ ) + o(1)

and
Var (ﬁAT(pl,pg)) = —tr {ET (pj) (ET(pl) X)T(pg)*l)}2
1 T
- i/ / tr {85 (u, A) (£ (u, A) — £ (u, \)) 3 dAdu
™ Jo -
(50) +O(T 1 og? T).
Therefore,
Thm PGLR(2|1) = Thm PGLR(1|2)
= lim Pp,(2[1) = Jm Pp,(1[2)
(51) =0 1 i/1 /W tr{A(u, \) }2d\d
= N/ ). r u, u |,
where
(52) Perr(2[1) = Pr(Ar(p1,p2) < 0|Iy)
and
(53) Parr(12) = Pr(Ar(p1,p2) > O[IL2),

that is, the discriminant criterion based on Dy is asymptotically Gaussian optimal.

Remark 1. Peak Robustness of B,,.

We consider a case where the time varying spectral density of X is contaminated by a sharp
peak. In this case, we can see that Bo(f;;fx) is robust with respect to peak, but K (£;;£;) is
not so. Define

! T
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where Qe = [Ao, Ao + €] is an interval in [—m, 7| for sufficiently small € > 0 and r > 1.
Suppose that £1(u,\) # f2(u, A) on a set of a positive Lebesgue measure. Then, under
Assumption 2, it can be shown that

(55) lim | Bo (£, £, £) + (—1)/ Ba (£, £1)| = 0 for a € (0,1),
(56) 1ir%|K(fj7fj,fk) + (1) K(f;, )] = oo
where ~ ~ -
(57) Bo(£5, 85, f) = Ba(fj, fi) — Ba(f;, £5)
and
K(f = K(f;,f,) — K(f;,£;)

//{ |fku>‘§||+t {8 (u, A) (£ (u, A) — -(uA))}}dAdu.

That is, Ba(£5; i) is insensitive to sharp peak in the spectral density, while K (f;; f) is sen-
sitive. Thus, the discriminant statistic Bo(f;;f) is better than K (f}; fy) if the time varying
spectral density of X1 is contaminated by a sharp peak.

Numerical example. We consider the time varying AR(2) model
t
(59) Xir = by <;>X1T+b<2>( )Xt 27+ 1,

with béi) (u) = 09 exp(—200) (u + 1)), i = 1,2, and &; are i.i.d. random variables with
probability density
(60) p(z) =exp(—(z+1)), z>-1.

Then the time varying spectral density is given by

1
21

1
1— 0 exp(—200 (u + 1)) exp(i))

fa(u7 A) =

(61)

—0@) exp(—203) (u + 1)) exp(2iN)

Now, we give two examples for the model (59);

Example 1 (0, 0®) = (0.8,0) : AR(1) model.
Example 2 (1), 0) = (0.8,0.2) : AR(2) model.
In Figure 1, AR(1) coefficient bél)(u) (real line) and AR(2) coefficient bé2) (u) (dotted line)

of Example 2 are plotted. From this figure, it is seen that b(gl)(u) decreases as u — 1, on

the other hand bé2)(u) is almost constant.
Figures 1 is about here.

For Ezamples 1 and 2, the observed stretch {X;r} with T = 2% are plotted in Figures 2
and 3, respectively. The time varying spectral densities of them are, respectively, given in
Figures 4 and 5.
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Figures 2 and 3 are about here.
Figures 4 and 5 are about here.

Next, in Example 1, let the time varying spectral densities associated with 111 and 1o be

H1 : fl(u, /\) = %

2
1
[€N) [€N) ;
1—-6," exp(—26 u+1)) exp(iA
1
1-05" exp(—20%7 (u+1)) exp(iX)

)

H2 : fg(’u,)\) = %

respectively. We consider the following two cases;

CASE I The time varying spectral density of process concerned is not contaminated by a
sharp peak, That is, we actually observe

(63) Yir = X1

CASE II The time varying spectral density of process concerned is contaminated by a
sharp peak. That is, we actually observe

(64) Yir = th,T + XtQ,Ta
where

(65) Xir=Xur
and

Xt27T _ /_ﬂ' {6_7"/2 — ]_} Ag <%, )\) exp(i)\t)I(A07>\O+€]d£()\)
~ {G*T/Q - 1} Ag <% Ao) exp(idot) (€(Xo + €) — £(No))

~ {Eir/Q — 1} Ay (%, )\0) exp(z')\ot)

1< .. exp(=ij (Ao + €)) — exp (~ijAo)
2r = —ij '

(66)

For the cases II, the observed stretch {Y; 1} with T = 28, (1) = 0.8, Ao = —7/4, 7 =3
and € = 0.01 are plotted in Figures 6. The time varying spectral density f1(u,\) are given
i Figures 7.

Figures 6 and 7 are about here.

Finally, in Figures 8 and 9, we plot the pair graphs K (f1, f1, f2), K(f1, f2) and Bl/g(f_l, f1, f2),
Bia(f1, fa) with (951), Hél)) = (0.8,0.9), respectively. From Figures 8 and 9, it is seen that
K(f1, f1, f2) diverges as € — 0, on the other hand By 5(f1, f1, f2) converges to By s(f1, f2)
as € tends to 0.

Figures 8 and 9 are about here.
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5. Asymptotically non-Gaussian optimal classification. Suppose that Xp =
(X1,7,...,Xrr) is a realization of a scalar-valued locally stationary process with transfer
function Ay where the corresponding Ag is uniformly bounded from above and below,
and time varying spectral density fp(u,)\) := |Ag(u,\)|? depends on a parameter vector
0=(61,...,04) € ©CRL

Let II; and IIy be two categories with probability density functions p;(X) and po(X),
respectively. We investigate the problems of classifying a locally stationary process {Xr}
into one of two categories described by two hypotheses:

i = fi(u, A) = f (u, A|0)
h

(67) Il : fg(u, )\) = f <U,>\|9T =0+ ﬁ) ,

where 8 € © C R? and h = (hy,...,hy). We assign the observed stretch X to category
IT; if X falls into region R;; otherwise we assign it to Ils, where Ry and Rs are exclusive
and exhaustive regions in R”. It is well known that the classification regions defined by

p1(X1)
p2(Xr) ~ 0]

(68) Ry = |:XT : Ar(p1,p2) = log

give the optimal classification (See Anderson (1984)).

Introducing the notations V; = %, V=(Vy,....,Vy), Vi; = 8’; 8%7,, V2 = (Vij)ij=1,...q

we make the following assumption.
Assumption 8. (A1) There exists a constant K with

t
(69) sup ‘VS{A%T - AO(T, MNH <KT™!
t A

for s =0,1,2. The components of Ag(u,\), VAg(u,\) and V?Ag(u,\) are differen-
tiable in u and A with uniformly continuous derivatives %(%.

Writing
(70) Et:/ exp (1At)dE(N),

—T

we assume the followings.

Assumption 9. (B1) &’s are i.i.d. random variables with mean 0, variance 1 and finite
fourth order moment E(e}). Furthermore the distribution is absolutely continuous
with respect to Lebesgue measure, and has the probability density p(z) >0 on R.

(B2) p(-) satisfies
(71) lim p(z) =0, and lim zp(z)=0.

|z =00 |z|—o00

(B3) The continuous derivatives Dp, D*p = D(Dp) and D3*p = D(D?p) of p(-) exist on
R, and D3p satisfies the Lipschitz condition.

(Ba)
(72) Flp) = / (6(2))*p(2)dz < oo,
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(73) /(D5¢(z))2p(z)dz <oo, s=1,2,

(74) E(ei¢*(e1)), E(e7¢°(er)) and E(¢(2))" < o0
and

(75) /sz(z)dz =0, ‘Zl‘iinoo Dp(z)2* =0,

Assumption 10. (C1) {X, 1} has the M A(co) and AR(c0) representations

(76) Xor =Y ag,p(i)eis,
=0
o0
(77) ag, r(0)er = > b5, (k) X1k,
k=0

where ag , (j), by, p(k) €R, by, 1(0) =1 and ag , 7(j) = ag o 7(j) = ag(j) fort <
0.

(C2) Every ag, +(j) is continuously three times differentiable with respect to 0, and the
derivatives satisfy

(78) sup Z(1+j)|vi1 < Viag,r(j)] ¢ <oo fors=0,1,2,3.
t,T | 4
s =0

(C3) Every by , 1(k) is continuously three times differentiable with respect to 0, and the
derivatives satisfy

(79) sup {Z(l +E)|Vi, - Visbg’t’T(kﬂ} <oo fors=0,1,2,3.

t, T b—0

(04)
(30) Gur© e {350 [ tou(f3u 0}

where fg,t,T()‘) = |A8,t,T(/\)|2'

By (76) and (77) we have

t—1 00

(81) ag 4 r(0)er = Z b, v (k) Xe—k,1 + Z er(r)e—r,
k=0 r=0

where .

(82) cgar(r) = by, r(t+s)ag(r—s).

s=0
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From Assumption 10 it follows that

e 00
Dol eI <D D 1bg e (R)llag (1)l
r=0

=0

hE

E
I

E%g

(83) lag(l |—Zk|batT o(t™).

[}

By Theorem 1 of Hirukawa and Taniguchi (2004), we have for all § € O, under IIy,
as T — oo, the log-likelihood ratio Ar(p1,p2) has, asymptotically, normal distribution
N(FWT(0)h, 'T()h), where

o= [ 1 {f 0) [* (e ANTH N

A | fo(u, A)[?
+#{E(s§¢( ¢)) — 2F(p) — 1}
i Vfg(u, /\) Vfg(u )\)
(84) { Ry dA}{ TR d)\} }du.

Furthermore, under Iz, Ar(p1,p2) A N(—%h'f‘(@)h, R'T(0)h), hence

lim PLR(2|]—) = lim PLR(1|2)
T—o0 T—o0

(85) —® (—% hT(H)h) ,

where

(86) Prr(2|1) = Pr(Ar(p1,p2) < 0[II;)
and

(87) PLR(1|2) = PT(AT(pl,pQ) > 0|H2),

Since (g5,s < 0) are unobservable, instead of Ar(p1,p2) we use the “quasi-log-likelihood
ratio”

Fr(0)
(88) Fr(p1,p2) =log ———= Fr(67)’
with 1
1 t bg t, T(k)Xt—k,T
(89) Fr(6) = tl;[l ag,t,T(O)p{ ae,t,T(O) } ,

for classification criterion.

Theorem 3. The discriminant criterion based on the quasi-log-likelihood ratio is asymp-
totically optimal.

Since hypotheses are often unknown, when there are training samples, the results may also
be extended to the plug-in version of Dy, obtained by replacing f; with the estimator f;
based on the training samples.

6. Proofs. This section provides the proofs of theorems.



250 J. HIRUKAWA

Proof of Theorem 1. Let
(a2 = H (Fr(u, Ve (0, 0)) = H (6, V) (0, 0)
(90) —tr { Qs N (Fr (u, A) = £5(u, M) }

then from Lemma 1, the same argument as in Theorem 1 of Taniguchi et al. (1996), leads
to, under II;

(91) Hj(u,\) = Op <%>
?;2(1) H (?T(w NE (u, A)) =Op (%) :

uniformly in A and u. Since, Dy is written as

(93) Dp = —/ / fT (u, NE; ™ (u, A)) ~-H (?T(u7>\)f1_1(u, A))] ddu,
it follows from (91) and (92), under T,
VT{Dg + (-1) Dy (£;; fi)}
= # /01 /_: tr { Qe M) Er(u, A) = £ (u, X)) } dAdu + op (1)
(—1)7+1

(94) = i Sr+op(l) (say).

According to Lemma 2,
—1)i+1
Lt <( ) Qj,k)

_ VT g+1\r/ [ b1 { Qi (s A) (L (1, A) — £ (1, A))} dAdu + O(T~ %)

(95) = (_i3:+1 Lr+0o(1) (say)

have, asymptotically, a normal distribution with zero mean vector and covariance matrix
V2(j, k). Thus, the proof of Theorem 1 is complete if we show St — L1 = 0,(1). From the

definition of ?, it follows that
Sp— Ly
= \/_/ / tr{Q]k u, \) ( Wr (X — w)f; (u, w)dp — £ (u, A))}d)\du

T / e Qi) [ @t = 6w ) Wrr = e dna
7 [ 1 [t Qs ) () = )} d
= \FT/Ol /_7; tr {Qj,k(u, A) ( _: W (A — w)E; (u, p)dp — £5(u, /\)) } dAdu
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1 T
T / / - {D (1, 1) (L (s 1) — £ (uy 1)) } dpecu

0 -7
(96) =L + LY (say),
where -

x

(97) Dlu) = [ {Qua (st 57) = Qi) } W)
By the dominated convergence theorem,
(98) Jim DG, )| =0 ae. (u € [-mm)),

therefore, from Lemma 2, Var{L(TQ)} = o(1), which implies L(q?) = 0p(1). On the other
hand, by Assumption 3, we have

(99) [ S W3 = = £, 3) = 002,

hence L(Tl) =0 (%) =o(1). O

Proof of Theorem 2. From Assumptions 6, 7 and

(100) £ (u, N (u, \) " = E,p, + (\_/1%j A(u, \) +0(T™Y),
it is seen that
(101) Du(E: £ / / tr{A (1, \)Y2dNdu + o(T)
and

V2(j. k / / tr{A (1, \)P2d\du
(102) FT Y s o),

a1,az,a3,a4=1

where 7,4 is the (a,b)-th element of the m x m matrix

1 s
Pu= [ [ AD@AAD @24 (0,2}
0 -7

{AD (1, VA (u, A)* + AP (u, QAW (u, \)*}
(103) {AD (1, QA (u, \)* }7LAD (1, X)ddu.

If T'y = 0, substituting them into (41), then the asymptotic misclassification probabilities
are given by

hm Pp,(2]1) = hm Pp, (1)2)

(104) - ——\/M/ /_Wtr{A w, \))2dAdu
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Since

1 b
o= / (A, ) AD (0 0+ Q@ TAD (4, A)TA® (4, \) }dAdu
0 —T

1
(105) =27 [ {af a0+ 0 ta) o)}

1
vec Ty = 277/ vec {{Km +E;,} Qfla(()l)(u)flagf) (u)} du
0
1
(106) ~n / (B © Qa0 (u) " Joee a2 (u)du,
0

which implies that I'yy = 0 is equivalent to a(()z) (u) =0.
Proof of Theorem 3. Under II;, it is seen that

Ar(p1,p2) — Fr(p1,p2)

T f 1 00
—0 0% k) Xtk + >0 Ch r)e_
= {Ing(5t)_1ng< btz (k) T 2or=0 r 1.1 (7) r)
t=1

aGT t,T (0)

t—1 ;06 t—=1 30
Clogp [ 2= b7 (k)Xe—k,T gy [ 20 oy (k) Xt—k,1
az,t,T(O) azT,t,T(O)

3 4 o be, o (R) X
Z{%T¢ €t +—D¢(€t) 7“t,T¢< ko 08,7 (k) Xt k,T)

t=1 a;,t,T(O)

7"t2,T t B —0 b5+, 7(K)Xi—k,7 ~1/2
_Tw( ) >}+0P(T )

Qg+ 1

T 2 2
Z {Qt 7o () + —D¢ (et) = rerd (er) — —fo) (e¢) }

t=1

(107)  +0p (T72) +0p (1),

where

Z:io Cz,t,T(T)Efr Z:io CBT,t,T(T)E*T

QT =T, 7+ 5 — S
Qg ¢, 7(0) aGT,t,T(O)
h' Vg c r\Vag.. 0
— et o Z 0 tT + GTC,)t,T( ) Oe ,t,T( ) ..

\/_ ag . r (0) ae,t,T(O)aeT,t,T(O)
(108) =+ 0 (T—Wt— )
and

o im0 030 (R) X R (0D
tT = -
ag . 7(0) %T,t 7(0)

W& Vb, 1 (R) — b5, 7 (k)Vag.. , 1(0)
(109) = — ————X; 1+ L — Xk (-
VT ; ae,t,T(O) " kz;) ae t T(O)aeT,t,T(O) '
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Here #*, ** and 0*** are points on the segment between 6 and 67 = 6 + h/v/T.

From (107), (108) and (109) we can see that Ar(pi,p2) — Fr(pi,p2) = op(1l) under II;.
Similarly, we have Ar(p1,p2) — Fr(p1,p2) = op(1) under IIp. Therefore, Frr(p1, p2) has the
same limit distribution of Ap(p1,p2) under both II; and Il. O
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Figure 1: The time varying coeflicient functions bél)(u) (real line) and béQ)(u) (dotted line).
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Figure 2: The observation {X; r} of Example 1.
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Figure 3: The observation {X; v} of Example 2.
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Figure 4: The time varying spectral density function f(u,\) for Example 1.
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Figure 5: The time varying spectral density function f(u,\) for Example 2.
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Figure 6: The observation {Y; 1} which is contaminated by a sharp peak.
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Figure 7: The time varying spectral density fi(u, \) which is contaminated by a sharp peak.
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Figure 8: The pair of graphs K (f1, f1, f2) (real line) and K (fi, f2) (dotted line).
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Figure 9: The pair of graphs Bl/Q(fl, f1, f2) (real line) and Bl/Q(fl, f1, f2) (dotted line).
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