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THE TOTAL NUMBER OF SUBGROUPS OF A FINITE ABELIAN
GROUP

GRIGORE CALUGAREANU *
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ABSTRACT. In this note, steps in order to write a formula that gives the total number
of subgroups of a finite abelian group are made.

1 Introduction It is well-known (Frobenius-Stickelberger, 1878, see [4]) that a finite

abelian group is the direct sum of a finite number of cyclic groups of prime power orders.
Obviously, their subgroups have the same structure.

However, when it comes to draw the subgroup lattice of a given finite abelian group,
or to find out the total number of subgroups this group has, this can be a difficult task.
It is the purpose of this note to describe a new method which partially solves these two
problems.

First of all, let us mention some reductions which bring us closer to the real problem.

Let G be a finite abelian group and |G| = n = pi'p5*...p;*, the decomposition of its
order into prime power factors. If G = G, ® Gp, @ ... ® G),, is the corresponding primary
decomposition, then, denoting by L(G) the subgroup lattice of G, L(G) ~ L(Gp, ) X L(Gp,) X
... X L(Gy,), the direct product of the corresponding subgroup lattices (Suzuki [11]).

In the sequel we denote by N(G) the number of subgroups of the group G. Hence

k
N(G) = [l N(G,,) and our counting problem is reduced to p-groups. Moreover, we shall
i=1

consider tﬂat, given the subgroup lattices of the primary components, one can construct, the
direct product of these lattices, and this finally gives the subgroup lattice of G. Therefore
both problems reduce to primary groups.

In the above decomposition, the subgroup lattice L(G) has generally more subgroups
than the direct product of the subgroup lattices of the direct components.

As for our first problem, we will emphasize, which are the subgroups one has to add to
the direct product of the subgroup lattices of the direct components. This will be possible
using the key result described in the next section.

As for our second problem, we will find a formula which gives the total number of
subgroups of an abelian finite group whose p-ranks do not exceed two.

Formulas which give the number of subgroups of type p of a given finite p-group of
type A were given by Delsarte (see [2]), Djubjuk (see [3]), and Yeh (see [12]) in 1948. The
reader may consult an excellent survey on this topic together with connections to symmetric
functions written by L. Butler (see [1]). We mention below two of these formulas.

The application of the theory of symmetric functions to the study of abelian groups
begins with P. Hall’s unpublished work in the 1950’s (according to Macdonald [7], these
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were conjectured in 1900 by Steinitz, see [10]). Hall proves that the number of subgroups
H of type p of a finite abelian p-group G of type A such that the type of G/H is v, is a
polynomial in p with integer coefficients, the Hall polynomial gft‘y. Moreover, he finds its
degree and leading coefficient and shows g, = g;),,-

Lemma 1.4.1([1]) For any partitions p C A, the number of subgroups of type p in a
finite abelian p-group of type A is

. W1 (N —Hj1) )\; - M3+1
ax(p;p) = Hp g T A
j>1 J j+1 p

where X' is the conjugate of \, and ' is the conjugate of .

Remarks. - If A = (A1, A2...) is a partition, then the conjugate partition X = (A, A5...)
has components defined as follows: A’ is the number of parts A] such that A > j. (So the
jth row of the Ferrers diagram of A’ is the jth column of the Ferrers diagram of \.)

[Tei-1
- Here { Z ] = —=— denote the Gaussian coefficients, the number of all
p o [[e-1 []@-»
i=1 i=1
the k-dimensional subspaces of an n-space.

- The formula given by Djubjuk (see [3]) is similar.

Here is a second formula (adapted from [2]):

i i 7‘171 X 7‘271 ) kal X
porretsarste sk 1k , H (p51 _pll) , H (p52 —pw)... ,HO(pSk —p““)
. _ 11=T2 12=T3 11=
N(X7 Y) - 7‘1—1 i T’Q—l . 'r‘k—l .
pT1T2+T2T3+~~Tk—1Tk H (pf’l _pll) H (pTQ _p12)“_ H (ka _plk)
i1:T2 i2:T3 i1:0

where s1 > s9 > ... > s > 1 is the signature of a group of type Y andry > 1o > ... > rp > 1
is the signature of a subgroup of type X (r; < 55,1 < j <k).

With our above notation the connection between the invariants which give the type
Y = (n1,n2,...,nk) and the signature (s1, so, ..., sx) is given by the following relations:

S§1 — 82 =MN1,82 — 83 =N2,...,8k—1 — Sk = Nk—1,5k = Nk
or

S1=mn1+N2+..+Nk,S2=N2+N3+ ... +Nk,...,Sk—1 = Nk—1 + Nk, Sk = Nk.

However, for a given p-group, to sum up the numbers given by the above formulas
is another difficult task (e.g., notice that for ¢ < k the signature of G = Z, @© Z,» is
(2,2,...,2,1,1,...,1) and one has to sum up all the subgroups considering all the possible
sub-signatures!). That’s why, our method (which seems to be original, and natural since it
describes directly the corresponding subgroup lattices) gives a formula for the total number
of subgroups of a (finite) abelian rank two p-group which, to the best of our knowledge, did
not yet appear in print.
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2 The key result Our key result is antique. It was discovered by Goursat as early
as 1890 (see [6]): it is possible to construct the subgroup lattice of a direct sum out of the
subgroup lattices of the summands, and all the isomorphisms between ”sections” ! A brief
presentation follows (for details see [9]).

(a2) Let U be a subgroup of G = H @ K. Then there is natural isomorphism
U+K)nH (U+H)NK

UnH —  UNK
Conversely, let G = H @ K be a group and W1 < Uy < H, Wy < Ug < K subgroups of
U U
the direct summands. For every isomorphism ¢ : WH — ZE there exists a subgroup U < G

1 2
such that Uy = (U+ K)NH, Ux = U+ H)NK, Wy, =UNH and Wy = U N K, namely

U=DUgy,0)={x+ylzr €Uny,y € d(x+ W)}

Thus in order to recover the subgroups of a direct sum H & K we need the isomorphisms
between the ”sections” (i.e., intervals in the subgroup lattice) in [0, H] respectively [0, K].

Let G = H® K. A subgroup D of G is called a diagonal in G (with respect to H and
Kt D+ H=G=D+Kand DNH=0=DnNK.

If§ : H — K is an isomorphism then D(§) = D(H,0) = {z+d(z)|lzx € H} = (1+0)(H)
is a diagonal in G (with respect to H and K). Conversely, if D is a diagonal in G (with
respect to H and K ) there is a unique isomorphism § : H — K such that D = D(J).

More, there is a bijection between the diagonals (with respect to H and K) and isomor-
phisms of H and K. Every subgroup U of a direct sum G = H & K belongs to the direct
product L = L(H) x L(K) (i.e., has the form H' ¢ K’ for H' < H and K' < K) or is a
diagonal. The situation is best described by the following diagram

G

U+H \ U+K
U +U
H
UO+H
/ U0+K
H U U +U K
K 0
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Using the projections from the direct sum, Uy = py(U), Ux = pr(U), Uy = (U N
Ho({UnNK)eLand Uy ®@Ug = (U+ H)N (U + K) € L. Moreover (see [5] where
these are described as subdirect sums), Uy @ Uk is minimal in L including U and Uy =
(UNH)® (UNK) is maximal in L included in U.

Finally, this allows us to reconstruct, beginning with the direct product of the subgroup
lattices L(H), L(K) all the other subgroups, namely the diagonals, just looking at the
isomorphisms between the ”sections”.

3 Examples 1) The Klein group G = HOK = Zo®Zy = {0,a,b,a+b|2a = 0 = 2b}.
Each L(Zs) is a chain with two elements and the direct product of these two chains is
the four element lattice

Using the key result, we have to add as many diagonals as isomorphisms Zy — Zs (i.e.,
H — K). From H = {0,a} to K = {0,b} there is only one isomorphism so only one
diagonal (namely (1 + d)(H) = {0,a + b}) has to be added to the direct product.

Hence G has the ”diamond” as subgroup lattice

2) The elementary group G = Zs ® Zs3 = {0, a, 2a,b,2b,a+b,a+ 2b,2a + b, 2a + 2b|3a =
0 = 3b}.
The same two chains of two elements and four element direct product of lattices.

However, now there are two isomorphisms Zs — Zs, namely ¢ : < 8 Z SZ ) and

o < 8 C2Lb za . Hence we must add two diagonals D = (14 96)(H) = {0,a+b, 2a + 2b}

respectively D’ = (14 60')(H) = {0,a + 2b,2a + b}. The following diagram describes this
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3) The group G = Zo @ Z4 = {0,a,b,a + b,2b,a + 2b,3b,a + 3b|2a = 0 = 4b} has the
subgroup lattice

Indeed, to the direct product of chains

we have to add only two diagonals, D corresponding to the isomorphism [0, H] — [0, 2K]
respectively D’ to the isomorphism [0, H] — 2K, K].

4) The group G = Zy4 ® Z4 = {a, blda = 4b = 0) with cyclic subgroups N = (a) = (3a),
M = (b) = (3b) has the subgroup lattice

G
N+V S+U T+M
N Vo S U T M
2N 2S 2™
0

Once again, we start by two 3-element chains (i.e., of length 2), and the direct product
has 9 elements. For the first time we have here two kind of isomorphisms: four isomorphisms
Z> — Z5 ([0,2N] — [0,2M], [0,2N] — [2M, M], [2N, N] — [0,2M], [2N, N] — [2M, M])
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respectively two isomorphisms Zy — Z4 ( [0, N] — [0, M] - Z4 has two automorphisms), so
we add 6 diagonals, 25, T, V', S+ U and S, U, for a total of 15 subgroups.
5) The elementary group G = Zy @® Zy @ Zy has the following subgroup lattice

In order to recover this by using our key result, we consider H = Zs with a 2-element
chain subgroup lattice, and K = Zy @ Zo, with the 'diamond’ subgroup lattice (see Example
1).

We have 2 x 5 = 10 subgroups in the direct product 4+ 6 diagonals to add, corresponding
to the 6 isomorphisms associated to all the segments in the ’'diamond’. That is, 16 subgroups
indeed.

6) The 2-group Z, ® Zo @ Zs.

Now we take H = Z4 and K = Zs ® Zs, so a 3-element chain and the ’diamond’ as
subgroup lattices, as follows

2H a b c

Hence we have 3 x 5 = 15 subgroups in the direct product, and we must add diago-
nals corresponding to 6 isomorphisms from A = [0,2H] to each of the segments on the
"diamond’ and other 6 isomorphisms from B = [2H, H] to the same 6 segments. That is
15+ 6 + 6 = 27 subgroups.

Remark. Apparently there would be some isomorphisms from the interval (chain) [0, H]
to some 3-element chains in the ’diamond’ (namely [0, a, K], [0,b, K] or [0, ¢, K]). Wrong!
None of these actually is an interval in the subgroup lattice L(K).
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NG=2>3(ZsDZy).

First, the direct product of a 2-element chain and the lattice in Example 5. Thus
2x 15 = 30 subgroups in the direct product + as many diagonals as isomorphisms Zs — Zs.
Now we have as many such isomorphisms as many segments has the lattice L(Z4® Z4); this
number is 24. Finally we have 30 4+ 24 = 54 subgroups.

8) G =Zs ® (Zy ® Z4) Apparently similar with the previous, this Example emphasizes
a new aspect.

First we have 4 x 8 = 32 subgroups in the direct product + 3 x 11 diagonals for the
corresponding (simple) segments [hereafter also called 1-segments].

K

2H

4H

Next we must count 2-segments (on the right lattice there are no 3-segments which are
intervals): 2 as (long) sides of the right rectangle and the chains (which actually are also
intervals!) [0, a, D'] respectively [D, b, K]. Hence, 2 x 2 x4 = 16 more diagonals to be added
(2 for [0,2H] and [4H, H], |Aut(Z4)| = 2(2 — 1) = 2; see also next section, respectively the
4 2-segments), for a total of 32 4+ 33 + 16 = 81 subgroups.

9) G =(Zy®Zy) @ (Zy B Zy) is the only group of rank four we discuss in this Section.

Consider H = Zs ® Z5 and K = Z,4 & Z4 which have as subgroup lattices the diamond’
(Example 1) and the lattice L(Z4 @ Z4) from Example 5 which has 15 subgroups and 24
segments.

Hence we have 5 x 15 = 75 subgroups in the direct product, 6 x 24 = 144 diagonals
corresponding to all the Zs — Zo isomorphisms (between the 1-segments) and (for the
first time), 5 isomorphisms of ’diamonds’ (indeed, L(Z4 @ Z4) has 5 intervals which are
"diamonds’). That is, 5 x |Aut(Zg @ Z3)| = 5 x 6 = 30 (the Klein group Zy @ Zy has 3! =6
automorphisms).

So the total is 75 + 144 + 30 = 249 subgroups.
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4 The rank 2 formula

Diagonals, segments and automorphisms.

In what follows, ’segment’ on the diagram that represents a given subgroup lattice has
the usual geometric meaning and, as it is well-known, is drawn whenever a subgroup S is
covered by another subgroup T (i.e., T/S is simple). Moreover, the term ’interval’ (we have
finally preferred it to the synonymous ’section’) is used as follows: if S, T are subgroups of
G, the interval [S,T] = {U € L(G)|S < U < T}. As previously noted, this is generally not
a chain (excepting cocyclic groups) nor a ’diamond’.

Notice that counting segments may be done by counting the segments in the direct
product and adding 2 times the number of diagonals (obviously, each diagonal ’comes’ with
exactly two 1-segments - in producing the corresponding ’diamond’). For later purposes, the
two 1-segments adjacent to a diagonal will be called half-diagonals (thus, diagonal means a
subgroup, and half-diagonal means an 1-segment).

Recall (e.g. see [5]) that |Aut(Z,)| = ¢(n) the Euler (arithmetic) function. Thus
1
|[Aut(Z,e )| = ¢(p') = p'(1— ];) = p'~!(p—1) gives the number of isomorphisms between

two intervals of the form [0, Z,:] (i.e., chains of length t).

The formula.

In what follows we shall prove the formula giving the total number of subgroups for a
(finite) rank two p-group.

Set G = Z,: ® Z,, for arbitrary positive integers ¢ and k.

First of all, we have the direct product of chains of length ¢ respectively k, that is,
(t+1)(k+1) subgroups. Next, we have the diagonals corresponding to the automorphisms
Z,, — Z,, which give p — 1 diagonals for each pair of 1-segments, i.e., tk(p — 1).

Further, the diagonals corresponding to the automorphisms Z,. — Z,2, which give
p(p — 1) diagonals for each pair of (double) adjacent segments (2-segments). So (¢t — 1)(k —
1)p(p — 1) diagonals have to be added.

We must continue till we exhaust the adjacent min(¢, k)-length segments, which obvi-
ously is the chain L(H) or the chain L(K) (corresponding to ¢ < k respectively k < t). This
chain produces |k — t| + 1 pairs of chains of length min(t, k), each giving p™"®-F)=1(p — 1)
diagonals.

Therefore the total number of subgroups is

t+D)(E+1)+thk(p—1)+(t—1)(k—1plp—1)+ ...
o4 2(Jk — t] 4+ 2)p™ER =2 () — 1) 4 (Jk — ¢ + 1)p™nER = (p — 1),

In what follows a special sum will be used. For ¢ < k denote by

t—1

Spp =Y (t —i)(k —i)p'

i=0
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Considering the polynomial f =1+ X + X? 4 ... + X*~! € Z[X], this sum is

Sue = thf(p) — (t+ k)pf'(p) + p[(X f'(X))1(p)
t—-1DX'—t X' 41

(here f/(X) = (

d
(X—1)2 an
(t—1)2X" — (202 =2t - X'+ X" - X — 1

Xf(X)) = :

(Xf'(X)) X 17 )

Hence Sy is calculated as follows:

f—1 t—1)pt —tpt=t+1 12— (282 9 — )t 2t —p— 1
P _(Hk)p( )p p2 + p( )°p ( 3)29 +t°p p—1
o P71 (p—1) (p—1)

P2k —t+1)+p Tt —k+1)—(t+1)(k+1)p*+ 2tk +t+k—1)p—tk

(p—1)3 '

Moreover, for two arbitrary positive integers ¢, k denote by Si = Swin(t;k),max(t;k)-

Then we obtain
N(Z, & Zpk) =@t+1)k+1)+(p- 1)5%

or finally

t+1)(k+1)+
P2k —t|+ D) +p A =k —t) =t + 1) (E+Dp?> + 2k +t+k—1)p—tk

- (p—1)2

PRkt + D +p A=k —t) —p—[(t+ Dp—t][(k + 1)p — K]

= (t+1)(k+1)+ TEE

Remarks.- As for (finite) rank three p-groups, the use of the same ’key’ result is possible
but complicated (the previous presented Examples suggest which are the difficulties). It
will be done elsewhere.

However, subgroups of a direct sum of three groups were already described in 1931 by
Remak (see [8]). Actually this is a difficult paper to read (some 156 equations describe
finally the corresponding 'key’ result !).

The use of the corresponding isomorphism (for direct sum of two groups this was (a2) in
our second Section) is more effective in giving the formula for the total number of subgroups
for a rank three p-group:

(a3) Let G = Hy ® Hy @ Hs and U be a subgroup of G. There is natural isomorphism

(Li®La®Ls) +U U
Li®Ly®Ly  Ni+Na+ N3

using the notations:

By = Hlﬁ(U+(H2@H3)), Ap = (U+H1)QH2, K= (U+H1)Q(H2€BH3), C1 =UNHy,
Dy =Un (H2 b Hg), L1 =A19N A13, M, = Ao + A13, N1 =D N (A12 b A13), and the
other combinations interchanging indexes 1,2,3.
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One has to write the converse (as for the two summands case) and to establish the
corresponding bijection between subgroups and isomorphism of intervals. This gives, in a
similar way, the total number of subgroups.

5 Elementary abelian groups; recurrences. Any finite elementary p-group, is repre-
sented as
z =Pz,
n

for a positive integer n.

Denote by N(Zy) its total number of subgroups and by n(1—seg(L(Z}))) the number
of 1-segments the subgroup lattice L(ZZ) has. Using the Gaussian coefficients, one can

define the Galois numbers Gy, , = Z [ Z } . Recall that for these numbers there is only
k=0 p
a recursion (and no formula):

for all N € N and p prime (power)
GO,:D =1, Gl,P =2,

Gn+17p = 2Gn,p + (pn - 1)Gn—1,p-

Since Zj; is an n -dimensional vector space over Zj, [ Z ] gives the number of sub-
groups of dimension (rank) k, respectively, G, , gives the total number of subgroups, i.e.

N(ZD) = Gy

Using our ’key result’ , #Aut(Z,) = p — 1 and Z! = Z,, & Z7~', that is L(Z,) a chain
with 2 elements, by counting the subgroups in the direct (lattices) product, respectively the
diagonals, we obtain

N(Z7}) =2N(Z2") + (p — 1)n(1—seg(L(Z)~1))).

Consequence.
n(1-seg(L(Z)) = s [N(Z2) — 2N(Z2)] = 5 [Grsrp — 260 ) = B Gy
Hence
n(1—seg(L(Z2)) = (7"~ + "% + oo+ p+ 1)Grorp.

Finally, we mention another straightforward recurrence one obtains by using the same
’key result’ : each finite p-group G can be viewed as Z,; ®G’ where G’ is a (finite) direct sum
of (finite) cocyclics, of order larger or equal to p!. If we know how to count the 1-segments,
2-segments, ..., the [-segments in L(G’) obviously the total number of subgroups is obtained
adding (hereafter n(u — seg) denotes the number of u-segments in G'):

I(p — 1)n(1 — seg) diagonals corresponding to isomorphisms Z, — Z,;
)p(p — 1)n(2 — seg) diagonals corresponding to isomorphisms Z,> — Z,2;
—2)p*(p — 1)n(3 — seg) diagonals corresponding to isomorphisms Z,s — Z,3;
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+2p'=2(p — 1)n((1— 1) — seg) diagonals corresponding to isomorphisms Z,i—1 — Zi—1;
+p'~1(p — 1)n(l — seg) diagonals corresponding to isomorphisms Z, — Z,,:.

Hence
N(Z,®G") =1l(p—1)n(1 — seg)+(1—1)p(p—1)n(2 — seg)+ (1—2)p*(p—1)n(3 — seg)+...
e+ 2p72(p— Dn((1— 1) —seg) + p!~H(p — D)n(l — seg).
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