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BINARY DIGITS EXPANSION OF NUMBERS: HAUSDORFF
DIMENSIONS OF INTERSECTIONS OF LEVEL SETS OF AVERAGES’
UPPER AND LOWER LIMITS

L.CARBONE*, G.CARDONE' AND A.CoRrBO EsposiTot

Received December 16, 2003

ABSTRACT. The problem of averaging of binary digits of numbers is considered and
the sequence of the averages calculated on the first digits is taken into account for
every ¢t € [0,1]. The Hausdorff dimensions of intersections of level sets of upper and
lower limits of such sequences are computed.

1 Introduction In this paper we consider the classic problem of averaging the binary
digits of numbers in [0, 1] and of studying the (Hausdorff) dimensions of some sets related
to these averages.

Let us more precisely consider ¢ € [0, 1], the sequence x (t) = (z, (t)), of its binary
digits (cf. (14) for the precise definition) and the sequence of their averages y (t) = (yn (t)),,
given by

1 n
1 [
(1) Yn (t) ank(t),VneN
k=1
Then it is possible to consider the two (always existing) quantities
(2) limJirnf Yn (1), lim sup yy, (t)
n—To0 n—-+00

and the quantity, when it exists:

li n ().
(3) Jm yn (t)
Let us set
Fo={te0,1]: limy,(t) = a} :
(4) R> ={t €[0,1] : limsup,, y,(t) < a}, R, ={t €[0,1] : liminf, y,(¢) > a},
S« ={t €[0,1] : limsup,, yn(t) > a}, So = {t € [0,1] : liminf, y,(¢) < a}.

There are some classic results about the Hausdorff dimension of these sets we will recall.
To this aim let us define the function d (t) as follows

d(t)i{ — (tlogy(t) + (1 —t)logy(1 —t)), Vt € (0,1)

(5) 0, ift=0,1.

and denote by dimg the Hausdorftf dimension (cf. (10) = (12) for the definition).
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In [HL] was proved (very well known result) that F'/? contains almost every ¢ in [0, 1]
(and therefore dimy (F/?) = 1).

In [Bs] the Hausdorff dimensions of the sets R* and R, was computed; d (a)) was proved
to be equal to dimgy (R®) if 0 < o < 1/2 and to dimpy (R,) if 1/2 < a < 1 (in the other
cases the sets trivially contains F'/2).

In [K] the Hausdorff dimensions of the sets S and S, was computed; d («) was proved
to be equal to dimp (So) if 0 < @ < 1/2 and to dimgy (S¢) if 1/2 < a < 1 (in the other
cases the sets trivially contains F''/2).

In [E] was proved that the Hausdorff dimension of the set F'“ is equal to d («) for every
0<a<l.

Let us now define the sets

(6) G*= {t €[0,1]: 1im:‘upyn(t) = a} ) Gq = {t €[0,1]: lirrgnfyn(t) = a} .

Taking into account the recalled results it easily follows (cf. Proposition 1) that

(7) dimg (G%) = dimy (Go) = d () Va € 10,1].

Then we analyze the Hausdorff dimension of

(8) Gz =G*NGg;

by (7) and (8) we obviously have

(9) dimpy (G§) < min{d(a),d(8)}.

Our result consists of proving the reverse inequality in (9), so that the equality
dimpy (G3) = min{d (a),d (6)}

holds (cf. Theorem 6).

As last remark we observe that our proof is inspired by some fractal techniques (see
[F2], p. 55).

Eventually we recall that the Hausdorfl dimension is a very efficacious instrument to
treat problems of Diophantine approximations. For this subject in addition to the above
references see for example [S], [F1, section 8.5] and the more recent papers [DDY] and [DD].

2 Notations and preliminary results Let us denote by N = {1,2,3,...} and by Ny =
NU{0}. Given a finite subset M C N we will denote by card (M) the number of its elements.
Given a subset E C R we will denote by diam (E) = sup {|z — y| : z,y € E} its diameter
and if in addition E is Lebesgue measurable, we denote by |E| its Lebesgue measure.

Let § > 0 and s > 0 real numbers and let us pose, for every £ C R,

(10) H; (E) =inf Y diam® (B,)

where the family { B, }, . is a countable covering of E with open balls such that diam (B,,) <
6, Vn € N and the infimum is taken on this kind of families. The s-dimensional Hausdorff
outer measure of F is given as usual by

(11) H® (E) =supH; (F) = lim H5(E),
5>0 -0+
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while Hausdorff dimension of FE is given by

(12) dimy (E) =inf{s € R H’ (E) = 0}.

Moreover it can be easily proved that (see [F1, p.7])

(13) H®(E)=0if s > dimy(E); H? (E) = 40 if s < dimpy(E)

Let us observe that slightly different definitions of s-dimensional Hausdorff outer measure
can be given, all of them leading to the same result in the definition (12).

Given t € R, we will denote by [t] the integer part of ¢, i.e. [t] = max{m € Z: m <t}
and by I the interval [0, 1].

Let t € I. We define the sequence z (t) = {xy(t)},, in the following way

(14) zo(t) = 2™ — 2 [2" 1] Vn € N.

Such sequence is the one of the binary digits of ¢ (the rational numbers of the form
5% can be expressed in two ways as binary numbers: e.g. % = 0,15 and also % = 0,01y;
the sequence defined corresponds in this case to the representation with a finite number of
digits equal to 1).

For a fixed n € N, z,(t) is a step function assuming only values 0 and 1 and it holds

2" —1
1 )
zn(t) = 5 Xo,1) + Z (—1)J+1X[ j M)(t) vVt e I,
3=0

2 #7 om

where for a set A, the function x 4 is the characteristic function of A.
Now let y (t) = (yn (t)),, the sequence defined by (1); y» () is a step function constant

. k
on every interval [55, ginl),j =0,1,...,2™ — 1, and takes only values —, k =0,1,...,n.
n

Moreover

fmo-- Q)

where (}}) is the binomial coefficient of n over k.

Obvious relations among the sets defined in the introduction are
(16) F* =G5, Gg =GN Gﬁ, G = UogggaGg, Gy = Uagﬁgng,
R® =Uo<p<aG”,  Ra=UagpiGp, 8% =UagpiG’,  Sa = Up<p<aGp
for every @ and g in [0, 1].
Therefore obvious relations among the Hausdorff dimensions of such sets are
dimy (F*) < dimpg (G%) < min {dimg (S%), dimy (R*)},
(17) dimgy (F*) < dimpy(Gq) < min{dimpy (Sa) ,dimg (Ra)},
dimg (GF) < min {dimg(G*),dimg (Gp)}

for every o and 3 in I.
Then, using the results recalled in the introduction, we obtain
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Proposition 1 Let a,§ € [0,1] and let F*, Go, G*, Ra, R*, Sa, S%, G§ be defined by
(4), (6) and (8). Then

d(a) =dimy (F*) = dimg (G%) = min {dimg (S%),dimyg (R*)},
(18) d(a) =dimy(F*) = dimg (G, ) = min {dimg (S, ), dimy (R4)},
dimpy (GF) < min {dimy(G*),dimpg (Gp)} = min{d (a),d (8)} .

For sake of completeness we give the proof of the following technical lemma.

Lemma 2 Let m,n be natural numbers such that n > 1, 0 < m < n; let d the function
defined by (5). Then

m 1 n m
) - = —1< < —
nd(n) 2log2(n) 1 <log, (m) 7nd(n).

Proof. The thesis is trivial if m = 0 or m = n; then we can assume 0 < m < n.
By the inequalities (cf. [Bu])

n —n+ 12n1+l | n —n4
(19) n"v2mne 1 <nl<n"V2mne "2,

we have

(20) (n) < w2 1 =
m m™y/2rme="(n — m)n—me=(n=m) /o1 (n — m)
_ n" etz n n" _
— mm(n—m)" L 2r | m(n—m) T mm(n —m)rm
n" 1

V

(21) (n> > n"/2mne" _

m™/2rme="(n — m)”*me*(n*m)eﬁer
n" 1 n 1
~mm(n—m)n = \Bar\ m(n = m) g e
n" V2 n" 1
> e :
m™(n —m)"~™ 2\/n

~ mm(n—m)"™/tn

taking the log, in (20) and (21) we obtain

ol

>

s|3

nd(™) - L togy(n) — 1 <o, (;) < nd(™)

and the thesis is proved.[]

3 Main result. We firstly give a simple construction of a generalization of Cantor
like subsets of [0,1] (see also on this subject the bibliographical remarks contained in
[F1, section 1.5]).
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Definition 3 Let us consider a sequence {kp}, € N and r € N such that
1<kp,<r Vh € N.
Furthermore, for every h € ky we consider a kp-tuple of integers between 0 and r — 1
Oﬁp;ll<pi<...<pﬁh <.
Let us denote

P, = (pi,p%, ...,pﬁh) and Pr = (Pn),, -

Let us, for short, denote [0,1] by I and build the following sequence of sets {Ch},

i1 1 i1 1 i2 1
Co=1I, Cy=Ub_ |[BLy-r], co=ub ol | BBy o)
T T T T T T
—_ | k1 k2 kp Ii l Iﬁ 1 Zﬁ 1
(22) Crh=Ui' Ui Uty . + il il B e TI ,
and define
(23) C=C(P,)=ni=Ch.

In other words C' is a set obtained in a way similar to the Cantor set.

Every Cj, is an essential disjoint union of kiky - - - kj, intervals of length r—"; you obtain
Ch+1 from C}, performing the following steps:

a) divide I in r intervals;

b) choose kj,41 intervals among them according to (order) numbers p} . 1, ..., pl,jﬁ‘:ll;

¢) scale down the set obtained in b) to the length of the intervals of C;

d) replace every interval of C}, with the set obtained in c), translated by the left endpoint
of the interval.

Lemma 4 Let C be the set given in definition 3. Then

10g(]<}1k'2 e kh)

(24) dimgy (C) = hmhlnf nlogr

Proof. We first prove the inequality

10g(]<}1k'2 e kh)

. < Timi
(25) dimgy (C) < hmhlnf T ogr

10g(]<}1k'2 e kh)

Let A = liminf
et us pose i in hlogr

10g(]<}1k'2 e khj)
hjlogr

. Let € > 0; let {h; }j an indexes subsequence and j

such that < A+ ¢ for every j > jo.

10g(k1k2~"khj)
Being kiky - - - kn, (r"7) hilogr =1 we get kika - - kn, (r
J > Jo-

hj)_()\+6) < 1 for every
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Since C},; is an essential disjoint union of kiks - - - kj, intervals of length r~hi | fixed
§; >rhi, Ch, can be covered with open intervals ij , ng, ey Bzﬂ. of diameter 0; such that
(26) HYPE(C) <1 Y5> o

By (26), taking the sequence ; decreasing to 0, we obtain H**¢ (C') < 1. By (13) we get
dimg (C) < A+ ¢ and, by the arbitrariness of ¢ > 0, the inequality (25).

Let now prove the opposite inequality.

If A = 0 the thesis is obvious being non negative the Hausdorff dimension.

Otherwise, let € > 0, then there exists h. € N such that

log(kle coee kh)

2 > — .
( 7) h_hsﬁ hlogr >)\ &
Let § > 0 be such that
1
0 < —;
rhe

let {Bj}j a countable covering of C' with open balls such that diam (B;) < ¢ for every
j € N. By the compactness of C' we can assume that exists v € N such that {Bj}1<j<y is
still a covering of C. For every 1 < j < v there exists h; > h. such that o

1
— < diam (Bj) <

Let m = max{hj : 1 <j < v} and observe that C is contained in C,, that in turn is the
essential disjoint union of k1ks---k,, intervals of length r=™ C,, = C}nUC,QnU...UC,’%l kaekim
Let us define
card {Z = 1, ...,kle s k‘m : Bj n Cfn}
kiks - - ko,

(28) ty =

Since for every i = 1, ..., k1ka - - - kp, the interval C? contains points of C' and {Bj}1<j<y
is a covering of C' we have o

(29) > =1
j=1

If we divide [0,1] in 7%~ intervals, B, can have nonempty intersection with at most two
such intervals, and each of these intervals contains kj kp, - k., intervals of C,,.
By (28) and (27) we have

2 g K _ 2 _
k‘lk'g"'k'm - klk'Q"'khj—l o

g1

(30) i <

log(hkz“‘khj)

2 1 P TorT , e
< =2 — <2r(d B; .
= kika - - kn, r(r,-) < 2r (diam(B;))

Then (30) and (29) give

- . A—e 1 _ 1 .
j;dlam(Bj) 22_7",2/%_§>0’
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then we obtain H) ¢ (C) > 2= > 0 for every § > 0, so by (13), dimp (C) > A — € and, since
€ > 0 is arbitrary

log(k1k2 e kh)

(31) dimgy (C) > limhinf hlogr
By inequalities (25) and (31) we have the thesis. [

Lemma 5 Let q,p1,p2 € N, p1 < q, p2 < q, consider a strictly increasing sequence of
numbers {m;}, C No such that mo =0 and let us define

q
thquj (t)=m ma; < h < mait1
(32) teCe=<{ ' Vi € No.
thlfrj (t) =Pp2 mai+1 < h < ma;t2
j=1

Then

(33) dimp (C) > min {d(%),d(@)}

1 1
— —logy(q) — —.
; 2(9) .

2q

Proof. Let ¢y € C and let us observe that, taking Cyp = [0, 1] and
q q
(34) Cp=qte0,1]:) aigrs (1) =D wigys(to), 0<I<h—1p foreveryheN.
j=1 j=1

The sets C}, are constructed as in (22) and C' = N2, C}, like in (23), where r = 27 and

er
q q . . q q
kp, assume only the values ( ) or < ) Obviously k, > min {( ), < )} for every
heN b1 b2 b1 b2
€ IN.

Therefore, by Lemma 4, we have

. q q
log, | min ,
. . log(kiks...kn) ( { <p1> (p2> }>
> > .

(35) dimg (C) > hrr}me hlog 21 > .
By Lemma 2 we get

piy 1 q pi :
36 qd(—) — =log,(q) —1 <1o ( )Sqd— 1=1,2.
(36) (q) 5 1082 (a) g2 { . (q)

Then (35) and (36) give the thesis. O
Theorem 6 Let G be the set defined in (8). Then

dimpg (G3) = min{d (a),d (B)} .
Proof. By Proposition 1 we only have to prove

(37) dimp (G§) = min{d (a),d(5)}
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If o = 3, (37) becomes
dimy (F*) > d(a),

and it holds true (cf. again Proposition 1), while if & =1 or 8 = 0 the thesis is trivial.
Assume now that 0 < < a < 1.
Let 0 < e < min{#,1 — a}. Then there exists § € N such that for every ¢ > g we have
%logTzq +1<e
Let us observe that there exist p1, p2,q € N, with ¢ > g, such that

1 -1
(38) O<ﬁ—s<%<ﬁ<]%<m—<a<%<a+s<l
d(%)>d(ﬂ)—a, d(%)>d(a)—e.

Let us take C defined as in Lemma (5). By (38), (33) becomes

(39) dimy (C) > min {d(%),d(%)} — ¢ > min{d(a),d(8)} — 2,
for every choice of the sequence {m;}, in (32).
Let us now show that, for a suitable choice of the sequence {m;}, in (32) we have

(40) C CGj.

We take my = 0 and, for every ¢ € N, by induction we assume to already have defined
mi, ..., M. . .
3 K3
Then we denote by 7; = Y, 4 (map—1 —map—2) and s; = >, _; (map, — map—1) and
define

Mo;+1 = min< j: j > mo; and Pafs + Pasi -fp1 U = ma:) < b’}
(41) pP1ris1 + ngS’L + p2 (j — mait1)
Moo = min< j: j > mo;41 and - > a}
J4q

Let us observe that

Yo _ YUt o, 4 s
TG 0e -GN G+ Da g

where

s=1, ifmg <j<mait,

s = 2, if ma;+1 < ] < M2;42.

S0 Y(j+1)q is a convex combination of y;, and b if mo; < § < maiy1, and of y;4 and P2 if
. q q
Mmait1 < J < M2jt2.
By recalling that P < fBand bz > O, Ymgiq > @ aNd Yy, g < B, Tespectively beginning
q

from j = mg; and j = mo;41, we obtain

(42) Yiq () > Yii+1)q (1) mao; < J < Maojp1
Yiq (1) < Y(i+1)q () mojr1 < Jj < majqa,
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so we have

(43) Ymaiyiq (t) < Yiq (t) < Ymoiq (t) ma; < J < Majt1
Ymaitiq (t) < Yiq (t) < Ymaitaq (t) Mait1 < Jj< mai+2 ,

On the other side, by the definition of the sequence {m;}, (cf. (41)), we have

Y(mai—1)q (t) <a< Ymaiq (t) .

But
Y(mai—1)q (t) : (in - 1) q+q
oo (1) <
Y 21,q( ) Mg

and so

a(mg; —1)+1
(44) a < Ymaiq (t) S ¥

ma;

In a similar way we obtain

B (maiy1 — 1)
ma;4+1

(45) < Ymaiyiq (t) < B.

By (43), (44) and (45), we easily obtain

(46) limsup yjq (t) = «
J

liminf y;, (1) =
J
Eventually

(47) [n/qlq Z;L[n/fI]q (t) < t) < (/) 4 Yin/ala (t)n+ (n—[n/dlg)a
By (46) and (47) we have (40).
By (40) and (39) we get

dimpy (GF) > min{d (a),d(B)} —¢
and, by the arbitrariness of £, we obtain the thesis. [
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