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MAXIMAL AND OBSTINATE HYPER K-IDEALS
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ABSTRACT.In this note first we define the notions of (weak) maximal hyper K-ideal,
(weak) obstinate hyper K-ideals of types 1-4 and give some examples of these notions.
Then we state and prove some theorems which determine the relationship between
these notions and the other hyper K-ideals under some suitable conditions.

1 Introduction The hyperoperation structure theory was introduced by F. Marty [7] in
1934. Imai and Iseki [6] in 1966 introduced the notion of a BC K-algebra. Recently [4] Bor-
zooei, Jun and Zahedi et.al. applied the hyperstructure to BC' K-algebras and introduced
the concept of hyper K-algebra which is a generalization of BC' K-algebra. Now, in this
note we define and study (weak) maximal and (weak) obstinate hyper K-ideals. Then we
obtain some related results which have been mentioned in the abstract. In particular by
given some examples we show that the converse of some of these theorems does not hold.

2 Preliminaries

Definition 2.1. [4] Let H be a nonempty set and “o” be a hyperoperation on H, that is
“0” is a function from H x H to P*(H) = P(H)\{0}. Then H is called a hyper K -algebra
if it contains a constant “0” and satisfies the following axioms:

(HK1) (zoz)o(yoz)<moy

(HK2) (zoy)oz=(xoz)oy

(HK3) z < z

(HKd) z<y,y<z=z=y

(HK5) 0 < =z,

for all z,y,z € H, where x < y is defined by 0 € z oy and for every A,BC H, A< B is
defined by da € A, 3b € B such that a < b.

Note that if A, B C H, then by A o B we mean the subset U aobof H.

ac€A
beB

Example 2.2. [4] Define the hyperoperation ” o” on H = [0, +00) as follows:

[0, 2] if z<y
zoy=1q (0,y] if 2>y#0
{z} it y=0

for all z,y € H. Then (H,o,0) is a hyper K-algebra.
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Theorem 2.3. [4] Let (H,0,0) be a hyper K-algebra. Then for all x,y, 2 € H and for all
nonempty subsets A, B and C of H the following relations hold:

()roy<zezoz<y, (ii) (xoz)o(xoy) <yoz,
(iii) zo (zoy) <y, (iv) zoy < x,

(v) ACB= A<B, (vi)jz €x00,

(vii) (AoC)o (Ao B) < BoC, (viii) (AoC)o(Bo(C) < Ao B,

(ix) AoB<C & AoC < B.

Definition 2.4. [4] Let I be a nonempty subset of a hyper K-algebra (H,0,0) and 0 € I.
Then,

(i) I is called a weak hyper K-ideal of H if x oy C I and y € I imply that « € I, for all
z,y € H.

(ii) I is called a hyper K-ideal of H if zoy < I and y € I imply that « € I, for all z,y € H.

Theorem 2.5. [4] Any hyper K-ideal of a hyper K-algebra H, is a weak hyper K-ideal.

Definition 2.6. [4] Let H be a hyper K-algebra. An element a € H is called a left (resp.
right) scalar if [ao x| =1 (resp. |z oa| =1) for all x € H. If a € H is both left and right
scalar, we say that a is a scalar element.

Definition 2.7.[3] Let I be a nonempty subset of a hyper K-algebra (H,o,0) such that
0 € I. Then [ is called a positive implicative hyper K-ideal of

i) type 1, if for all z,y,z € H, (zoy)oz C I and yoz C I imply that zoz C I,
i) type 2, if for all z,y,z € H, (roy)oz <[ and yoz C I imply that z oz C I,

iil) type 3, if for all x,y,2 € H, (xoy)oz < I and yo z < I imply that x oz C I,

v) type 5, if for all x,y,2 € H, (roy)oz C I and yoz C I imply that zoz < I,
vi) type 6, if for all z,y,z € H, (xoy)oz < [ and yoz < I imply that z oz < I,

(
(
(
(iv) type 4, if for all z,y,z € H, (xoy)oz C I and yoz < I imply that zoz C I,
(
(
(vii) type 7, if for all x,y,2 € H, (xoy)oz C I and yoz < I imply that z oz < I,
(

viii) type 8, if for all z,y,z € H, (zoy)oz < I and yoz C I imply that x 0oz < I.

Definition 2.8. [4] Let H be a hyper K-algebra. If there exists an element e € H such
that x < e for all x € H, then H is called a bounded hyper K -algebra and e is said to be
the unit of H.

Definition 2.9. [1] Let H be a hyper K-algebra. Then a nonempty subset I of H is called:

(a) a weak implicative hyper K-ideal if it satisfies:
iHoel
(ii) (roz)o(yox) CIand z € I imply x € I, for all z,y,z € H,

(b) an implicative hyper K -ideal if it satisfies:
ioel
(ii) (roz)o(yox)<Iand z€ I imply x € I, for all z,y,z € H.

Definition 2.10. [3] (i) A non-empty subset I of H is called s-reflexive, if for any x,y € H,
(xoy)I # 0, implies zoy C I.
(ii) A non empty subset I of H is called reflexive, if for any x € H, zxox C I.
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(iii) If I is a hyper K-ideal of H and it is s-reflexive (reflexive), then I is called an
s-reflexive (a reflexive) hyper K-ideal of H.

Definition 2.11. [4] Let H; and Hs are two hyper K-algebras. A mapping f : Hy — Hs
is said to be a homomorphism if :

(i) f(0)=0
(ii) f(xoy) = f(z)o f(y), for all zy € H;.

If fis 1—1 (onto) we say that f is a monomorphism (epimorphism). And if f is both 1 —1
and onto, we say that f is an isomorphism.
Definition 2.12. [2] Let ~ be an equivalence relation on H and A, B C H. Then

(i) A ~ B if there exist a € A and b € B such that a ~ b,

(ii) A~ B if for any a € A there exists b € B such that a ~ b, and for any b € B there
exists a € A such that a ~ b,

(ili) A ~ B if for all @ € A and for all b € B we have a ~ b,

(iv) ~ is called regular to the right if a ~ b implies that aoc =~ boc, for any a,b,c € H,

(v) ~ is called strongly regular to the right if a ~ b implies that a o ¢ ~ b o ¢, for any
a,b,ce H,

(vi) ~ is called good, if ao b ~ {0} and boa ~ {0} implies that a ~ b, for all a,b € H.

Similarly we can define the regularity (strong regularity) of an equivalence equivalence to
the left. A regular equivalence (strongly regular) to the right and to the left is called regular
(strongly regular).

From now on ~ is a good regular relation, and for any « in H by C, we mean that
equivalence class of x under ~, also I = Cj.

Denote H/I = {Cy : & € H} where I = Cj and define

«:H/I x H/I — H/I

(C3,Cy) = {Ct |t €z oy}

Now we define the relation < on H/I by Cy; < Cy if and only if Cy € Cy * Cy. Hence
we have

r<y&0crzoy=CicC,xCy, & C, <Cy
Theorem 2.13. [2] Let I = Cy. Then (H/I,*,Cy) is a hyper K-algebra.

3 Main Results
From now on (H,o,0) is a hyper K-algebra.

Definition 3.1. Let M be a proper (weak) hyper K-ideal of H. Then M is called a (weak)
maximal hyper K-ideal of H if M C I C H for some (weak) hyper K-ideal I of H, then
M=1I1orl=H.
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Example 3.2. Let H = {0,1,2}. Then the following table shows a hyper K-algebra
structure on H.

o | 0 1 2
0 {0} {0} {0}
Loy {0y {0}
2 {20 {12y {0}

We can check that I = {0} is a maximal hyper K-ideal of H.
Proposition 3.3. Each maximal hyper K-ideal is a weak maximal hyper K-ideal.
Proof. Tt is easy.O

Example 3.4. Let H = {0,1,2}. Then the following table shows a hyper K-algebra
structure on H.

0 1 2
{0,1,2} {0,1,2} {0,1,2}
{1,2}  {0,1,2} {0,1}

{2} {2} {0,1,2}

N = OO0

We can check that I = {0,2} is a weak maximal hyper K-ideal of H, while it is not a
maximal hyper K-ideal of H.

Theorem 3.5. Let H be a bounded hyper K-algebra and |H| > 2. Then H has a (weak)
maximal hyper K-ideal.

Proof. The proof follows from Zorn’s Lemma.O
As an immediate consequence of the above theorem we have:

Theorem 3.6. Let H be a bounded hyper K-algebra and |H| > 2, also let I be a proper
subset of H. Then

(i) if I is a (weak) implicative hyper K-ideal, then there is a maximal (weak) implicative
hyper K-ideal containing I.

(ii) if I is a positive implicative hyper K-ideal of type i, where 1 <14 < 8, then there is
a maximal positive implicative hyper K-ideal of type i containing I where 1 <i < 8.

Theorem 3.7. Let M be a proper hyper K-ideal of H. Then M is a maximal hyper
K-ideal if and only if for any hyper K-ideal I of H we have I C M or < ITUM >= H,
where by < I UM > we mean the hyper K-ideal generated by I U M.

Proof. Let for all hyper K-ideal of H we have I C M or < ITUM >= H we show that M is a
maximal hyper K-ideal of H. Let M C 1 C H. If I C M, then I = M, and so we are done.
Otherwise < TUM >= H, since M C I thus M UI = I. Therefore ] =< IUM >= H,
thus M is a maximal hyper K-ideal. The converse is trivial.O

Theorem 3.8. Let f: Hy — Hy be an epimorphism of hyper K-algebras . Then

(i) If M is a (weak) maximal hyper K-ideal of Hy such that ker f C M | then f(M) is
a (weak) maximal hyper K-ideal of Ha,

(ii) If M is a (weak) maximal hyper K-ideal of Hy, then f~!(M) is a (weak) maximal
hyper K-ideal of H; containing ker f,

(iii) The map M +— f(M) is a one-one corresponding between the (weak) maximal hyper
K-ideals of H; containing ker f and the (weak) maximal hyper K-ideals of Hy.
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Proof. Tt is not difficult.O

Definition 3.9. Let I be a (weak) hyper K-ideal of H. Then I is called a (weak) obstinate
hyper K-ideal of

(i) type 1, if for any z,y € H, x,y ¢ I imply that oy C I, and yox C I.
(ii) type 2, if for any x,y € H, z,y ¢ I imply that zoy < I, and yox C I.
(iii) type 3, if for any z,y € H, x,y ¢ I imply that oy C I, and yox < I.
(iv) type 4, if for any x,y € H, x,y € I imply that x oy < I, and yoz < I.

Example 3.10. Let H = {0,1,2,3}. Then the following table shows a hyper K-algebra
structure on H

o 1 2 3
{0} {0} {o} {0}
{1} {0} {0} {0}
{2 {2} {0} {0}
31 {2 {1} {01}

Then I = {0,1} is obstinate hyper K-ideal of type 1.

w N~ Ol

Proposition 3.11. (1) Each (weak) obstinate hyper K-ideal of type 3 or 2 is of type 4.
(2) Each (weak) obstinate hyper K-ideal of type 1 is of types 2 and 3.

Proof. Tt is easy.O

Example 3.12. Let H = {0,1,2}. Then the following table shows a hyper K-algebra
structure on H.

| o0 1 2
{0,1} {0} {0,1}
{1} {o,1} {1}
{1,2}  {0,1,2} {0,2}

We can check that I = {0, 2} is an obstinate hyper K-ideal of type 4 but it is not of type
2 (3),since 1ol Z I.

N = O| 0

Problem 3.13. Is there an example of obstinate hyper K-ideal of type 2 or 3 in which it
is not of type 17

Theorem 3.14. Let H be a hyper K-algebra, with order more than 2. Then the hyper
K-ideal {0} is not an obstinate hyper K-ideal of types 4.

Proof. Let I = {0} be an obstinate hyper K-ideal of type 4. Then x oy < I and yox < I
for all x,y ¢ I. Thus we must have 0 € x oy and 0 € y o x, therefore x = y for all =,y # 0,
which is a contradiction.d

Theorem 3.15. In a hyper K-algebra of order 3, any hyper K-ideal I with two elements
is an obstinate hyper K-ideal of type 4.

Proof. Let I be a hyper K-ideal with two element in hyper K-algebra of order 3. Then
there exists just one element x in which z & I. But 0 € x o x, thus x o x < 1.0
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Theorem 3.16. Let I C H be a proper s-reflexive and an obstinate hyper K-ideal of
type 1, and H' be a hyper K-algebra with two scalar elements 0 and a. Then there exists
f € Hom(H, H') such that ker f = I.

Proof. Define f as follows:

f(x):{o if vel

a if x¢1

Now we prove that f € Hom(H, H')

(1) If z,y € I since xoy < x and = € I we get that zoy < I. Thus there existsat € zoy
and r € I such that ¢ < r, hence t or < I. Since r € I we can get that ¢ € I, therefore
xoy C I, because I is an s-reflexive hyper K-ideal of H. So f(t) =0=000= f(x)o f(y),
for all t € zoy. Thus f(zoy) = f(z)o f(y).

(2) If z,y € I, then zx oy C I, yox C I, since I is an obstinate hyper K-ideal. Then
ft)=0=aoa= f(z)o f(y), for all t € x oy. Therefore f(zoy) = f(z)o f(y).

(B)Ifx ¢ I,yel,then (xoy)NI =0, since if there exists t € zoyN I then (xoy) < I
and y € I implies that « € I, which is a contradiction. Then f(t) =a =ao00 = f(z)o f(y),
for all t € z oy. Thus f(zoy) = f(z)o f(y).

(4) If ¢ € I,y ¢ I then z oy < I. Similar to (1) we can conclude that x oy C I.
Therefore

f(t)=0=00ca=f(z)o f(y).
forallt € xoy. Thus f(xoy) = f(x)o f(y). Therefore we prove that f € Hom(H, H') and
clearly I = kerf.O

Theorem 3.17. Let I be a proper hyper K-ideal of H. If for any hyper K-algebra H’,
there exists f € Hom(H, H') such that ker f = I, then I is an obstinate hyper K-ideal of

type 1.
Proof. Let H' = {0,1} be the following hyper K-algebra

o | 0 1
0 | {op {o}
1| {1} {o}

Then by hypothesis there exists f € Hom(H, H') such that kerf = I and f~1(1) = H \ I.
Thus for all x,y € H \ I we have f(x) = f(y) = 1. Therefore
flwoy)=f(x)of(y)=101=0
flyoz)=f(y)o flx)=101=0.
Hence oy C I and y ox C I, which means that I is an obstinate hyper K-ideal of type
1.0

Lemma 3.18. Let I C H be an s-reflexive and positive implicative hyper K-ideal of type
4. Then I, = {z | z oa C I} is the least weak hyper K-ideal of H containing I U {a}.

Proof. By Theorem 4.2 of [3], I is a weak hyper K-ideal. Since [ is s-reflexive then aoa C T
which means that a € I,. If x € I, then since z o a < x we can get that x oa C I, hence
x € I, for all x € I. Now, let B be a weak hyper K-ideal containing I and a. Then for all
x € I, we have zoa C I. Thus x oa C B and a € B, therefore x € B. This shows that
I, C B.O
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Theorem 3.19. Let I C H be a weak maximal, s-reflexive and positive implicative hyper
K-ideal of type 4. Then I is a weak obstinate hyper K-ideal of type i for any 1 <1i < 4.

Proof. By considering Proposition 3.11 it is enough to show that I is a weak obstinate
hyper K-ideal of type 1. To show this let € I and y & I. Since I is a positive implicative
hyper K-ideal of type 4, then by Lemma 3.18, I, = {u € H | uoy C I} is the least weak
hyper K-ideal of H containing I and y. By maximality of I we get that I, = H. Hence
x € Iy, therefore x oy C I. Similarly yox C I, so I is a weak obstinate hyper K-ideal of
type 1.0

Theorem 3.20. Let I C H be an s-reflexive and obstinate hyper K-ideal of type 1. Then
I is an implicative hyper K-ideal.

Proof. Let z o (yox) < I and on the contrary let ¢ I. We consider the following two
cases for y o x:

(i) (o) <1 (if) (youx) £ 1

In the case (i), by s-reflexivity of I we get that yox C I. On the other hand zo(yozx) < I,
implies that there exists ¢t € y o x such that z ot < I. Now y oz C I implies that ¢t € I,
therefore x € I, which is a contradiction.

In case (ii), first we show that y € I. On the contrary let y ¢ I. Since I is an obstinate
hyper K-ideal of type 1, we get that y o x C I. Hence y o z < I, which is a contradiction.
Therefore y € I. Now since y o z < y, we conclude that y o x < I which is a contradiction.

So that we must have x € I, which means that I is an implicative hyper K-ideal, by
Theorem 4.12 of [1].0

Example 3.21. The following example shows that the converse of above theorem is not
correct in general, let H = {0,1,2,3}. Them the following table shows a hyper K-algebra
structure on H.

0o 1 2 3
{0y {0} {0} {0}
{1y {0y {0y {0,1}
{2y {2y {0} {2}
B3p {3y 88 {0

w N = Ofo

It can be checked that I = {0,1} is an implicative and s-reflexive hyper K-ideal, while is
not an obstinate hyper K-ideal of type 1 since 2,3 ¢ I and 203 € I and 302 € I.

Theorem 3.22. Let I = Cy and J be a hyper K-ideals of H and I C J. Then J/I is an
obstinate hyper K-ideal of types 1-4 of H/I if and only if J is an obstinate hyper K-ideal
of types 1-4 of H.

Proof. Without loss of generality we prove theorem for type 1. Let J be an obstinate hyper
K-ideal of type 1 of H and C,,Cy ¢ J/I, we claim that z,y ¢ J, in the contrary from
z,y € J we conclude that C,,Cy € J/I. Since J is obstinate hyper K-ideal of type 1 then
we have z oy C J and yox C J. Now consider Cp * Cyy = {C; | t € z oy}, then for all
Cy e CypxCy Cre J/I, s0 J/I is an obstinate hyper K-ideal of type 1 of H/I.

Conversely, let J/I be an obstinate hyper K-ideal of type 1 of H/I and x,y ¢ J. Then
Cy ¢ J/I and Cy & J/I in otherwise if C; be in J/I then we must have C, = C; where
t € J. Then x ~tsoxota {0} thus x ot < I then we conclude that xot < J by ¢t € J we
get that « € J which is contradiction. Therefore Cy,Cy ¢ J/I. Since J/I is an obstinate
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hyper K-ideal of type 1 then C, x Cyy € J/I and C, * C, € J/I then we get that xoy C J
and yox C J.O
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