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EXPANSIONS OF SUBALGEBRAS AND IDEALS IN
BCK/BCI-ALGEBRAS
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ABSTRACT. The notions of an expansion of subalgebras (resp., ideals), o-primary ideals,
and residual divisions are introduced, and relate d properties are investigated.

1. INTRODUCTION

The notion of BC K-algebras was proposed by Imai and Iséki in 1966. In the same year,
Iséki introduced the notion of BCI-algebras which is a generalization of BC'K-algebras.
For the general development of BCK/BCI-algebras, the ideal theory plays an important
role. In this paper, we introduce the notion of expansions of subalgebras and ideals in
BCK/BCI-algebras, and the notion of o-primary ideals in BC' K-algebras. We also define
the notion of residual division, and investigates related properties.

2. PRELIMINARIES

We give herein the basic notions on BCK/BCI-algebras. For further information, we
refer the reader to the book [4]. By a BCI-algebra we mean an algebra (X, #,0) of type
(2,0) satisfying the axioms:

(i) (Va,9,2 € X) (@ y) * (@ 2)) %

(i) (Va,y € X) ((xx (zxy)) xy = 0),
(i) (Vz € X) (xxz=0),
(iv) Vo,y e X) (zxy=y*xx=0 = . =1y).
We can define a partial ordering < by z < y if and only if  *y = 0. In a BC'I-algebra X,
the following hold:
(z1) (Ve e X)(x+0=2x),
(z2) (Vo,y,z € X)((zxy)*x2= (T *2)*y),
(z3) Ve X)(0x(0x(0*xz)) =0=xx),
(z4) (Vo,y € X) (0% (zxy) = (0% z) x (0xy)).
If a BCI-algebra X satisfies 0z = 0 for all x € X, then we say that X is a BCK -algebra.
A BCK-algebra X is said to be commutative if it satisfies the equality:

(1) (Vo,y € X) (zx (zxy) =y*(yxx))

Note that a BCT-algebra satisfying the equality (1) is a BC'K-algebra (see [3]). In what
follows let X denote a BCK/BCI-algebra unless otherwise specified. A nonempty subset
A of X is called a subalgebra of X if x xy € A for all ,y € A. A nonempty subset A of X
is called an ideal of X if it satisfies

(zxy) =0),
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e D€ A,

o Ve X)VyeA)(zxye A= xeA.
Note that if = is an element of an ideal A of X and y < z, then y € A. An ideal A of a
BC'T-algebra X is said to be closed if 0xx € A whenever x € A. Note that every closed ideal
(resp., ideal) of a BCI-algebra (resp. BCK-algebra) X is a subalgebra of X. A proper
ideal I of a commutative BC K-algebra X is said to be prime if it satisfies:

(Ve,ye X)(xANyel = xzel or yel),

where z/Ay = y*(y*z). For any elements x,y € X, let us write zxy"* for (- - - ((zxy)*y)*- - - )*y
in which y occurs k times.

For a positive integer k, the k-nil radical (see [2]) of a subset G of a BCI-algebra X is
defined to be the set of all elements of X satisfying 0% z* € G, denoted by V/G, i.e.,

VG:={zeX|0xz*e Gl
Note that /G does not contain G itself in general (see [2]).

3. EXPANSIONS OF SUBALGEBRAS AND IDEALS

Definition 3.1. Let O(X) be a set of objects in X. An expansion of objects in X is defined
to be a function o : O(X) — O(X) such that

(0l) (VG € O(X)) (G Co(@)).

(02) (VG,H € O(X))(GC H = o(G) Co(H)).

Let S(X) (resp., I(X)) denote the set of all subalgebras (resp., ideals) of X. If O(X) = S(X)
(resp., O(X) =I(X)), we say that o is an ezpansion of subalgebras (resp., ideals).

Lemma 3.2. [2] Let X be a BCI-algebra. If G € S(X), then G C ¥/G for every positive
integer k.

Lemma 3.3. [2] Let X be a BCI-algebra. For every subsets G and H of X, if G C H
then /G C /H for every positive integer k.

Example 3.4. (1) The function oy : S(X) — S(X) (resp., oo : [(X) — I(X)) defined by
00(G) = G for all G € S(X) (resp., [(X)) is an expansion of subalgebras in X.

(2) The function v that assigns the largest subalgebra (resp., ideal) X to each subalgebra
(resp., ideal) of X is an expansion of subalgebras (resp., ideals) in X.

(3) For each ideal I of X, let

M) =n{M | I C M, M isa maximal ideal of X}.

Then 91 is an expansion of ideals in X.
(4) Let X be a BCI-algebra and let o), : S(X) — S(X) be defined by o (G) = /G for
all G € S(X). Then oy, is an expansion of subalgebras in X, where k is a positive integer.
(5) Let X be a commutative BCK-algebra and let I € I(X). For each a € X, the set
a 'l:={z € X |aAx €I} is an ideal of X containing I, and if I and J are ideals of X
such that I C J then a= 11 C a=1J (see [1]). Hence the function o, : I(X) — I(X) given
by 0,(I) = a='I for all I € [(X) is an expansion of ideals in X.

Definition 3.5. Let o be an expansion of ideals in a commutative BC' K-algebra X. Then
an ideal G of X is said to be o-primary if
Va,be X)(anbeG,a ¢ G = bea(G)).

Note that an ideal G of a commutative BC K-algebra X is og-primary if and only if it is
a prime ideal of X, where o is the function in Example 3.4(1).
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Theorem 3.6. Let X be a commutative BCK -algebra. If o and 6 are expansions of ideals
in X such that o(G) C 6(G) for every G € 1I(X), then every o-primary ideal is also -
primary.

Proof. Let A be a o-primary ideal of X and let a,b € X be such that a Ab € A and a ¢ A.
Then b € 0(A) C §(A) by assumption. Hence A is a d-primary ideal of X. O

Corollary 3.7. Let o be an expansion of ideals in a commutative BCK -algebra X. Then
every prime ideal of X is o-primary.

Proof. Let G be a prime ideal of X. Then G is op-primary, and oo(G) = G C o(G). It
follows from Theorem 3.6 that G is a o-primary ideal of X. O

Theorem 3.8. Let a and B be expansions of subalgebras (resp., ideals) in X. Let o :
S(X) — S(X) (resp., o : [(X) — I(X)) be a function defined by o(G) = o(G) N B(G)
for all G € S(X) (resp., I(X)). Then o is an expansion of subalgebras (resp., ideals) in X.
Proof. For every G € S(X) (resp., I(X)), we have G C o(G) and G C 3(G) by (ol), and
so G C a(G) N B(G) = 0G). Let G,H € S(X) (resp., I(X)) be such that G C H. Then
a(G) C a(H) and B(G) C B(H) by (02), which imply that
o(G) = a(G)NB(G) € a(H) N B(H) = o(H).
Therefore ¢ is an expansion of subalgebras (resp., ideals) in X. O

Generally, the intersection of expansions of subalgebras (resp., ideals) is an expansion of
subalgebras (resp., ideals).

Theorem 3.9. Let X be a commutative BCK -algebra and let o be an expansion of ideals
in X. If {J; | i € D} is a directed collection of o-primary ideals of X where D is an index

set, then the ideal J := |J J; is o-primary.

i€D
Proof. Let a,b € X be such that a Ab € J and a ¢ J. Then there exists J; such that
aNbe J;and a ¢ J;. Since J; is o-primary and J; C J, it follows that b € o(J;) C o(J) so
that J is o-primary. O

Theorem 3.10. Let o be an expansion of ideals in a commutative BCK -algebra X. If P
is a o-primary ideal of X, then

(VI,JEWX)(IANJCPIEP = JCa(P)),
where INJ ={zAy|zel, yecJ}.

Proof. Assume that P is a o-primary ideal of X and let I, J € I(X) be such that IAJ C P
and I ¢ P. Suppose that J ¢ o(P). Then there exist a € I \ P and b € J \ o(P), which
imply that a Ab € IANJ C P. But a ¢ P and b ¢ o(P). This contradicts the assumption
that P is o-primary. Consequently, the result is valid. O

Theorem 3.11. Let X be a commutative BCK -algebra. If o is an expansion of ideals in
X, then the function E, : [(X) — I(X) defined by

E,(G):=n{H €l(X)| G C H, and H is o-primary}
for all G € I(X) is an expansion of ideals in X.
Proof. Clearly, G C E,(Q) for all G € I(X). Let I,J € I[(X) be such that I C J. Then

E,(I) N{H € (X)|ICH and H is o-primary}
N{H €I(X)|JCH and H is o-primary}
E,(J).

N
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Hence F, is an expansion of ideals in X. O

For any ideals P and @ of a commutative BC'K-algebra X, the residual division of P
and @ is defined to be the ideal

P:Q= ﬂ$71P:{y€X|m/\yEPforallm€Q}.
TEQR

Theorem 3.12. Let o be an expansion of ideals in a commutative BCK -algebra X and let
P be a o-primary ideal of X. Then

(i) if I is an ideal of X which is not contained in o(P), then P: 1 = P.
(ii) if J is any ideal of X, then P : J is o-primary.

Proof. (i) Obviously, P C P : I. Also we have I A (P : I) C P by the definition of P : I.
Since I € o(P), it follows from Theorem 3.10 that P : I C P. Therefore P : I = P.

(ii) Let a,b € X be such that anbe P:Janda ¢ P: J. Then aAxz ¢ P for some x € J.
But (aANz)Ab=(aAb) Az € P,and so b € o(P) C o(P :J). Thus P : J is o-primary.
This completes the proof. O
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