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INTUITIONISTIC FUZZY ASSOCIATIVE Z-IDEALS OF IS-ALGEBRAS

ZHAN JIANMING & XIANG DAJING

Received December 19, 2003

ABSTRACT. In this paper, we introduce the concept of intuitionistic fuzzy associative
T-ideals of IS-algebras and investigate some related properties.

1.Introduction and Preliminaries

The notion of BCI-algebras was proposed by Iseki in 1966. For the general development of
BCI-algebras, the ideal theory plays an important role. In 1993, Jun et al.[1] introduced a
new class of algebras related to BCI-algebras and semigroups, called a BC'I-semigroup, In
1998, for the convenience of study, Jun et al.[3] renamed the BCI-semigruop as I.S-algebra
and studied further properties of these algebras. In [6] Roh et al. introduced the concept
of associative Z-ideals and strong Z-ideals in an IS-algebra. Jun et al. [8] established
the fuzzification of Z-ideals in I.S-algebras and E.H.Roh [4] studied the properties of fuzzy
associative Z-ideals of IS-algebras.

In this paper, we introduce the concept of intuitionistic fuzzy associative Z-ideals of
1S-algebras and investigate some related properties.

By a BClI-algebra we mean an algebra (X;x,0) of type (2,0) satisfying the following
conditions:

(1) (@ % y) * (0 %2)) % (2 4y) =0

(ID) (2% (5 )+ y = 0

(II) zxx =0

(IV) zxy=0and y*z=0imply z =y

A partial ordering on X can be defined by x < y if and only if z *y = 0.

A nonempty subset I of a BCI-algebra X is called an ideal of X if

ioel

(i) xxy el and y € I imply x € T for all z,y € X.

A fuzzy set p is a function p : X — [0, 1], and the complement of u, denoted by T, is the
fuzzy set in X given by fi(z) = 1 — p(x) for all x € X. We shall write a A b for min{a, b}
and a V b for maz{a,b}, where a and b are any real numbers.

A fuzzy set p in a BCI-algebra X is called a fuzzy ideal of X if (i) u(0) > p(z), (ii)
w(x) > p(x xy) A p(y) for all x,y € X.

An intuitionistic fuzzy set (briefly, IF'S) A in nonempty set X is an object having the
form A = {(z,xa(z),B4(x)) | € X}, where the function a4 : X — [0,1] and B4 : X —
[0, 1] denote the degree of membership and the degree of nonmembership, respectively, and

0 < aa(@)+Balz) <1, veXx

An intuitionistic fuzzy set A = {(z,aa(x),Ba(x)) | € X} in X can be identified to
an ordered pair (aa,34) in IX x IX. For the sake of simplicity, we shall use the symbol
A= (aa,B4) for the IFSA = {(x,aa(x),Ba(z)) | z € X}.
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An IS-algebra X is a nonempty set X with two binary operations “*” and “” and
constant 0 satisfying the axioms:

(I) I(X) = (X;%,0) is a BCI-algebra,

(II) S(X) = (X, -) is a semigroup,

(III) The operation “-” is distribute over the operation “+”, that is, x-(y*z) = (z-y)*(x-2)
and (xxy)-z=(x-2)x(y-2) for all z,y,z € X.

A nonempty subset A of a semigroup S(X) = (X,-) is said to be stable if za € A,
whenever x € S(X) and a € A.

A nonempty subset A of an IS-algebra X is called an Z-ideal of X if

(i) A is a stable subset of S(X),

(ii) for any x,y € I(X),z*xy € A and y € A imply that x € A.

Note that if A is an Z-ideal of an IS-algebra, then 0 € A. Thus A is an ideal of I(X).

A fuzzy set in a semigroup S(X) = (X, -) is said to be fuzzy stable if p(z-y) > u(y) for
all z,y € X.

A fuzzy set p in an I S-algebra X is called a fuzzy Z-ideal of X if (i) p is a fuzzy stable
set in S(X); (i) p is a fuzzy ideal of a BCI-algebra X.

Definition 1.1([6]) A nonempty subset A of an IS-algebra X is called an associative
Z-ideal (briefly, AZ-ideal) of X if (i) A is a stable subset of S(X); (ii) for any z,y,z €
I(X),(x+xy)*xz€ Aand y * z € A imply that z € A.

Definition 1.2([4]) A fuzzy set p in an IS-algebra X is called a fuzzy associative Z-ideal
(briefly, F'AT-ideal) of X if (i) u is a fuzzy stable set in S(X); (ii) p(x) > p((z*y)*2) Ap(y*z)
for all z,y,z € X.

2. Intuitionistic fuzzy associative Z-ideals of IS-algebras

Definition 2.1 An IF'SA = (aa,B4) in an IS-algebra X is called an intuitionistic fuzzy
Z-ideal (briefly, I F'Z-ideal) of X if

(D) aa(z-y) > aa(y),

(I Ba(z - y) < Ba(y),

(IID) aa(z) > aalz *y) A aaly),

(IV) Ba(z) < Balz xy) V Ba(y).

for all z,y € X.

Definition 2.2 An IFSA = (aa,84) in an IS-algebra X is called an intuitionistic fuzzy
associative Z-ideal(briefly, I F AZ-ideal) of X if

(1) ca(z-y) = aaly),

(II) Ba(z - y) < Ba(y),

(IIT) aa(z) > aa((xxy) *2) Aaa(y * 2),

(IV) Ba(z) < Ba((z *y) * 2) V Baly * 2).

for all z,y,z € X.

Example 2.3 Consider an [S-algebra X = {0, a, b, ¢} with the following Cayley tables;

>f<|0abc |0abc
0 0 b b 0|0 0O 0 O
ala 0 ¢ b al0 a 0 a
b|b b 0 0 b0 O b b
cle b a 0 c|0 a b c

Define an IFSA = (a4, 84) in X as follows:
aa(0) = as(b) = 0.6 and ag(a) = aalc) = 0.2; S4(0) = Ba(b) = 0 and Ba(a) =
Ba(c) =0.3. Then A = (aa,4) is an IFZ-ideal of X.
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Example 2.4 Consider an IS-algebra X = {0, a,b, ¢} with Cayley tables as follows:

QO R O %
Qo oo OO
S0 O Qe
Q OO0 oS
o oo
o oo O

o O O olo
o2 9 Ol
(=SS =l RS
SO0 o 9ol

Define an IF'SA = (a4, 4) in X as follows:

aa(0) =a4s(a) =1and as(b) = aalc) =t; 54(0) = Ba(a) =0 and Ba(b) = Ba(c) = s,
where t € [0,1],s € [0,1] and ¢ + s < 1. Then A = (cv4,B4) is an IF AZ-ideal of X.

Proposition 2.5 Every I F'AZ-ideal is an I FZ-ideal.

Proof Let IFSA = (a4, 84) be an I F AZ-ideals of an I.S-algebra X and let z,y € X. Then

aa(x) > aa((zxy)*0)Aaa(y*0) = aa(zxy)Aaa(y) and Ba(x) < Ba((zxy)*0)VLBa(y*0) =
Ba(xxy)V Ba(y). Hence IFSA = (a4, [4) is an I FZ-ideal of X.

The following example shows that the converse of proposition 2.5 may not be true.

Example 2.6 Let X be an I.S-algebra in Example 2.3 and let I F'SA = (a4, $4) defined by

aa(0) =aa(b) =0.6 and as(a) = aa(c) =0.2; 84(0) = B4(b) =0and Ba(a) = Ba(c) = 0.
It’s routine to check that IF'SA is an [ FZ-ideal. But [F'SA is not an I F AZ-ideal of X,
since aq(a) < aa((a*bd)*xc) Aaa(bxc).

Proposition 2.7 Let IFSA = (aa,84) be an IFZ-ideal of an IS-algebra X. If © < y
in X, then aa(z) > aa(y) and Ba(z) < Ba(y), that is, aa is order-reserving and (4 is
order-preserving.

Proof Let z,y € X be such that  <y. Then xxy = 0 and so as(z) > aa(zxy)Aaa(y) =
aa(0) Aaa(y) = aa(y) and Ba(z) < Ba(z xy) V Baly) = Ba(0) V Baly) = Ba(y)-

Proposition 2.8 Let IF'SA=(a4,4) be an [ FZ-ideal of an IS-algebra X. Then IFSA is
an IF A7-ideal of X if and only if it satisfies aa(z) > aa((x*y)*y); Ba(z) < Ba((z*y)*y)
for all z,y € X.

Proof Let IFSA=(aa,Ba) be an IFAZ-ideal of X, aa(z) > aa((z*y) *xy) ANaa(yxy) =
aal(x*xy) *y) AN aa(0) = aa((z xy) xy) and Ga(z) < Bal(z xy) xy) V Baly xy) =
Bal(zxy) *y) vV Ba(0) = Bal(z *y) *y).

Conversely, note that ((x *2)*2) % (y*2) = (x*x2) * (y*2)) * 2z < (z*xy) x z for all
x,y,z € X. If follows that aa(z) > aa((x x2)*x2) > aa((z*2)x2)x (y*2)) Naaly*z) >
ca((@xy)s2) Aaalysz) and Ba(w) < Bal(w+2)+2) < Bal(@s2)x2)* (y+2)V Aaly+2) <
Ba((zxy)*z)V Ba(y * z) for all z,y,z € X. This completes the proof.

Lemma 2.9 An IFSA=(aa,f4) is an IF AZ-ideal of X if and only if the fuzzy sets a4
and (3, are F'AZ-ideals of X.
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Proof Let IFSA=(aa,a) be an IFAZ-ideal of X, clearly as is an F'AZ-ideal of X.
For any x,y,2 € X, we have B, (z-y) =1—Ba(z-y) = 1 - Ba(y) = Ba(y) and S,(z) =
1=Ba((zxy)*2)VPBaly*z) = (L= Ba((zry)«2)) AN(1=Paly*2)) = Bal(zry)x2) ABa(y*2).
Hence (3 4(y) is an F'AZ-ideal of X.

_ Conversely, assume that a4 and 34 are F AZ-ideals of X. For any z,y,z € X, we get(1)
Balzxy) = Baly) and that Sa(z - y) < Baly); (2) Balx) = Ba((zxy)x2) AB4(y * 2) and
that 1= fa(z) > (1— Bal(@ +y) * ) A (1 — Baly + 2)) = 1 - Bal(z 5 9) % 2) V Baly * 2),
that is, Ba(x) < Ba((z*y)*2)V Ba(y* z). Hence IFSA=(aa,34) is an I F AZ-ideal of X.

Theorem 2.10 Let A = (a4,B4) be an [F'S in an [S-algebra X. Then A = (aa,84) is
an IF AZ-ideal of X if and only if OA = (aa,@4) and $A = (84, 04) are IF AZ-ideals of
X.

Proof If A= (ca,fB4) is an [FAZ-ideal, then s = @4 and (4 are F AZ-ideals of X from
Lemma 2.9, hence OA = (a4,@4) and GA = (84, B84) are [ F AZ-ideals of X. Conversely, if
OA = (aa,aa) and $A = (B4, 54) are [ F AZ-ideals of X, then a4 and 3, are F AZ-ideals
of X, hence A = (aa,B4) is an I F AZ-ideal of X.

For any ¢ € [0, 1] and a fuzzy set p in a nonempty set X, the set U(u;¢) = {x € X | pu(x) >
t} is called an upper t-level cut of p and the set L(u;t) = {z € X | p(z) < t} is called a
lower t-level cut of p.

Theorem 2.11 Let A = (aa,84) be an IFS in an IS-algebra X, then TF'SA=(aa,34)
is an I F AZ-ideal if and only if for all s,¢ € [0, 1], the nonempty sets U(aa;t) and L(5a4;s)
are AZ-ideals of X.

Proof Let IF'SA=(aa,34) be an IFAZ-ideal of X and let x € S(X) and y € U(aa;t).
Then aa(y) >t and so aa(x - y) > aa(y) > t, which implies that z -y € U(aa;t). Hence
U(ay;t) is a stable subset of S(X). Let z,y,2z € I(X) be such that (x *y) * z € U(aa;t)
and y x z € U(aa;t). Then as((z xy) x2) > t and aa(y * 2) > t. It follows that
aa(x) > aa((zxy)*z)ANaa(yxz) > t, sothat x € U(aa;t). Hence U(aa;t) is an AZ-ideal of
X. Nowlet x € S(X)andy € L(Ga4;s). Then S4(y) < sandso Sa(z-y) < Baly) < s, which
implies that © -y € L(84;s). Hence L(B4;s) is a stable subset of S(X). Let z,y,z € I(X)
be such that (x xy) * 2 € L(Ba;s) and y * z € L(Ba;s). Then Sa((z xy) * z) < s and
Baly x z) < s, so that x € L(Ba;s). Hence L(Ba4;s) is an AZ-ideal of X.

Conversely, assume that for each s,t € [0,1], the nonempty sets U(aa;t) and L(B4; )
are AZ-ideals of X. If there are xg,yo € S(X) such that aa(zo - yo) < @a(yo), then
taking to = (aa(xo - yo) + @a(yo))/2, we have as(zo - yo) < to < aa(yo). It follows
that yo € U(aa;to) and xo - yo € U(wa;tg). This is a contradiction. Therefore g is
a fuzzy stable set in S(X). If there are xo,yo € S(X) such that Ba(zo - yo) < Ba(¥o),
then taking so = (Ba(zo - yo) + Ba(yo))/2, we have Ba(zo - yo) > so > Ba(yo), it follows
that yo € L(Ba;so) and xo - yo & L(Ba;se). This is a contradiction, Therefore 54 is a
fuzzy stable set in S(X). Suppose that aa(zg) < aa((zo * yo) * 20) A aalyo * z9) for
some T, Yo, 20 € X, putting to = (aa(zo) + aa((zo * yo) * 20) N aa(yo * 20))/2, then
aa(zo) < to < aal(xo*yo) * 20) A aalyo * 20). Which shows that (zg * yo) * 20,40 * 20 €
U(aa;to) and zg & U(aa;to). This is impossible. Finally, assume that a,b,c¢ € X such
that Ba(a) > Ba((a*b)*c)V Ba(bxc). Taking sg = (Ba(a) + Ba((a *b) * ¢))/2, then
Bal(a*xb)xc)V Balbxc) < sop < Ba(a). Therefore (axb)*c and b*c € L(B4;s0), but
a & L(Ba4; s0), which is a contradiction, this completes the proof.

Let J be a nonempty subset of [0, 1].
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Theorem 2.12 Let {I; | t € J} be a collection of AZ-ideals of IS-algebra X such that
(1) X =Uses Its
(ii) s >t if and only if I, C I; for all s,t € J. Then an IFSA=(a4,[4) in X defined
by
as(z) =sup{te J |z e L1}, falz)=inf{te J|z e}

for all z € X is an IF AZ-ideal of X.

Proof According to Theorem 2.11, it is sufficient to show that U(aa;t) and L(B4;s) are
AT-ideals of X for every ¢t € [0,4(0)] and s € [34(0),1]. In order to prove that U(wa;t)
is an AZ-ideal of X, we divide the proof into the following two cases:

(i) t =sup{g € J [ g <1}

(i) t # sup{g € J | g < t}

For the case (i) imply that

xEU(ozA;t)@mEIq,q<t(:>mEﬂIq
q<t

and that U(aa;t) = (),.; Iy, which is an AZ-ideal of X. For the case (ii), we claim
that U(aa;t) = Uth I, Ifz € UthIq, then =z € I, for some ¢ > t, It follows that
aa(x) > g > t, so that x € U(aa;t). This shows that Uth I, C U(aa;t). Now assume
that z & U, Ig, Then z & I, for all ¢ > ¢, Since t # {q € J | ¢ < t}, there exists ¢ > 0
such that (t —e,t)(J = @. Hence z & I, for all ¢ >t — ¢, which means that « € I, then
q<t—ec Thus as(zr) <t—c <t and sox & U(aa;t). Therefore U(aast) C U, 1o,
and thus U(aa;t) = Uth I,, which is an AZ-ideal of X. Next we prove that L(34;s) is
AT-ideal of X. We consider the following two cases:

(ili) s=inf{re J|s<r} (iv)s#inf{reJ|s<r}

For the case (iii), we have

x € L(Ba;s)erel. Vs<rexe ﬂ[r
s<r

and hence L(B4;s) = (),., I which is an AZ-ideal of X. For the case (iv), there exists
e > 0 such that (s,s+¢)()J = @. We will show that L(54;s) = U,>, Ir- If 2 € U, s, I,
then x € I, for some r < s. It follows that B4(z) < r < s, so that © € L(84;s). Hence
Uss, Ir € L(Bas;s). Now if ¢ & (J,~, Ir, then x ¢ I for all » < s, which implies that
x € I, for all r < s+ ¢, that is, if # € I, then r > s+ ¢e. Thus S4(x) > s+ > s, that is,
x & L(Ba;s). Therefore L(54;s) C U,~, Ir and consequently L(54;s) = U,>, Ir which is
an AZ-ideal of X. This completes the proof. -

3. On homomorphism of [S-algebras

Definition 3.1 A mapping f: X — Y of [S-algebras is called a homomorphism if
(i) flzxy) = f(x) = f(y) for all z,y € I(X)
(i) f(z-y) = f(x) - f(y) for all 2,y € S(X)
For any IFSA=(a4,B4) in Y. We define a new IFSAf:(aQ,ﬁf;) in X by

oy (2) = aa(f(x)), B4 (x) = Ba(f(x)), VoeX

Theorem 3.2 Let f: X — Y be a homomorphism of IS-algebras. If ITFFSA=(c4,B4) is
an [F AZ-ideal of Y, then TFSAY = (a/;, 3}) in X is an [F AZ-ideal of X.
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Proof Suppose IFSA=(aa,f4) is an [FAZ-ideal of Y, then ozA(x y) =aa(f(z-y) =
aalf(@) - fy) > aa(f(y) = ohy) and Bh(x-y) = Ba(f(x - y)) = Balf(2) - f(y) <
Ba(f(y)) = Bh(y). Now let ,y,2z € X, then oy(x) = aa(f(x)) > aa((f(x) * f(y)) *
FE) A aa(fy) « (2) = aa(f((@y) * 2) Aaalf(y = 2) = (@ >* 2) A ady(y * 2)
and B} (z) = Ba(f(x)) < Ba((f(x) * f(y) * F(2)) V Balf(y) * (Z)) Ba(f((z*y) *z)) V

Ba(flyxz)) = ﬁf;((x*y)*z)\/ﬁf‘(y*z). Hence IFSAT = (aA,ﬁA) is an I F AZ-ideal of X.

If we strengthen the condition of f, then we can construct the converse of Theorem 3.2 as
follows:

Theorem 3.3 Let f : X — Y be an epimorphism of I.S-algebras and let I[F.SA = (aa,34)

be an [FS in Y. If IFSAS = (af;,3)) is an IF AZ-ideal of X, then TFSA = (aa,34) is
an IFAZ-ideal of Y.

Proof For any z,y € Y, there exist a,b € X such that f(a) = x and f(b) = y. Then
aalw - y) = aalf(a) - (b)) = aa(fla-b) = afy(a-b) > ol (b) = aa(f(b)) = aa(y). Now
let z,y,2 € Y, then f(a) = a: ,f(b) = y and f(c) = z for some a,b,c € X. It follows
that aa(z) = aa(f(a)) = ai(a) > ahy((axb) x ) Aah(bxc) = aa(f((axb) * ) A
aa(f(bxc)) = aal(f ( )*f( )) f(e)) Naa(fb) « f(c)) = aa((z *y) x 2) A aay * z) and
Ba(x) = Ba(f(a )) Bh(a) < Bh((axb) =)V BL(bxc) = Ba(f((axb) xc) V Ba(f(bxc)) =
Ba((f(a) = f(b)) = f(c )) V Ba(f(b) = f(c)) = Ba((z +y) x 2) V Ba(y * z). This completes the

proof.
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