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ABSTRACT. Let C be a closed convex subset of a Banach space which satisfies Opial’s
condition. We first prove that if 7' : C — C is asymptotically nonexpansive in the
intermediate sense, the Ishikawa iteration process with errors defined by z1 € C, xp4+1 =
anTn + BnT"Yn + Ynun, and yn = abxn + BT Ty + v, vn converges weakly to some
fixed point of T', which generalizes the result due to Tan and Xu. Further, we show that
if S and T" are both comact and asymptotically nonexpansive in the intermediate sense,
the iterations {xn} and {yn} defined by z1 € C, Znt1 = an®n + BnS"Yn + Ynun, and
Yn = ahxn + BLT" Ty + 7y}, vn converge strongly to the same common fixed point of S
and T, which generalizes the result due to Rhoades.

1. INTRODUCTION

Let C be a closed convex subset of a Banach space X and let T' be a mapping of C' into
itself. Then T is said to be asymptotically nonexpansive [4] if there exists a sequence {ky}
of positive numbers with lim %, = 1 such that

n—oo
[T"% = Ty < kn [lz — yl|

for all z,y € C' and n € N, where IN denotes the set of all positive integers. In particular,
if k, =1 for all n € N, T is said to be nonexpansive. The weaker definition (cf. Kirk [7])
requires that
im0 sup (| 7"z = T"y| — [lz —yl) <0
yeC
for each z € C, and that T is continuous for some N € N. Consider a definition somewhere
between these two. T is said to be asymptotically nonerpansive in the intermediate sense
[1] provided T is uniformly continuous and
lim oo sup (772 —T"y[| — [lz — y||) < 0.
T,y€e
Recall that a Banach space X is said to be uniformly convex if the modulus of convexity
dx =0x(e), 0 <e <2, of X defined by

. T+
axte) =it {1- L oy e el < 1 i < 1 e - 2 <

satisfies the inequality dx () > 0 for every ¢ € (0,2]. A Banach space X is said to satisfy
Opial’s condition [9] if for any sequence {z,} in X, x,, — x implies that
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for all y € X with y # z.
Recently, for a mapping T of C into itself, Tan and Xu [14] considered the following
modified Ishikawa iteration process (cf. Ishikawa [5]) in C defined by

T € C,
(1.1) Tn+1 = (1 — ap)xn + anT™yn,

where {a,,} and {3,} are two real sequences in [0, 1]. They proved that if X is a uniformly
convex Banach space which satisfies Opial’s condition, C' is a bounded closed convex subset

o0
of X, and T is an asymptotically nonexpansive mapping of C' into itself such that > (k,—1)
n=1
converges, then for any z; in C, the sequence {z,} defined by (1.1) converges weakly to
some fixed point of T under the assumptions that {c,} is bounded away from 0 and 1 and
{Bn} is bounded away from 1. We consider a more general iterative process (cf. Xu [15])
emphasizing the randomness of errors as follows:

xr1 € C,
(12) Tpi1 = QpTp + ﬂnTnyn + YnUn,
Yn = 0 + B, T %y + )V,

where {an}, {Bn}, {1}, {ah}, {BL}, {7} are real sequences in [0, 1] satisfying

(1.3) n + B+ =al, + 0, +~, =1foralln € N,
(1.4) S n <ocand Y ), < oo,
n=1 n=1

and {u,}, {v,} are two sequences in C. If v, =~/ = 0 for all n € N, then the iteration
process (1.2) reduces to the Ishikawa iteration process [5], while setting 3], = 0 and v/, = 0
for allm € N, (1.2) reduces to the Mann iteration process with errors, which is a generalized
case of the Mann iteration process [8].

In this paper, we first prove a weak convergence theorem of the Ishikawa (and Mann)
iteration process with errors defined by (1.2) for a non-Lipschitzian self-mapping, which
generalizes the result due to Tan and Xu [14]. Next, let S, T be compact and asymptotically
nonexpansive mappings of C' into itself in the intermediate sense. Then we shall show a
strong convergence theorem for the iterations {z,} and {y,} defined by

x1 € C,
(1.5) Tnt1 = QpTp + BnS"Yn + Yniin,
Yn = Qb Ty, + BT Ty, + V), U,
where {an}, {6n}, {7}, {al}, {8}, {7)} are real sequences in [0, 1] satisfying (1.3) and

(1.4) and {uy}, {vn} are two sequences in C, which generalize the result due to Rhoades
[11]. Further, we prove a weak convergence theorem for (1.5) without the compactness of

S and T.
2. WEAK CONVERGENCE THEOREMS

We first begin with the following:

Theorem 2.1 ([1]). Suppose a Banach space X has the uniform 7-Opial property, C is

a norm-bounded, sequentially T-compact subset of X, and T : C — C is asymptotically

nonezpansive in the weak sense. If {yn} is a sequence in C such that lim |y, — z|| ewxists
n—oo
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for each fized point z of T, and if {yn — T*yn} is T-convergent to 0 for each k € N, then
{yn} is T-convergent to a fized point of T.

Lemma 2.2 ([14]). Let {a,} and {b,} be two sequences of nonnegative real numbers such

that > b, < oo and

n=1

An+41 S (7% + bn

foralln € N. Then lim a, ezists.

Lemma 2.3 ([12]). Let X be a uniformly convex Banach space, let 0 < b < t, < c <1
for alln € N, and let {x,} and {yn} be sequences of X such that lim , . ||zn| < a,

M oo |Ynll < @ and im0 [tn@n + (1 — t,)ynl| = a for some a > 0. Then, it holds
that lim ||z, — yn| = 0.
n—oo

In this paper, the iterations defined by (1.2) and (1.5) are always assumed that {o,},

{Bn}s {mt: {al}, {06,}, {7} are real sequences in [0, 1] satisfying (1.3) and (1.4) and {u,},
{vn} are bounded sequences in C. Our Theorem 2.11 carries over Theorem 3.2 of Tan and
Xu [14] to a more general Ishikawa type process and a non-Lipschitzian self-mapping.

Lemma 2.4. Let C be a closed convex subset of a uniformly convex Banach space X and
let S, T be mappings of C into itself satisfying that F(S)NF(T) # 0. For z € F(S)NF(T),
put
en = sup(|[§"x — z|| — [l — z[]) Vsup(|T"x — z[| — [lz — z[|) VO
zeC zcC

for alln € N. Suppose that > ¢, < 0o and the sequence {x,} is defined by (1.5). Then
n=1

lim ||z, — z|| exists.
n—oo

Proof. Since {u,} and {v,} are bounded, let

M = sup Ju — 2|V sup o, — 2| (< o0).
nelN

neN
Since
(2.1) 15" yn = 2[| < |lyn — 2| + cn
= |laf,zn + B, T xn + Vv — 2| + cn
< o [lon = 2l + By (1T 20 — 2]l + 1, lvn — 2l + ¢n
< o lzn = 2l + Bp{llzn — 2l + e} + 7 lon — 2] + cn
< (@ =) llzn = 2l + 7 lve — 2l + 2¢n,
we have

[#nt1 — 2]l < llom@n + BuS"Yn + Ynun — 2||
< ap |lzn — 2 + Bn [1S"yn — 2| + vn lun — 2|l
< ag [|on = 2l + Ba{(1 = 73) lon — 2l + 5, lon — 2] + 2¢0}
+ Y [[tn — 2|
< (1= (m + Bavn)) lwn — 2l + 7, M + 2¢p + v M
< ln — 2l + (v +70) M + 2.

By Lemma 2.2, we readily see that lim ||z, — 2| exists. O
n—oo
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Lemma 2.5. Let C be a closed convex subset of a uniformly convex Banach space X and
let T be a mapping of C into itself such that F(T) # 0. Put

cn = sup (|T"z —T"y[| - |lz —y[) VO
z,yeC

for all m € N. Suppose that 3 ¢, < oo and the sequence {x,} defined by (1.2) satisfies
n=1
either

1. a<ap,Bn <b, 0< B <b for some a,b e (0,1), or
2. a< B, <1, a<da,,B, <b for some a,b e (0,1).

Then both {T"x, — xn} and {x, — yn} converge strongly to 0.
Proof. Take z € F(T) and let r = lim ||a,, — z|| which exists by Lemma 2.4. Note that
d,, = max{~},,vn/a} — 0 as n — oo. Since {u,} and {v,} are bounded, let

M = sup ||up — 2|| V sup ||v, — 2|| (< 00).
nelN neN

Now, we assume (1). Since [|T"y, — z|| < ||xn — 2| + dn M + 2¢,, by the same calculation as

(2.1) and AnTn Tnlin < N — 2| + duM, we get lim ,, o0 [|[T"yn — 2| < 7
Qp + Tn Qp + Tn
an
. ApTn YnUn
lim ,,_, —z|| <.
T en o+ H_

On the other hand,
r= lim ||zp+1 — 2|
n—oo

n— oo

(T Yy — 2) + (1= By, + -z 1.
(T = 2) 4 (1 ) (2 Tt )|

= lim

n—oo

By Lemma 2.3, it holds that lim ||7T"y, — Gnn _ _Tnln | _ 0, and so we obtain
n—00 Qn + Vn Qn + Yn
lim [|[T"y, — z,|| = 0 by virtue of sup ||z, — un| < co. Since

1T"2n — znl| < T 20 — T"yull + [|T"yn — n |
Swn = yall + cn + 1T yn — 24|
= |lzn — aqan — By T w0 — ynonll + 1T Yn — @all + cn
< BT w0 =zl + 5 0 — vall + 1Ty — all + cn,
we have
(2.2) (1= b) T — | < (1= B) I T" 50 — 2
<Y ll2n = oall + 1T"yn — zall + cn
<YM (T "y — 2l + cn,

where M’ = sup ||z, — v,|| (< 00). We easily have
neN

(2.3) lim [|[T"2z, — x,]| =0

from (2.2). Next, assuming (2), we have

|Zn+1 — 2]l = lan@n + BT yn + Ynun — ||
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< ap ||z = 2l + Bn [ T"Yn — 2|l + v Jun — 2|
< ap |z, — 2] + 6n{||yn —z|| + Cn} + M
< (1 =Bn)llzn — 2|l + Bnllyn — 2| + cn + M

and hence
[nt1 — 2] = llzn — 2|
ﬂn
So, using ||yn, — z|| < [|xn — 2| + ¢n + d M obtained by (2.1), we have

C
+ lon = 21 < o — 2l + 2 + 2201,

Hence

r= lim |y, — 2|
n—oo

lim ||, 2z, + B,T" Ty + v, vn — 2|
n—oo

BT ) 4 (1= ) (oot Tt )

lim
‘ o+ 0+,

n—oo

Further, it holds that lim ,, .. ||T"2, — 2| < r from | T2, — z|| < ||z, — z|| + ¢, and

! /
ol Ty v ZH

lim ,,— 0o H
/ ! ! /

85

similarly to the arguement above. So, using Lemma 2.3 and sup ||z, — v,| < oo, we also

neN
have (2.3). Finally, we have lim ||z, — y,|| = 0 immediately by (1.2) and (2.3).

Lemma 2.6. Let C be a closed convex subset of a uniformly convex Banach space X and

let T be a mapping of C into itself satisfying that F(T) # (. Put

cn = sup ([T"x —T"y[| - [lz —y[) VO
z,yeC

O

for all m € N. Suppose that 3 ¢, < oo and the sequence {x,} defined by (1.2) satisfies

n=1
either

1. a<ap,Bn <b, 0< 6 <b for some a,b € (0,1), or
2. a< B, <1, a<al,,B, <b for some a,b e (0,1).

Then {x, — Txn} converges strongly to 0.
Proof. Since
[#n = Znga || < llon = T"anl| + | T" 00 — 2|
< (an + 1) lon =T @ || + Bn [T 20 — T yull + v0 [T 20 — unl|
< (an + 1) 20 = T |l + Bullzn = ynll + cn) + vn tn = T"2al|,
we have nhjgo |2 — Znt1]] = 0 by Lemma 2.5. Further, since
[2n — Tanl| < [|#n — Togall + Hanrl - T"'HanrlH

T s = T 47— T |

< 2|z — Tpga |l + ||xn+1 — T"+1xn+1H + Cpy1 + HT"Hxn —Tx,

)

we have lim ||z, — Tz,|| = 0 by Lemma 2.5 and the uniform continuity of T
n—oo
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Theorem 2.7. Let C be a bounded closed convex subset of a uniformly conver Banach space
X which satisfies Opial’s condition and let T be an asymptotically nonerpansive mapping
of C' into itself in the intermediate sense. Put
cn = sup ([T"x —T"y[| - [lz —y[) VO
yEC

z,y

for all m € N. Suppose that Y ¢, < oo and the sequence {x,} defined by (1.2) satisfies
n=1
either

1. a<ap,B, <b, 0< 8, <b for some a,b e (0,1), or

2. a< B, <1, a<al,,B, <b for some a,be (0,1).
Then {x,} converges weakly to some fized point of T. Further, the two limits of {x,} and
{yn} coincide.

Proof. The existence of a fixed point of T' follows form Kirk [7]. By Lemma 2.6 we have
lim ||z, —T™xz,]| =0

for all m € N. Now, we can apply Theorem 2.1 with the weak topology instead of -
topology and get the conclusion. Further, the two limits of {x,} and {y,} coincide by
Lemma 2.5. O

As a direct consequence, taking 3/, = v/, = 0 for n € N in Theorem 2.7, we have the
following result, which carries over a more general Mann type process and a non-Lipschitzian
self-mapping.

Theorem 2.8. Let X be a uniformly convex Banach space which satisfies Opial’s condition
and let C be a bounded closed convex subset of X. Let T be an asymptotically nonexpansive
mapping of C into itself in the intermediate sense. Put
¢n = sup ([T"z —T"y[| - [z —y[) VO
z,yeC

o0
for alln € N. Suppose that > ¢, < 0o and a sequence {x,} is defined by x1 € C and

n=1

Tn+l = Opdnp + ﬁnTnxn + Ynln,
where {an}, {Bn}, {7} are sequences in [0,1] satisfying a < an, By, < b for some a,b €

[e.e]

(0,1), an + Bn+vn =1 foralln € N, > v, < 00 and {uy} is a sequence in C. Then
n=1
{zn} converges weakly to some fized point of T.
Next, we consider the weak convergence of the sequence {z,} defined by (1.5).

Lemma 2.9. Let C be a closed convex subset of a uniformly convexr Banach space X. Let

S, T be asymptotically nonexpansive mappings of C into itself in the intermediate sense with
F(S)NF(T)#0. Put

cn = sup ([[S"z —S"y| = [lz —yl) v sup ([T"z —T"y| — [lz —y[) VO
z,yeC z,yeC

for all m € N. Suppose that Y ¢, < oo and the sequence {x,} defined by (1.5) satisfies

n=1
a < ap,al, Bn, B, < b for some a,b € (0,1). Then, we have lim ||S"z, —z,| = 0 and
lim [|[T"x, — x,|| = 0. Further, it holds that lim ||z, — Sz,|| =0, lim ||z, — Tx,|| =0,

and lim ||z, — yn| = 0.
n—oo
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Proof. Take z € F(S)NF(T) and put r = lim ||x,, — z|| which exists by Lemma 2.4. Note
that d,, = max{y},, vn/a} — 0 as n — oco. Since {u,} and {v,} are bounded, let

M = sup |lup — 2|V sup [lvp — 2| (< o0).
nelN

nelN
Since 187 21 < oo — 3l + M + 200 by (21) and [| L2y dntn |
Qn+Yn  Qn+Yn
Ton - onT u
2 — #l|+dn M, we gt Tt oo ||S”yn—z||grandnmmoH N —zH

oy + Tn oy + Tn
r, and so we obtain

(2.4) lim [|S™y, —z,|| =0
as in the proof of Lemma 2.5. Since
[zn — 2|l < lzn — S™ynll + 115" yn — 2||
<|lwn = S"ynll + llyn — 2[| + cn

and
lyn — 2[l < a2 + BT @n + vp0n — 2|
< ap lzn = 2l + By I T"@n — 2| + 7 lvn — 2|
< o lon — 2l + Bu{llen — 2l + e}t + 7 o — 2|l
< (=) llon = 2l + en + 7, M
<wn = 2l +en + 1M,
we have
r < im o soofllen — S"ynll + lyn — 2l + cn}
= lim oo [|yn — 2|
< lim oo lyn — 2|l
<Im pooo{|lzn — 2| + cn + Y, M} =1
and thus
r= lm [y, 2|
= lim ”a;zxn + 5;Tnyn + %Izvn - Z”
n=o00
/ /
= i foermen =0 0 (G )|
It is easily that lim,, . ||[7"2, — 2|| < r and lim ,, o, H /ailxn/ + 7’/11}”/ —z|| <r. So,
O e (A €

using Lemma 2.3 and sup ||z, — v,|| < oo, we have
neN

(2.5) lim | T"%, — x| = 0.
n—oo
On the other hand, from ||zp1+1 — Zn|| < Bn [1S"Yn — Tn || + Yo ||un — 24|, we have
lim ||@pi1 — 2n]| =0
n—oo
by (2.4). Since
[2n — Tanl| < l|on — et + Hanrl - Tn+1xn+1H

T s = T 47— T |
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S 2 ||xn - xz—i—l” + ||$n+1 - Tn+1$n+1“ + Cn + HTTH_lxn - Tﬂ:n“ )
we have lim |z, —Tz,| =0 by lim |z, — Zp4+1|| = 0, the uniform continuity of T and
n—oo n—oo

(2.5). Set M’ = sup ||z, — v,|. Since
neN

15" xn — znll < S 2n — S"yn |l + 15" Yn — z4ll
< lzn = ynll + cn + 15" yn — znl|
= [lzn — aqan — B, T" @0 — Yponll + e + [1S"Yn — 24|
< BT zn — x| + 5 20 — vall + cn + 118" yn — 22|
SO|T"wn — zpll + 9 M+ e + (1S yn — 2al|,
we obtain nangO 1S™z,, — x| = 0 by (2.4) and (2.5). Therefore, we have

lim ||z, — Sz,|| =0
n—oo

similarly to the arguement above. Finally, since ||z, — yn| < b||T"%n — z0|| + v, M’, we
obtain lim ||z, —yn|| = 0. O
n—oo

Theorem 2.10. Let C' be a bounded closed convex subset of a uniformly convex Banach
space X satisfying Opial’s condition. Let S,T be asymptotically nonexpansive mappings of
C into itself in the intermediate sense with F(S)NF(T) # (. Put

cn = sup ([|S"x = S"y[| — [z —yl) v sup (|[T"z —T"y| — ||z —yl|) VO
z,yeC x,Y€E

for all n € N. Suppose that 3 ¢, < oo and the sequence {x,} defined by (1.5) satisfies
n=1

a < an, ), Bn, B, < b for some a,b € (0,1). Then {z,} converges weakly to a common

fized point of S and T. Further, the two limits of {x,} and {yn} coincide.

Proof. We have lim ||, — Tx,| = 0 from Lemma 2.9 and so lim |z, —T"x,| = 0 for

all m € N by the uniform continuity of T'. Hence, by Theorem 2.1 there exists z; € F(T)
such that x,, — z;. Similarly, there exists zo € F(S) such that x,, — 2. Hence, 21 = 29 €
F(S)NF(T) by the uniqueness of limits. Further, the two limits of {x,,} and {y,} coincide
by Lemma 2.9. O

As a direct consequence of Theorem 2.7 and Theorem 2.10 we improve Theorem 3.2 due
to Tan and Xu [14] to a more general Ishikawa type process (1.2) instead of (1.1).

Theorem 2.11. Let X be a uniformly conver Banach space which satisfies Opial’s con-
dition and let C' be a bounded closed conver subset of X. Let T be an asymptotically

o0
nonexpansive self-mapping of C' such that > (k, — 1) converges. Suppose that the sequence
n=1

{zn} defined by (1.2) satisfies either
1. a<ap,B, <b, 0< 8, <b for some a,b € (0,1),
2. a< B, <1, a<al,,B, <b for some a,be (0,1), or
3. a < an,al, B, B, <b for some a,b € (0,1).

Then {x,} converges weakly to some fixed point of T.

Proof. We may assume that k, > 1 for all n € IN. Note that

o0 oo
Yocen < Y (ky—1) sup [lz— vyl < oo.
n=1 n=1 z,yeC

The conclusion now follows easily from Theorem 2.7 and Theorem 2.10. O
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3. STRONG CONVERGENCE THEOREMS

The following Theorem 3.4 and Theorem 3.6 carry over Theorem 3 due to Rhoades [11]
to a more general Ishikawa type process and a non-Lipschitzian self-mapping.

Theorem 3.1. Let C be a closed convex subset of a uniformly conver Banach space E and
let T' be an asymptotically nonexpansive mapping of C' into itself in the intermediate sense
with a fized point. Put

cn = sup ([|[T"z =T"y|| = lz —y|) VO
z,yeC

for alln € N. Suppose that > ¢, < 00, the sequence {x,} defined by (1.2) satisfies either

n=1
1. a<ap,Bn <b, 0< B <b for some a,b € (0,1), or
2. a< B, <1, a<al,,B, <b for some a,be (0,1)
and T(C) U {uy} is contained in a compact subset of C. Then {x,} converges strongly to
some fized point of T.

Proof. By Mazur’s theorem [3], €o({x1} UT(C)U{u,}) is a compact subset of C' containing
{zn}. Then, there exist a subsequence {z,, } of {z,} and a point z € C such that z,, — z.
By the boundedness of {u,}, lim 7, =0 and Lemma 2.5, we have

Zng+1 = To | < B 1T Yy — T T || + 1T Ty, — Ty [])
+ Yy, [tny, — Ty |
< B (1T, = Yny |l + enyy + 1T 20, — Ty |])
+ Vg [Uny, — Ty ||
— 0 (k: — OO)
Therefore, from the uniform continuity of 7" and Lemma 2.5, we obtain

T s = T | [T, — T

Iz = T2l < ll2 = 2yl + [|2msr = T am, 41

< ”Z - xnkJrl” + ||xnk+1 - Tnk+1xnk+1|| + ||£Unk+1 - xnk”
+ Cnp+1 + HTnkJrlmnk — TZH
-0 (k— o),

which implies that z is a fixed point of T. By Lemma 2.4 lim ||z, — z|| exists, and so we
n—oo

have lim ||z, — z|| = 0. O

Theorem 3.2. Let C' be a compact convex subset of a uniformly convexr Banach space E
and let T be an asymptotically nonexpansive mapping of C into itself in the intermediate
sense. Put

cn = sup (|T"z —T"y[| - |lz —y[[) VO
z,yeC

for all m € N. Suppose that 3 ¢, < oo and the sequence {x,} defined by (1.2) satisfies
n=1
either

1. a<ap,Bn <b, 0< 6 <b for some a,b e (0,1), or
2. a< B, <1, a<al,,B, <b for some a,b e (0,1).

Then {xn} converges strongly to some fized point of T
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Proof. The existence of a fixed point follows from Schauder’s fixed point theorem. So, we
have the desired result by Theorem 3.1 immediately. O

As a direct consequence of Theorem 3.2, we have the following result.

Corollary 3.3. Let C be a compact convex subset of a uniformly convex Banach space E
and let T' be an asymptotically nonexpansive mapping of C' into itself with {k,} satisfying

kn > 1 and > (k, — 1) < co. Suppose that the sequence {x,} defined by (1.2) satisfies

n=1
either

1. a<ap, B, <b, 0< 8, <b for somea,be (0,1), or
2. a< B, <1, a<al,,B, <b for some a,b e (0,1).
Then {xn} converges strongly to some fized point of T

Theorem 3.4. Let C be a closed convexr subset of a uniformly conver Banach space E
and let T be a compact and asymptotically nonexpansive mapping of C into itself in the
intermediate sense with a fized point. Put

cn = sup ([|[T"x =T"y|| = lz —y|) VO
z,yeC

for alln € N. Suppose that > ¢, < 0o, the sequence {x,} defined by (1.2) satisfies either

n=1

1. a<ap,Bn <b, 0< 6 <b for some a,b e (0,1), or

2. a< B, <1, a<al,,B, <b for some a,b e (0,1).
Then {xn} converges strongly to some fixed point of T
Proof. {x,} is bounded by Lemma 2.4 and T is compact, so that there exist a subsequence
{zn,} of {x,,} and a point z € C such that T'z,, — z. It is easily follows from the continuity
of T and Lemma 2.6 that z is a fixed point of T' and z,,, — z. Therefore, {z,} converges
strongly to z by Lemma 2.4. O

Next, we consider the strong convergence of the sequence {x,} defined by (1.5).

Theorem 3.5. Let C be a closed convex subset of a uniformly conver Banach space E and

let S, T be an asymptotically nonexpansive mapping of C' into itself in the intermediate sense
with F(S)NF(T) # 0. Put
¢n = sup ([|S"z = 5"y — |z —yl) v sup (|IT"x —T"y|| - |lz —y[) VO
z,yeC x,Y€E

for all n € N. Suppose that > ¢, < oo, the sequence {x,} defined by (1.5) satisfies

n=1
a < Qp,aly, B, B, < b for some a,b € (0,1), and S(C) U {u,} is contained in a compact
subset of C. Then {x,} converges strongly to a common fized point of S and T.

Proof. By Mazur’s theorem [3], €o({z1}US(C)U{u,}) is a compact subset of C' containing
{zn}. Then, there exist a subsequence {z,, } of {z,} and a point z € C such that z,, — z.
By the boundedness of {u,}, lim 7, = 0 and Lemma 2.9, we have
+ Vny, ||unk — Ty, ||
< ﬁnk(Hxnk ~ Yny ” +cCny + ”Snkxnk = Ty, ”)
+ Ty, ”u?’bk = Ty, ||
-0 (k— ).
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Therefore, from the uniform continuity of S and Lemma 2.9, we obtain
1)z S2l <Nz = wmtll + [2nen = S |
+ | g1 = S ||+ |57, — 82
<z — xnk+1” + ||33nk+1 - Snk+1xnk+l|| =+ ”xnk+1 - mnk”
+ Cnpt1 + HS”’“Jrlocn,c — Sz”
-0 (k— o0),

which implies that z is a fixed point of S. Further, z is a fixed point of 7' by the same
argument of (3.1). By Lemma 2.4, lim ||z, — z|| exists, and so we have lim |z, — z|| =
n—oo n—oo

0. (]

Theorem 3.6. Let C' be a closed convex subset of a uniformly convex Banach space X.

Let S,T be asymptotically nonexpansive mappings of C' into itself in the intermediate sense
with F(S)NF(T) # 0. Put

cn = sup ([|S"x = S"y[| — [z —yl) v sup (|[T"z —T"y| — ||z —yl|) VO
z,yeC x,Yy€E

for allm € N. Suppose that S is compact, > ¢, < oo and the sequence {x,} defined by
n=1

(1.5) satisfies a < an,al,, Bn, B, < b for some a,b € (0,1). Then {x,} converges strongly

to a common fized point of S and T'.

Proof. {x,} is bounded by Lemma 2.4 and S is compact, so that there exist a subsequence
{zn,} of {x,} and a point z € C such that Sz,, — z. Therefore, we have the conclusion
by the same argument of the proof of Theorem 3.5. O

As a direct consequence of Theorem 3.4 and Theorem 3.6, we improve Theorem 3 due
to Rhoades [11] to a more general Ishikawa type process (1.2) instead of (1.1).

Corollary 3.7. Let C' be a closed convex subset of a uniformly convex Banach space X.
Let T be a completely continuous and asymptotically nonexpansive mapping of C into itself

with {ky} satisfying k, > 1 and Y, (k, — 1) < co. Suppose that the sequence {x,} defined
n=1

by (1.2) satisfies either
1. a<ap,Bn <b, 0< 8 <b for some a,b € (0,1),
2. a< B, <1, a<al,,B, <b for some a,b e (0,1), or
3. a < an,al, B, B, <b for some a,b € (0,1).

Then {x,} converges strongly to some fized point of T
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